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Relativistic effects in Sr, Dy, YbII , and YbIII and search for variation of the fine-structure constant
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A possibility for fundamental constants to vary in time is suggested by theories unifying gravity with other
interactions. In this article we examine proposals to use optical transitions of Sr, Dy, YbII, and YbIII for the
search of the time variation of the fine-structure constanta. Frequencies of atomic transitions are calculated
using the relativistic Hartree-Fock method and configuration interaction technique. The effect of variation ofa
on the frequencies is studied by varyinga in computer codes. Accuracy of measurements needed to improve
the current best limit on the time variation ofa is discussed.
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I. INTRODUCTION

Theories unifying gravity with other interactions sugge
that fundamental constants could vary in space-time~see,
e.g., @1#!. Recent evidence of variation of the fine-structu
constanta in quasar absorption spectra@2# elevated interes
to the search of variation ofa in laboratory experiments
Comparing frequencies of different atomic transitions ove
long period of time is a good way to do such a search du
the extremely high accuracy of measurements achieved
certain types of transitions. The best limit on local prese
time variation of the fine-structure constant published so
was obtained by comparing the Hg1 microwave atomic
clock versus hydrogen maser@3#. Recently this limit was
further improved by more than an order of magnitude
comparing cesium and rubidium atomic clocks@4#. There are
also many proposals for the search of a variation ofa in
atomic optical transitions, some of which were analyzed
our previous works~see@5# and references therein!. In the
present paper, we analyze three new proposals involv
strontium or calcium, dual beam@6#, dysprosium atom@5,7#,
and ytterbium positive ions Yb1 @8# and Yb21 @9#. We per-
form relativistic many-body calculations to link the variatio
of a with the variation of the frequencies of atomic tran
tions. Then we use this connection to find out what accur
of measurements is needed to improve the current best
on time variation of the fine-structure constant.

In the proposal suggested by Bergeson, the stronti
calcium dual beam is to be used to compare the frequen
of the 1S0-3P1 clock transitions in these atoms over a lo
period of time. Ca and Sr have similar electron structu
However, due to higher nuclear charge, relativistic effects
larger for strontium. Ifa is changing, the correspondin
change in frequency of the clock transition for Sr would
considerably faster than for Ca. Precise measurements m
be able to indicate this or, at least, put a strong constrain
a possible variation ofa. Calculations of the relativistic ef
fects for Ca were done in our previous work@5#. In the
present paper, we do similar calculations for Sr.

Experiments with a ytterbium positive ion have the a
vantage of greater relativistic effects due to larger nucl
charge and the convenience of working with two differe
transitions of the same element. There are two transition
Yb1 involving metastable states for which comparison
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frequencies is considered. One is a quadrupole transi
4 f 146s2S1/2–4f 145d 2D5/2 and the other is an octupole tran
sition 4f 146s2S1/2–4f 136s2 2F7/2. The quadrupole transition
is basically ans-d transition while the octupole one is anf -s
transition. According to the simple analytical formula pr
sented in Ref.@5#, relativistic energy shifts fors electrons
and electrons with high total momentumj ~such asd and f
electrons! are large but have opposite sign. This means t
we should expect that two metastable states of Yb1 move in
opposite directions ifa is changing. This brings extra en
hancement to the sensitivity of the measurements for Yb1 to
the variation ofa. Our accurate calculations presented bel
support these considerations.

The proposal for dysprosium is quite differe
from what was considered so far. Instead
comparing two very stable atomic clock frequencie
the authors of this proposal@5# suggest measuring
very small frequency of the transition between two alm
degenerate states of opposite parity in dysprosium.
states are 4f 105d6s 3@10#10 E519 797.96 cm21 and
4 f 95d26s 9K10 E519 797.96 cm21. These states were use
before for the search of parity nonconservation in Dy@11#.
Small energy splitting and different electron structure
these two states lead to very strong enhancement of the
sitivity of the frequency of transition between the states
variation ofa. The enhancement~about eight orders of mag
nitude! seems to be strong enough to overcome the disad
tage of dealing with states which are not very narrow.

In the present paper, we calculate the values of relativi
energy shifts for Sr, Yb1, and Dy and discuss what accurac
of measurements is needed to improve the current best
straint on local time variation of the fine-structure consta

II. CALCULATIONS OF ENERGIES

We use relativistic Hartree-Fock~RHF! and configuration
interaction~CI! methods to do the calculations.

