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Radial focusing of electron wave packets using linearly chirped intense pulses

M. A. Bouchene
Laboratoire de Collisions Agre´gats Re´activité, CNRS UMR 5589, IRSAMC, Universite´ Paul Sabatier, 118 Route de Narbonne,

31062 Toulouse Cedex 4, France
~Received 13 December 2002; published 1 August 2003!

We present a theoretical study of the properties of an electron wave packet created by a linearly chirped
pulse in the strong-field regime. Radial focusing of the wave packet at macroscopic distances which occurs in
the case of a weak laser pulse is still possible but at different time and position. Two different situations are
reported.~1! The case of a weakly chirped pulse, for which power broadening of the energy distribution occurs.
The electron wave packet focuses to less than the inverse of the pulse spectrum bandwidth.~2! The case of
highly chirped pulses, for which a new regime is highlighted where power narrowing of the energy distribution
occurs. Saturation effects are shown in this case to improve the quality of focusing by reducing the temporal
distortions of the wave packet at the focus point.

DOI: 10.1103/PhysRevA.68.023401 PACS number~s!: 42.50.Hz, 32.80.Wr, 32.80.Rm, 32.80.Fb
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I. INTRODUCTION

The use of ultrashort pulses represents a powerful
proach to perform quantum control of both physical a
chemical processes@1–3#. One important reason is the po
sibility to manipulate the spectrum of such pulses in orde
design tailored laser pulses for coherent control@4,5#. As an
alternative to using fully shaped pulses, significant and sp
tacular effects can be obtained by simply using chirp
pulses. For instance, efficient population transfer via ad
batic following @6#, vibrationnal ladder climbing@7#, or
pump-dump process@8# has been achieved. Wilsonet al.
have shown that negatively chirped pulses can be use
compensate partially for the anharmonicity in the vibratio
states, allowing the wave packet to focus at a certain in
nuclear distance@9,10#. Of special interest here, the case
an electron wave packet created in the continuum. We h
shown in a previous paper@11# that positively linearly
chirped pulses can be used to manipulate the radial motio
an electron wave packet. The wave packet is then shape
such a way that it focuses radially at macroscopic distan
from the ion core. This has also been reported in the stud
the dynamics of autoionizing wave packets in calcium@12#.
This effect is interesting since it may open the possibility
design an ultrashort electron pulse source at low energy.
compensation of radial dispersion at the range of centime
represents an important step to overcome for practical us
ultrashort electron pulses. However, other problems, suc
angular focusing and compensation of the spatial disper
effects, have to be surmounted before performing such a
sign. When accelerating electrons to high energy with
extracting static field, the spreading becomes negligible. T
is the case of ultrafast electron diffraction@13# or high-
energy electron diffraction RHEED@14#.

The dynamics of electron wave packet have been in
sively be explored in the case of Rydberg states of o
electron systems. Depending on the nature of excited st
the wave packet can be initially localized radially or ang
larly @15,16#. Motion of the wave packet is quasiclassical
short times, but at longer times the discrete nature of
spectrum and anharmonicity of the potential lead to quan
1050-2947/2003/68~2!/023401~10!/$20.00 68 0234
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spreading and revivals of the wave packet. Extension to
case of two-electron atoms leads to new effects such as
ization suppression@17#, laser induced autoionization@18#,
and inner electron ionization@19,20#. Calculations have also
been performed to design tailored pulses for optimal con
of Rydberg electron wave packet dynamics@21#, whereas
temporal coherent control of energy and angular distribut
have been experimentally realized@22#.

In our approach, in Ref.@11#, we have considered only th
weak-field regime. The study of the strong-field regime is
natural extension as a higher level of signal is expect
Moreover, in this regime, the quantum system can have
properties radically changed, leading to new effects wh
the usual pictures derived from the perturbative appro
break down. The saturation of a continuum with a stro
laser pulse is a well-known phenomenon~see Ref.@23#, and
references therein!. Moreover, when the continuum presen
no resonance, the slowly varying continuum approximat
is generally used, allowing a significant simplification of th
formalism. Irreversible evolution to the continuum an
power broadening of the energy distribution are the m
striking consequences of the interaction. For higher inten
ties, more complex phenomena appear, such as ATI~above
threshold ionization! and tunnel ionization.

In this paper, we study the radial focusing of an electr
wave packet created by a strong linearly chirped pulse
ionizes an alkali atom. We consider the case where
slowly varying continuum approximation can be done a
the intensities considered here are below those required
ATI and tunnel ionization@24,25#. We show that power
broadening no longer occurs for highly chirped pulses a
the energy distribution turns out to be narrowed with incre
ing the laser intensity. We study also the changes that oc
to the shape of the wave packet near the focus point. S
ration effects are shown for highly chirped pulses to impro
the quality of focusing by reducing the distortions that m
occur in the weak-field regime, whereas for weakly chirp
pulses the wave packet duration is reduced.