The RHF Hamiltonian is used to generate a set of sing
electron orbitals. We use a form of single-electron wa
function which explicitly depends on the fine-structure co
stanta,

c~r !n jlm5
1

r S f n~r !V~n! jlm

iagn~r !Ṽ~n! jlm
D . ~1!
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Then the RHF equation forc(r )n has the following form
~in atomic units!:

f n8~r !1
kn

r
f n~r !2@21a2~en2V̂HF!#gn~r !50,

gn8~r !2
kn

r
f n~r !1~en2V̂HF! f n~r !50, ~2!

wherek5(21)l 1 j 11/2( j 11/2), n is the principal quantum
number, andV̂HF is the Hartree-Fock potential. The value
relativistic effects is studied by varying the value ofa in Eq.
~2!. In particular, the nonrelativistic limit corresponds toa
50.

In the CI calculations, we use an approach similar to w
was first developed in Ref.@12#. Electrons occupying open
shells are considered as valence electrons and all other
core electrons. Correlations between valence electrons
treated within the CI method while correlations between
lence and core electrons are included by means of the m
body perturbation theory. The effective CI Hamiltonian f
valence electrons is presented by

ĤCI5(
i 51

N

ĥi1(
i , j

e2

r i j
. ~3!

Here N is the number of valence electrons andĥi is an ef-
fective single-electron Hamiltonian,

ĥi5ca•p1~b21!mc22
Ze2

r i
1V̂core1Ŝ1 . ~4!

HereVcore is the Hartree-Fock potential created by core el
trons. It differs fromVHF in Eq. ~2! by contribution of va-

lence electrons.Ŝ1 is the so-called ‘‘correlation potential’
operator. It describes correlations between a particular
lence electron and core electrons~see Ref.@12# for details!.
Note that in contrast with Ref.@12#, we do not include in the

present work theŜ2 operator, which is a two-electron oper
tor describing a different type of correlations between

lence and core electrons. Terms withŜ2 can be considered a
screening of the Coulomb interaction between valence e
trons by core electrons. These terms are less important

those withŜ1 but much more time consuming in calcul
tions. We either neglect them or simulate their effect by
troducing screening factors.

We are now going to discuss the specifics of the calcu
tions for each atom/ion. Apart from the states of interest,
also calculate energies of the other states of the same
figurations to ensure that the accuracy is systematically go
We also calculate magneticg factors to ensure correct iden
tification of states. This is particularly important for dyspr
sium.

A. Strontium

Strontium in its ground state is a closed-shell atom. It h
two 5s electrons on its outermost shell and we need to c
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sider energy intervals between the1S0 ground state and
states of the 5s5p configuration where the3P1 metastable
state is of most interest. The RHF calculations for Sr w
done in theVN approximation for a closed-shell atom in i
ground state. For the CI calculations we considered Sr a
atom with two valence electrons and followed similar calc
lations for Ba@13#. Basis states for the CI1MBPT method
were calculated using the B-spline technique@14# with 40
B-splines in a cavity of radiusR540aB . The same basis

functions were used to calculateŜ1 for the CI calculations.
Thirteen lowest states above the core in each of thes1/2,
p1/2, p3/2, d3/2, and d5/2 waves were used to construct
two-electron wave function for both 5s2 and 5s5p configu-
rations. A large number of basis functions is needed mo
for an adequate description of the 5s5p configuration. This
is because theVN approximation does not provide us with
good 5p single-electron state. Also, the 5s single-electron
state in the 5s5p configuration is different from the 5s state
in the 5s2 configuration for which Hartree-Fock calculation
were done. However, with 13 states in each wave the s
ration of the basis was clearly achieved and adding m
states to the basis did not change the energy. Two-elec
basis states for the CI calculations were obtained by dist
uting valence electrons over 65 basis states (1335) in all
possible ways with a restriction of fixed parity and total m
mentum.

The results are presented in Table I. As one can see,
curacy for the state of interest3P1 is better than 1% while
accuracy for other states is also good.

B. Ytterbium

The ground state of a ytterbium positive ion
4 f 146s2S1/2 and we need to consider transitions into t
4 f 145d 2D5/2 and 4f 136s2 2F7/2 states. Therefore, it is conve
nient to do the RHF calculations in theVN21 approximation
for the Yb21 ion with the 4f 14 closed-shell configuration
The 6s,5d and other basis states for the CI method are c
culated then in the field of the frozen closed-shell core
Yb21. Then, in the CI calculations, we need to consider
4 f electrons as valence ones since one of the transition
interest involves excitation from the 4f subshell. So, the tota
number of valence electrons in the present CI calculation
15. This is very different from our previous calculations f
Yb1 @5# in which the 4f 136s2 2F7/2 state was not considere
and we were able to treat the ytterbium ion as a system w
one external electron above closed shells.

Our final set of single-electron states for the CI calcu
tions consisted of 4f 5/2, 4f 7/2, 6s1/2, 5d3/2, 5d5/2, and a
few mores and f states above 4f and 6s. Note that in con-
trast with Sr, we do not need many basis functions here
cause all our single-electron wave functions correspond
the Yb1. This makes the initial approximation very good an
leads to fast convergence of the CI calculations with resp
to the basis set used.

We also do not includeŜ1 in calculations for Yb1. In a
case of many valence electrons~15 for Yb1), correlations
are dominated by correlations between them which are ta
into account accurately via the CI technique. Correlatio
between valence electrons and core electrons mostly m
6-2
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TABLE I. Energies andg factors.

Energy~1/cm! g
Atom/ion State Theory Experimenta Theory Experimenta Nonrelativistic

Sr 5s2 1S0 0 0
5s5p 3P0 14171 14318
5s5p 3P1 14384 14504
5s5p 3P2 14832 14899
5s5p 1P1 22829 21698

Dy 4f 106s2 5I 8 0 0 1.243 1.242 1.25
4f 106s2 5I 7 4123 4134 1.175 1.173 1.179
4f 106s2 5I 6 7147 7051 1.072 1.072 1.071
4f 106s2 5I 5 9428 9212 0.907 0.911 0.9
4f 106s2 5I 4 11199 10925 0.614 0.618 0.6

4f 105d6s 3@8#9 18605 17515 1.319 1.316
4f 105d6s 3@9#10 18615 18463 1.291 1.282
4f 105d6s 3@10#11 19811 19349 1.268 1.27
4f 105d6s 3@10#10 20133 19798 1.208 1.21
4f 95d26s 9K12 23345 22541 1.327 1.333 1.333
4f 95d26s 9K11 20513 20448 1.352 1.354 1.303
4f 95d26s 9K10 19623 19798 1.372 1.367 1.264
4f 95d26s 9I 9 19434 19558 1.390 1.39 1.377
4f 95d26s 9G8 18379 18473 1.461 1.46 1.5
4f 95d26s 9G7 18662 18529 1.492 1.467 1.5
4f 95d26s 7F6 19714 19304 1.527 1.54 1.5
4f 95d26s 7G5 21697 20892 1.510 1.32 1.37
4f 95d26s 9G4 23748 22697 1.492 1.487 1.5

Yb1 4 f 146s 2S1/2 0 0 2.000 1.998 2
4f 145d 2D3/2 22888 22961 0.800 0.800 0.8
4f 145d 2D5/2 23549 24333 1.200 1.202 1.2
4f 136s2 2F5/2 31820 31568 0.857 0.862 0.857
4f 136s2 2F7/2 21819 21419 1.143 1.145 1.143
4f 146p 2P1/2 26000 27062 0.667 0.667 0.667
4f 146p 2P3/2 29005 30392 1.333 1.333 1.333

aReferences@16,17#.
b
u

-

er
ita
ed

e
pe
ha

ns
ta
o

ed-

F
-
ied
c-

4
/13

e 4
her

mber

ers
the
fest themselves via screening of the Coulomb interaction
tween valence electrons. We take this effect into acco
semiempirically by introducing screening factorsf k .
Namely, we multiply every Coulomb integral of the multipo
larity k by a numerical factorf k which is chosen to fit the
energies. It turns out that a good fit for Yb1 is achieved with
f 250.8 andf k51 for all otherk.

Many-electron basis states for the CI calculations w
obtained by allowing all possible single and double exc
tions from the base configuration with the restriction of fix
parity and total momentum.