II. THEORETICAL MODEL

We consider an alkali atom with a single active electr
on the outer shell. The system is initially in a bound sta
©2003 The American Physical Society01-1
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uw0& and a linearly chirped laser pulse ionizes the atom, t
bringing the electron into the continuum. The continuu
states are well described by a simple model where the e
tron is assumed to be scattered by the ion core represente
a central potential@26,27#. We neglect in this formalism the
continuum-continuum coupling and the spin orbit-coupli
in the continuum which is known to have a small effe
except when the Cooper minimum region is conside
@28,29#. In this case, hydrogenlike wave functionsu«,l ,m&
can be used to represent the continuum states~« represents
the electron kinetic energy!. They are expressed a
R« l(r )Ylm(u,w) in the rW representation@with (r ,u,w) repre-
senting spherical coordinates ofrW]. The distancesr and ki-
netic energies considered here (r .1 mm, «.0.1 eV) are
high enough to neglect the potential energy when compa
to the electron kinetic energy. In this case, we can use
asymptotic expression of the radial functionR« l(r )
. r→`(1/kr)sin(kr2lp/21d« l). In this expression, «
5\2k2/2m« andd« l is the phase shift of the wave functio
due to the interaction with the central potential. The wa
function in the ionization continuum can be written as

uc~ t !&5(
l ,m

E a« lm~«,t !expS 2 i
~«1« i !

\
t D u« lm&d«

~1!

with the amplitude of transition per square energy unita« lm
given by

a« lm~«,t !5
1

i\ E
2`

t

m« lmE~ t8!a0~ t8!expS i
~«1« I !

\
t8Ddt8.

~2!

Here, m« lm is the dipole moment between the initial sta
uw0& and the one-electron stateu« lm& in the continuum,« I is
the ionization potential from the initial level,E(t) is the
electric field, anda0(t) is the amplitude of probability for the
initial state. The expression of the wave function in therW
representation is obtained by using the asymptotic expres
for the radial wave function. We retain only the outward p
that corresponds to the emission of an electron. We ob
the following relation:

c~rW,t !5
\

2ikr (
l ,m

Ym
l ~u,w!e2 i l p/2

3E
« I /\

1`

a« lm~v,t !ei ~kr1d« l2vt !dv ~3!

with v5(«1« I)/\. All the properties of the electron wav
packet are contained in this equation. The radial and ang
motions are linked through the phase shiftd« l . The spectral
dependence of this term is very weak over the laser spe
range and it can in most cases be dropped out of the inte
It plays a role only for very low kinetic energies of the ele
tron ~<0.1 eV!, below the range of energy considered he
~.eV!. The radial and angular parts of the wave function c
be factored out@11#. This leads to a time-independent ang
lar distribution that is always delocalized and the wa
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packet propagation that is only radial. The problem is
duced to the case of wave packet spreading in one dim
sion.

The chirped pulse is generally obtained by sending
initial Fourier transform limited pulse in a dispersive m
dium or apparatus~pair of gratings or prisms, pulse shape!,
which induces a quadratic phase shiftf(v).f09/2(v
2vL)2. In this expression,vL is the laser frequency andf09
represents the amount of chirp introduced. Assuming an
tial Fourier-limited Gaussian pulse with an amplitude prop
tional to e2(t/t0)2

, the electric field of the pulseE(t) can be
written as

E~ t !5E0 expF2S t

t D 2Ge2 idt2e2 ivLt ~4!

with

t5t0A114
f09

2

t0
4 ~5a!

and

d5
2f09

t0
4~114f09

2/t0
4!

. ~5b!

Here,t is the duration of the chirped pulse which is broad
than the initial pulse andd characterizes the frequenc
sweeping in time. More precisely, the instantaneous
quency isvL12dt and sweeps linearly with a rate chara
terized by d. The Fourier transform Ẽ(v)
5*2`

1`E(t8)eivt8dt8 that characterizes the field spectrum c
be written as

Ẽ~v!}e2t0
2
~v2vL!2/4ei ~f09/2!~v2vL!2

. ~6!

For highly chirped pulses such asf09@t0
2, the quadratic

phase oscillates strongly. Using the stationary phase appr
mation, we found that at timet only the frequency compo
nents located in a restricted interval of the order of 4Ap/f09
around the instantaneous frequencyvL12dt (d.1/2f09)
contribute to the chirped pulse field. From Eq.~5a!, we see
that t.2f09/t0 : the chirped pulse behaves as a quasimo
chromatic field whose frequency sweeps during the timt
from the low-frequency part of the spectrumvL2t0

21 to the
high component onevL1t0

21. This image of the chirped
pulse will be useful in the following to highlight the physic
of its interaction with the atomic system.

The radial focusing, which occurs when weak las
chirped pulses are used, has been established and disc
in a previous paper@11#. We summarize the main features
the following section and then tackle the case of satura
regime~Sec. IV!.

III. RADIAL FOCUSING OF ELECTRON WAVE PACKET
IN THE WEAK-FIELD REGIME

For a positively chirped pulse, radial focusing of an ele
tron wave packet is possible. This can be understood as
lows. When f09.0, the instantaneous frequency is swe
1-2
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RADIAL FOCUSING OF ELECTRON WAVE PACKETS . . . PHYSICAL REVIEW A 68, 023401 ~2003!
from low frequency (,vL) to high frequency (.vL) as
time increases. In a classical image, the slow electrons
created first and the fast ones will catch up. When the sig
the chirp is reversed, fast electrons are created first and s
delay with the slow electrons increases during the propa
tion. Obviously, focusing is impossible in this case. We
tablish in the following the conditions to fulfill in order to ge
an optimized electron pulse at the focus point.

In the weak-field regime, the initial state is weakly d
pleted, thena0(t).1. When the ionization process ende
(t@t), the amplitude transition expresses as

a« lm~v,t@t!5
m« lm

i\
Ẽ~v!. ~7!

The energy distribution of the electron reproduces only
pulse spectrum. Using this expression in Eq.~3!, the density
of electrons,N(r ,t)}ucu2, ejected in the continuum fo
times t@t can be written as follows:

N~r ,t !}U E e2t0
2
~v2vL!2/4ei @kr1f09~v2vL!2/22vt#dvU2

.

~8!

For unchirped pulses,f0950. The electron wave packe
spreads in the vacuum because of the nonlinear depend
of the free motion phasekr with the energy. When the elec
tron energy distribution is smaller than the mean kinetic
ergy «̄5\(vL2v I), we have

t0
21! «̄/\. ~9!

In this case, the free phases(r ,t,v)5kr2vt can be ex-
panded as a function ofv aroundvL :

s~r ,t,v!.@k~vL!r 2vLt#1S rA m

2\~vL2v I !
2t DDv

2S rA m

32\~vL2v I !
3D ~Dv!2

1S rA m

2\~vL2v I !
5D ~Dv!3

8
1¯ . ~10!

The first-order term is responsible for the translation of
electron wave packet. In the stationary phase approxima
the most important contribution arises from values of (r ,t)
which cancel this term. This leads to the well-known relati
r 5vgt, with vg5@2\(vL2v I)/m#1/2 the group velocity: the
maximum of the wave packet moves at a constant speed
behaves classically. Higher-order terms contribute to
spreading of the wave packet that broadens with time in
radial direction.

When f09Þ0, the chip introduces a quadratic phase t
cancels the second-order term in Eq.~10! for a positionr f
given by

r f5A 8

m\2 f09«̄
3/2. ~11!
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The broadening of the electronic pulse is now determined
the contribution of the third-order term to the phase in E
~10!. This contribution is negligible only if this term is!2p,
which can be written as

S p

\ D «̄t0
3

f09
@1. ~12!

When this condition is realized, the electron density ar

5r f is given by N(r f ,t)}e22(t2r f /vg)2/t0
2
. Moreover, the

wave packet represents the inverse Fourier transform of
amplitudea« lm . Its temporal behavior reproduces the las
pulse profile, and perfect focusing of the wave packet is th
achieved at the positionr f . Beyond this position, the wave
packet spreads again in the same manner as it spreads
its creation near the ion core. The quantum spreading ca
be suppressed in free space for all positions. The focus
time t f5r f /vg , from Eq. ~11!, is

t f5
2f09«̄

\
. ~13!

Focusing occurs really only if timet f verifiest f@t to ensure
that the wave packet is entirely emitted in time when
reaches the focusing point. This condition was needed to
the expression of the laser-pulse spectrum in Eqs.~7! and~8!.
The strong limitation to the focusing comes from conditi
~12! that needs higher kinetic energy for the electron a
moderate chirping for the pulse. The strong dependence
the pulse duration makes the focusing for very short pul
difficult. When relation~12! is not fulfilled, the wave packe
exhibits oscillations in the wings which are a signature
third-order contributions, similar to those observed in t
temporal profile of ultrashort pulses when odd-order con
butions cannot be compensated.

The order of magnitude forr f lies in the centimeter range
for large values of the chirp parameter. For instance, in
case of potassium (Vion54.28 eV), if the system is initially
prepared in the 4p state, with an ionization wavelengthl
5339 nm, the kinetic energy of the electron is«̄52 eV. For
f09523107 fs2, the focusing distance is as large as 10.
cm and we havet f5127 ns which is larger thant, even if
pulses as short as 400 fs are used~for which t.0.1 ns). For
these values, we have (p/\) «̄t0

3/f09.31 and thus inequality
~12! is verified. If the initial pulse was unchirped, the tim
duration of the electron pulse at the focus point would
equal tot. The compression rate in this case ist/t05250.
An efficient focusing is thus obtained. This effect is shown
Fig. 1 where we represent the electron density near the fo
point in the time-space representation.

IV. SATURATION REGIME

When the strength of the laser pulse is increased, the
tial state is substantially depleted. The approximationa0
.1 does not hold in this case and relation~7! is no longer
valid. The value ofa0 can be easily determined in the ca
where the continuum is structureless, which allows the us
the slow variation continuum approximation and the ad
batic elimination of the continuum. This is the case of alk
1-3
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M. A. BOUCHENE PHYSICAL REVIEW A68, 023401 ~2003!
line metals, where in the energy range of interest there is
autoionizing state that can lead to the presence of resona
An analytical expression can then be derived for the init
state amplitude that decreases exponentially in our cas
~see, for instance, Refs.@30,31#!.

a0~ t !5expF2E
2`

t G~ t8!

2
dt8G ~14!

with the ionization rateG given by

G~ t !5
2pm̄2

\
uE~ t !u2 ~15!

with m̄25( l ,mm« lm
2 , the summation is over all the electro

states that can be excited from the initial state. The ioniza
rate depends on the pulse intensity rather than on the
amplitude. The initial-state amplitude at the end of the pu
involves the time-integrated ionizing rate and hence depe
on the energy radiance~in J/m2! of the exciting pulse. Excep
for losses that might be introduced by the chirping appara
the chirping of a pulse does not change the energy conta
in the pulse. The saturation regime is thus obtained for
same energy radiance of the chirped or unchirped pulse.
decrease of the intensity when chirping the pulse is comp
sated by the increase of the time duration of the pulse fr
t0 to t according to formula~5a!. An order of magnitude can
be given for the energy radiance needed to reach satura
In the case of potassium prepared initially in the 4p P3/2
state,S1/2 and D3/2,5/2 orbitals can be excited in the con
tinuum with a one-photon transition. For a linearly polariz
laser field withl5335 nm, we obtainm̄2514.07 a.u. and
the saturation regime (*2`

1`G(t)dt51) is reached forI t
528 mJ/cm2, whereI 52c«0uE0u2 is the peak laser intensit
and t is the time duration. For an initial pulse witht0
51 ps, the required intensity is 2.831010 W/cm2. If the

FIG. 1. Focusing of the electronic wave packet in the (r ,t)
representation.N(r ,t) is the electronic density represented fort0

51 ps, f095107 fs, and «̄51 eV. A time translationt→t2r /vg

has been performed to make the density centered around time
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chirp parameter isf095107 fs2, it gives t.20 ps and the
peak laser intensityl of the chirped pulse is then only 1.
3109 W/cm2. These values are far from the intensity r
quired to observe ATI transitions (>1012 W/cm2) and justify
the negligence of continuum-continuum transitions in o
model.

The change in the expression of the initial-state amplitu
has a great impact on the behavior of the transition am
tudesa« lm and the electron wave packet. Moreover, the e
ergy distribution of the electrons is no longer representa
of the laser-pulse spectrum. We show in Sec. IV A that
interaction with the strong chirped pulse can be describe
terms of an effective weak field allowing us to use the resu
obtained in Sec. III. Then we focus in Sec. IV B on th
behavior of the transition amplitudes and the new ene
distribution. Finally, we study in Secs. IV C and IV D th
new behavior of the electron wave packet, especially at
focus point.

A. Description in terms of effective weak field

The amplitude of the transitiona« lm is expressed from
Eqs.~2! and ~14! as

a« lm~«,t !5
1

i\ E
2`

t

m« lmEe f f~ t8!expF i
~«1« I !

\
t8Gdt8

~16!

with

Ee f f~ t !5E~ t !expF2E
2`

t G~ t8!

2
dt8G . ~17!

These expressions suggest that compared to the weak
regime whereEe f f5E, the effect of the strong field consist
in changing the expression of the interacting field fromE to
Ee f f . An important feature is that only the envelope is a
fected by this transformation, sinceG is real. This analogy is
very convenient for understanding the behavior of the el
tron wave packet under the strong field, since its proper
in the case of weak-field regime have already been de
mined. This analogy will represent the key idea through t
paper to understand the changes in the dynamics of ato
systems in the strong-field regime. We examine now
shape of the envelope of the effective weak field which c
tains all the information due to the strong field. For t
Gaussian pulse given in relation~4!, an analytical expression
for the effective field can be found. From the relatio
*2`

2x e2x82
dx85(Ap/2)erfc(x) where erfc is the complemen

tary error function, the following expression forEe f f may be
derived:

Ee f f~ t !5E0f ~ t !e2 idt2e2 ivLt, ~18!

where

f ~ t !5e2~ t/t!2
expF2

s

4
erfc~2&t/t!G ~19!

is the envelope of the effective weak field,s
5@(p)3/2/&#m̄2/c«0\I t is a parameter that characteriz
the saturation and depends on the energy radianceI t. An

ro.
1-4
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example of the time dependence of the different envelo
above is shown in Fig. 2. We report the envelope of

chirped pulsee2(t/t)2
@curve~a!#, the amplitude of the initial

level e2(s/4)erfc(2&t/t) for s512 @curve~b!#, and the resulting
effective weak-field envelopef (t) @curve ~c!# which is the
product of the two terms. For the chosen value of the sa
ration parameter, the initial level is depleted well before
pulse ended. The interaction time between the laser pulse
the atomic system is thus reduced, and the system is sens
to only a small part of the laser pulse located on its ris
edge. The effective weak field turns to be time shifted, a
its time duration reduced. Another effect is the decrease
the maximum of the envelope when the laser intensity
creases. However, for the amplitudesa« lm given in Eq.~16!,
this effect is counterbalanced by the contribution ofE0 to the
effective field ~18! that increases and the population in t
continuum as well. This result is consistent with the cons
vation law of population that states that the population in
excited state at the end of the interaction time
( l ,m* ua« lmu2d«512ua0u2512e2s and so increases an
saturates after withs.

We represent in Fig. 3 the variation of the time shifttshi f t
and the temporal width of the effective fieldte f f as a func-
tion of the saturation parameter. These quantities expre
in units of t depend exclusively ons. The definition of the

FIG. 2. ~a! Field envelope of the chirped pulsee2(t/t)2
that

ionizes the atom,~b! amplitude of the initial levele2(s/4)erfc(2&t/t),
~c! envelope of the effective weak field f (t)

5e2(t/t)2
e2(s/4)erfc(2&t/t). The laser parameters here aret051 ps,

f095107 fs2, and sot.20 ps. The saturation parameter iss512.
02340
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temporal width is the half width at 1/e of the maximum. This
definition is convenient in our case because it giveste f f5t
exactly in the weak-field regime. Moreover, the effecti
weak field can be well fitted by a Gaussian envelope for
range of intensity saturation considered here, which will
lows us, in the next paragraphs, to approximate many qu
tities with analytical expressions thus highlighting the phy
ics of the interaction. Exact numerical simulations a
performed each time to confirm the results obtained with t
approach. Two quantitiestshi f t and te f f decrease rapidly
with s until s.10 and vary slowly thereafter. For large va
ues of the saturation parameter such ass@A8p, an analyti-
cal expression can be found for the time shifttshi f t

.2t(ln As/A8p)1/2 that turns out to be of the same order
magnitude as the chirped pulse durationt. For the duration
of the effective field, no analytical expression is possible. F
large values ofs, the time duration is reduced more than 40
of its valuet in the weak-field regime. In the following, we
discuss the consequences that the previous features in
on the transitions amplitudes.

B. Energy distribution of the electrons: Power broadening and
power narrowing

In the weak-field regime, from relation~7! the amplitudes
a« lm(t) are proportional to the laser field spectrum fort
@t. In our case, the same relation holds but with the eff
tive weak field introduced above. The energy distribution

FIG. 3. Variation of the time shifttshi f t and the temporal width
of the effective fieldte f f as a function of the saturation parameters.
tshi f t andte f f are expressed in units oft.
1-5
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M. A. BOUCHENE PHYSICAL REVIEW A68, 023401 ~2003!
the continuum thus exhibits the properties of the spectrum
this effective field. Using relations~16!–~19!, we obtain the
following expression:

a« lm~v,t@t!5
m« lm

i\
Ẽe f f~v!, ~20!

where

Ẽe f f~v!5E0ei ~v2vL!tshi f te2 idtshi f t
2 E

2`

1`

f c~ t8!

3e2 idt82
ei ~v2vL22dtshi f t!t8dt8 ~21!

is the spectrum of the effective field~18! and f c(t)5 f (t
1tshi f t) represents the envelope of the effective field cent
aroundt50.

For unchirped pulses,d50. The comparison between th
saturation regime and the case of weak-field regime
which tshi f t50 and f c(t)5e2(t/t0)2

shows that the expres
sion of the transition amplitudes differs by a phase fac
ei (v2vL)tshi f t and the expression of the envelopef c . The
phase factor reflects the effect of the time shift induced
the strong field on the spectrum and does not affect the
ergy distribution of the electrons. However, the shape of
envelope is changed because of the shortening of the
duration of the effective field in the saturation regime. As
result, the electron energy distribution which involves t
Fourier transform of the effective field envelope spreads o
a spectral domain of the order of 2te f f

21, and so is larger than
the pulse spectrum width 2t0

21 ~half width at 1/e of the
maximum!. This is the well-known phenomenon of pow
broadening in the continuum.

For chirped pulses,dÞ0. The time shift introduces a con
tribution to the phase integral in relation~21! which is
equivalent to a change in the central laser frequency fromvL
to vL12dtshi f t . This effect can be explained from the de
nition ~4! for the chirped pulses. The instantaneous f
quency isvL12dt and sweeps linearly with timet. The
translation bytshi f t , which occurs for the effective field
induces automatically a frequency shift of 2dtshi f t . Thus,
the energy distribution of the electrons is no longer cente
around the kinetic energy«̄. Note that this change is due t
the combined effects of chirp and saturation, for which b
d and tshi f t are not vanishing. From relation~5b! and the
behavior oftshi f t which depends on the chirp through on
the value oft, we find that this shift increases with the chi
parameterf09 and saturates for highly chirped pulses such
f09@t0

2. It reaches then a maximum value whose analyti
expression is (2/t0)(ln As/A8p)1/2 for s@A8p.

The energy distribution of the electrons around the shif
central frequencyvL12dtshi f t depends on the behavior o
the term f c(t)e

2 idt2 in the integral of expression~21!. For
chirp values such asdte f f

2 <1, wherete f f is the time duration
of the effective envelope, the quadratic phase term ab
introduces small changes and power broadening is still
pected. However, for large values of the chirp such
dte f f

2 @1, the phase term oscillates strongly and signific
changes follow. Using the stationary phase approximatio
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this case, we find that the nonvanishing amplitudesa« lm are
those associated with frequencies located in an interval of
order of 2dte f f around the shifted central frequencyvL

12dtshi f t @the same result can be obtained by performing
analytical integration of the integral in Eq.~21! with a
Gaussian approximation for the envelopef c]. Remembering
that t andte f f are of the same order of magnitude@see Fig.
3#, and from relations~5a! and ~5b!, the inequalitydte f f

2

@1 is equivalent tof09@t0
2. It follows that d.1/2f09 , t

.2f09/t0 and thus the energy distribution spreads out ove
spectral domain of the order of 2t0

21(te f f /t) smaller than
the laser spectrum width 2t0

21. In contrast with the cases o
Fourier-transform-limited pulses or weakly chirped puls
that lead to power broadening, the case of highly chirp
pulses such asf09@t0

2 leads to power narrowing of the en
ergy distribution of the electrons. This spectacular chan
may also be explained from the particular properties of
chirped pulse spectrum. As noted in the last part of Sec
the chirped pulse behaves as a quasimonochromatic
whose frequency sweeps during the timet from the low-
frequency part of the spectrumvL2t0

21 to the high compo-
nent onevL1t0

21. The interaction of such a pulse with th
atomic system in the saturation regime makes the system
only a part of the pulse spectrum, because the depletio
the initial state reduces the time interaction fromt to te f f
around the time shifttshi f t . The energy distribution of the
emitted electrons reflects only the contribution of the f
quency components swept during this time. Because
sweep is linear, the concerned spectral domain
2t0

21(te f f /t), and so is smaller than the pulse spectru
width 2t0

21. It also follows from these arguments that th
energy distribution is shifted to the low part of the pul
spectrum, which confirms the above result that predict
shift in the central frequency fromvL to vL12dtshi f t . The
electron dynamic is then insensitive to the high-frequen
components of the pulse spectrum. The power narrowing
the electron spectrum follows the variation of the ra
(te f f /t) that decreases slowly when increasing the laser
tensity@see Fig. 3#. We represent in Fig. 4 the energy distr
bution of electrons (}uẼe f fu) for the following parameters
«̄51 eV, t05500 fs, and ~a! f0950, s.0; ~b! f0953
3104 fs2, s512; ~c! f095107 fs2, s512. The distributions
are normalized to unity to make a clear comparison betw
the corresponding bandwidths. Note that for such laser in
sity, the ionization concerns with nearly 100% (12e212) of
the total population in the initial level. In case~a!, the case of
weak-field regime for which the energy distribution does n
depend on the chirp parameter and matches exactly the p
spectrum is represented~bandwidth 2.5 meV at 1/e of the
maximum!. The distribution is centred around the me
value «̄51 eV. When saturation is considered, a differe
behavior occurs. In case~b!, the chirp parameter has a non
negligible value, but it is still weak enough (f09/t0

250.12) to
make the quadratic phase of the laser-pulse spectrum
slowly. As discussed above, power broadening occurs
the energy distribution broadens here to 4.1 meV. In case~c!,
the chirp parameter is such asf09/t0

2540. Here, we are in the
1-6
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case of highly chirped pulses, where the system is sens
only to the lower part of the laser spectrum. As a result,
energy distribution narrows from 2.5 to 1.42 meV in com
parison with the weak-field regime. The maximum of t
distribution is also shifted in both cases~b! and~c! by 20.51
and21.9 meV respectively, in good agreement with the p
diction above that gives the analytical estimationsd«̄
52\dtshi f t for the energy shift@520.47 ~b!, 521.99 meV
~c!#, 2\te f f

21 ~54.19 meV! and 2\t0
21(te f f /t) ~51.44 meV!

for the energy bandwidth in the case of weakly and hig
chirped pulses, respectively~the analytical expression
would be rigorously exact if the effective weak-field env
lope was a perfect Gaussian!.

The changes observed in the amplitude transitions w
saturation occurs have significant impact on the temp
evolution of the electron wave packet. In the following se
tion, we discuss the changes that occur for the focusing
the wave packet.

C. Radial focusing of electron wave packet in the saturation
regime: Temporal and spatial shifts

The electron wave packet is connected to the transi
amplitudea« lm by relation~3! and depends on the laser spe
trum of the effective field. From relations~3!, ~20!, and~21!,
the electron density can be written as

N~r ,t !}U E uẼe f f~v!uei @kr1fe f f~v!2v~ t2shi f t!#dvU2

,

~22!

wherefe f f(v) is the phase of the effective field spectru

FIG. 4. Energy distribution of the electrons in the continuu
(}ua« lmu). Here«̄51 eV andt05500 fs~duration before chirping!.
Case~a! corresponds to the situation of the weak-field regime w
no chirp, sof0950, s.0. Case~b! represents the situation of th
strong-field regime with a small amount of chirp (f0953
3104 fs2, s512) and case~c! corresponds to the strong-field re
gime with highly chirped pulses (f095107 fs2, s512). The energy
distribution matches the laser field spectrum in~a!, whereas
~b! and ~c! give rise to power broadening and power narrowin
respectively.
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whose expression can be approximated by the following a
lytical expression fe f f(v).f0 e f f9 (v2vL22dtshi f t)

2/2,
wheref0 e f f9 5f091Df09 with

Df095f09
S te f f

t D 4

21

11F S 2f09

t0
2 D 2S te f f

t D 4G . ~23!

Df09 is the variation of the chirp parameter due to saturat
effects and is always negative. This correction vanishes
the weak-field regime for whichte f f /t51 or for large val-
ues of the chirp parameter such asf09→`. Important
changes are expected in all other cases.

In the weak-field regime,tshi f t.0 and uẼe f f(v)u
}e2(v2vL)2t0

2/4. The wave packet focuses in the radial dire
tion at a distancer f given by relation~11!, and at timet f
given by Eq.~13! that depends on the kinetic energy«̄ and
the chirp parameterf09 . In the saturation regime, the chir
parameter is modified, the frequency distribution is shift
by 2dtshi f t , and the termtshi f t induces a global time trans
lation of the electron wave packet@see Eq.~22!#. Note that
this last effect is present whether the laser pulse is chirpe
not, and is due to the fact that in the saturation regime,
rapid depletion of the initial level makes the laser field inte
act with the atomic system only during the rising edge of
pulse, and as a result the wave packet is time shifted.
these changes make both the focusing distance and th
cusing time modified. Because the energy and time shifts
small compared with«̄ andt f , respectively, the most impor
tant contribution comes from the change in the chirp para
eter. However, for large values off09 , Df09→0, the correc-
tions due to the energy and time shifts, even if small, can
be neglected, because, as will be shown next, they can
ceed the spatial and temporal extensions of the electron w
packet.

The radial distance of focusing is affected only by t
change in the chirp parameter and the mean kinetic ene
since it does not involve the time application of the laser. T
focusing distance is found from relation~11! to be reduced
from r f to r f e f f5r f1Dr f with

Dr f.r f S Df09

f09
1

3d«̄

2«̄
1

3Df09d«̄

2f09«̄
D . ~24!

For the focusing time, the changes occur because of all of
three shifts cited above. The time shifttshi f t(,0) of the
effective field advances the creation of the electron wa
packet. The lowering of the mean kinetic energy from«̄ to
«̄1d«̄ decreases both the velocity groupvg(}«̄1/2) and the
focusing distancer f(}«̄3/2). However, even if the wave
packet slows down, the stronger energy dependence or f
reduces the focusing distance at a larger rate, and the fo
ing time reduces as a result. Finally, the reducing of the ch
parameter makes also the focusing time lower fromt f to t f

1t f(Df09/f09). The total time delayDt f5t f e f f2t f of the
wave packet is the sum of the contributions of the th
effects (t f e f f is the modified focusing time!. Using expres-
sion ~13!, we find

,

1-7
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Dt f.tshi f t1t f S Df09

f09
1

d«̄

«̄
1

Df09d«̄

f09«̄
D . ~25!

For large values of the chirp such asf09→`, we haved«̄
.\tshi f t /f09 and Df09.0, so Dt f.3tshi f t ~,0!. As noted
above, even in this case where only the time and ene
shifts give important contributions, the time delay is of t
same order of magnitude as the chirped pulse durationt, and
so much higher than the temporal width at the focus po
which is aroundt0 . Some values for the above shifts can
given now. For laser pulses witht051 psf095107 fs2, and
s512, and if «̄51 eV, we obtainDt f.2629.2 ps andDr f
.237mm with t f.30.36 ns andr f.1.8 cm. The shift in
the time delay is important but still weak in comparison w
the focusing time (Dt f /t f.2%). Forweakly chirped pulses
such asf09533104 fs2 and the same values for the oth
parameters, we obtain Dt f.281.55 ps and Dr f
.247.77mm which are of the same order of magnitude
t f.91.1 ps andr f.53.98mm. The wave packet is then sig
nificantly shifted in time and space in this last case.

D. Radial focusing of electron wave packet in the saturation
regime: Wave packet shape

The shape of the wave packet at the focus point is
important property that inform us on the quality of the f
cusing obtained with this method. In the weak-field regim
~cf. Sec. II!, when condition~12! is satisfied, the wave packe
turns out to be proportional to the inverse Fourier transfo
of the transition amplitudesa« lm . The time duration is there
fore given by the inverse of the electron distribution whi
matches exactly the laser spectrum. Hence, the wave pa
reproduces the laser-pulse profile before chirping and the
cusing is at a maximum.

In the saturation regime, the same features hold but n
with the use of the effective weak field whose spectr
bandwidth is different fromt0

21. Depending on the chirp, th
effective weak-field spectrum may be larger~power broaden-
ing! or smaller~power narrowing! than the initial laser spec
trum. The electron wave packet is thus expected to be a
focus point shorter or larger than the initial unchirped pul
respectively. The expressions for the time duration can
approximated by the analytical valueste f f and
t0(te f f /t)21, respectively, and these are rigorously valid
the effective weak-field envelope was a perfect Gaussian
represent in Fig. 5 the result of a numerical estimation of
square root of the electron density~}ucu! at the focus point
for the following situations:~a! represents the case of
weak-field regime (s.0), ~b! the case of saturation for
weakly chirped pulse (s512, f0953.104 fs2), and ~c! the
case of saturation for a highly chirped pulse (s512, f09
5107 fs2). The unchirped pulse is such thatt05500 fs and
the mean kinetic energy is«̄51 eV. The curves are norma
ized to 1, to make better comparisons between the diffe
bandwidths, and zero time represents the arrival time of
maximum of the electron wave packet at the focus point. T
time duration~defined here as the half width at 1/e of the
maximum! is found to be equal to 500, 296, and 840
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respectively, whereas the analytical expressions givete f f
.292 fs andt0(te f f /t)21.862 fs. Thus, power broadenin
leads to the creation of electron pulses significantly sho
than the unchirped laser pulse~by 204 fs!. Note that in such
a situation, however, the chirp parameter is weak and
focusing distance is small~here, we obtainr f e f f.6.21mm).
In the opposite case of high chirped pulses, the electron p
focuses at large distances (r f e f f.1.8 cm), but experience
important time broadening~;340 fs! in comparison with the
weak-field regime.

When condition~12! is not satisfied, the electron wav
packet can no longer be correctly focused. In the weak-fi
regime, this inequality represents a strong constraint to
focusing of ultrashort electron pulses for which the spectr
bandwidtht0

21 is large. Due to the third-order contribution i
the phases, strong temporal oscillations appear in the wa
packet profile that is hence distorted@11#. In the saturation
regime, the inequality~12! involves the bandwidth of the
effective field spectrum instead oft0

21. For highly chirped
pulses such asf09@t0

2, power narrowing occurs. Conditio
~12! is hence less restrictive than in the case of the we
field regime. Saturation leads in this case to the reduction
the distortion of the wave packet at the focus point. An el
tron pulse that is distorted in the weak-field regime may
correctly focused on increasing the intensity. This import
result is shown in Fig. 6. An initial laser pulse with a Gaus
ian envelope such ast05250 fs@represented in Fig. 6~a!# is
broadened by a dispersive medium withf095107 fs2. It ion-
izes the atomic medium and the mean kinetic energy
ejected electrons is«̄50.5 eV. In the weak-field regime (s
.0), the left term in relation~12! is only 3.75 and the third-
order contribution cannot be neglected any longer. This
observed in curve~b! which represents the electron puls
profile at the focus point. The wave packet is clearly d

FIG. 5. Temporal profile of the square root of the electron d
sity N(r f e f f ,t) ~normalized to 1! at the focus point for the following
situations:~a! weak-field regime (s.0), ~b! saturation regime with
moderately chirped pulses (s512, f09533104 fs2), and ~c! satu-
ration regime with highly chirped pulses (s512,f095107 fs2). The
other parameters aret05500 fs and«̄51 eV.
1-8
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torted and presents strong oscillations in the tail. When
intensity is increased@s512, case~c!#, a different behavior
occurs. Although the wave packet experiences time broad
ing because of the power narrowing of the spectrum,
oscillations are strongly attenuated thus improving the qu
ity of the electron pulse at the focus. Finally, we consider
case of weakly chirped pulses such asf09<t0

2. In this situa-
tion, power broadening occurs but the low value of the ch
parameter ensures that the relation~12! is almost always
verified. Moreover, in this case, the left term in Eq.~12! is
higher than 5ē (eV)t0 (fs) and is then much greater tha
one, except for very low kinetic energy and very sh
pulses. The electron wave packet is thus not affected
high-order contributions to the phases, and focuses cor-
rectly with a time bandwidth shorter thant0 .

V. CONCLUSION

We have presented a detailed study of the behavio
electron wave packets created by strong chirped pulses
which the ionization process is almost total. We have sho
that radial focusing still occurs in this regime. However, im
portant new features appear. One striking result is the po
bility for highly chirped pulses such asf09@t0

2 to produce
energy distributions for the electrons narrower than the pu
spectrum, in complete opposition to the case of Four
transform-limited or weakly chirped pulses for which pow
broadening occurs. These effects modify substantially
shape of the wave packet that is also found to focus at
ferent times and positions. Moreover, when power broad
ing occurs, the wave packet focuses with a temporal wi
shorter than the time duration of the ionizing pulse bef

FIG. 6. Temporal profile of the square root of the electro
densityN(r f e f f ,t) ~normalized to 1! at the focus point,~b! weak-
field regime wheres.0, ~c! saturation regime withs512. The
parameters for both cases aret05250 fs, f095107 fs2, and «̄
50.5 eV. Curve~a! represents the pulse envelope of the initial la

pulsee2(t/t0)2
.
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chirping, whereas in the case of power narrowing the tem
ral width is larger. In this last case, the saturation was sho
to improve the quality of the focusing substantially, by r
ducing the distortions that occur in the weak-field regime

Many effects predicted in this paper can be observed.
instance, power narrowing by a factor between 1 and
might be observed. For instance, if a chirped pulse witht0

550 fs andf095105 fs2 ionizes an atom, the energy distr
bution of the electrons narrows from 28 meV in the wea
field regime to 17 meV in the saturation regime withs
510. This can be easily observed with an electron spectr
eter of few meV resolution@32#. The observation of time
focusing of the electron wave packet represents a more
ficult challenge. It depends on the time resolution of the
tectors and on the severity of the effect of spatial dispers
of the atoms over the laser spot. However, an experim
under realistic conditions is possible. For instance, with
limited-Fourier-transform pulset05200 fs yielding to elec-
tron pulses with a kinetic energy of 2 eV, the electron wa
packets broaden to 200 ps after 11 cm flight in the vacu
because of spreading. Assuming a laser spot of about 20mm
diameter, the spatial dispersion leads to about 25 ps spr
ing. The measure of electron pulses may be done in a st
camera arrangement that gives a resolution of a few pico
onds or even less@13,33#. Once this laser pulse is chirped t
f09523107 fs2, the electron wave packet focuses at t
same distance to the initial laser-pulse duration~200 fs!. This
cannot be measured, of course, but a reducing of the t
broadening of the electron signal can be observed in the
tector from 200 ps to a value about 25 ps due to the spa
dispersion.

The prediction of the changes that occur for the elect
energy distribution when a chirped strong laser pulse ioni
a system may be important in photoelectron spectrosco
For instance, if several autoionization channels are pres
the resulting dynamics for the electrons depends crucially
the energy distribution of electrons around these resonan
A detailed understanding of this behavior is then crucial
analyze experimental results. Moreover, the results pre
here apply if a continuum of dissociation is considered
stead of the continuum ionization. The translational mot
and the inner states of products may be considerably chan
when multichannels are involved in a predissociation p
cess. For laser intensities higher than those considered
other ionization processes such as ATI will come into pl
The opening of these new channels may considerably red
the time interaction between the atomic system and
chirped pulse. Depending on the chirp, one can expec
produce a distribution for the electron energy peaks tha
narrower or broader than the laser spectrum.
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