Results for energies of Yb1 are presented in Table I. Th
theoretical accuracy for energies as compared to the ex
ment is 2–3 % for the states of interest and is not worse t
5% for other states.

C. Dysprosium

The dysprosium atom is the most difficult for calculatio
because of its complicated electron structure. Ground-s
configuration of Dy is 4f 106s2, which means that there is n
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realistic RHF approximation which corresponds to a clos
shell system. We do the RHF calculations for Dy in theVN

approximation with an open-shell version of the RH
method. Contribution of the 4f electrons into the RHF po
tential is calculated as for a closed shell and then multipl
by a numerical factor to take into account its fractional o
cupancy. This factor is 10/14 when interaction of thef
electrons with other core electrons is considered and 9
when interaction of a 4f electron with other 4f electrons is
considered. When convergence is achieved, we have thf
and 6s basis states for the CI calculations. To calculate ot
states of valence electrons we remove one 6s electron, freeze
all RHF orbitals, including 4f and 6s, and calculate the
6p1/2, 6p3/2, 5d3/2, 5d5/2 and a few mored states above 5d
in the field of frozen RHF core.

In the CI calculations, states below 4f are considered as
core states and all others as valence states. The total nu
of valence electrons is therefore 12. As for the case of Yb1,

we neglectŜ1 and use screening factors as fitting paramet
to improve agreement with experiment. It turns out that
6-3
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best fit for the 4f 106s5d configuration is achieved withf 1
50.7 andf k51 for all otherk. No fitting was used for othe
configurations.

To calculate states of the 4f 106s2, 4f 106s6p, and
4 f 106s5d configurations, we use the 4f 5/2, 4f 7/2, 6s1/2,
6p1/2, 6p3/2, 5d3/2, and 5d5/2 single-electron basis function
and all possible configurations which can be obtained fr
these basis functions by exciting one or two electrons fr
the base configuration. The same approach does not wor
the 4f 95d26s configuration because of the huge number
many-electron basis states generated this way, and as a
sequence, the CI matrix is of so large a size that it could
be handled by our computers. On the other hand, test ca
lations with pairs of configurations showed that mixing
our state of interest with other configurations is small a
can be neglected. We do need, however, to include mix
with the 4f 95d6d6s, 4f 95d7d6s, and 4f 96d26s configu-
rations. This is because our basis 5d state corresponds rathe
to the 4f 105d6s configuration and extrad states are neede
to correct it.

The results are presented in Table I. Note that they
considerably better than in our previous calculations@15#.
This is because of the better basis and more complete
treatment.

III. FREQUENCY SHIFT: RESULTS AND DISCUSSIONS

In the vicinity of the physical value of the fine-structu
constant (a5a0), the frequency (v) of an atomic transition
can be presented in the form

v5v01qx, ~5!

wherex5(a2/a0
2)21, v0 is the experimental value of th

frequency, andq is a coefficient which determines the fre
quency dependence on the variation ofa. To find the values
of q for different atomic transitions, we repeat all calcul

tions for a5A9
8 a0 , a5a0, anda5A 7

8 a0. Then

q54~v12v2!, ~6!

where v1 is the value ofv for a5A9
8 a0 and v2 is the

value ofv for a5A 7
8 a0. Calculations fora5a0 are done

to compare the theory with experiment and to check whe
frequencies are linear functions ofa2. The results for coef-

TABLE II. Relativistic energy shiftq(cm21).

Atom/ion State This work Ref.@5#

Sr 5s5p 3P1 667
5s5p 1P1 1058

Dy 4 f 105d6s 3@10#10 6008
4 f 95d26s 9K10 223708

Yb II 4 f 145d 2D3/2 10118 12582
4 f 145d 2D5/2 10397 11438
4 f 136s2 2F7/2 256737

Yb III 4 f 135d 3P0 227800
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ficients q are presented in Table II. Note that we have
cluded in the table the results of our old calculations
Yb1. These calculations were done in a very different w
assuming that Yb1 is an atom with one external electro
above closed shells. Comparison of the results obtained
different methods gives an estimate of the accuracy of
culations.

A search for the time variation of the fine-structure co
stant can be conducted by comparing two frequencies
atomic transitions over a long period of time. The measu
value can be presented as@5,3#

D~ t !5S v̇1

v1
2

v̇2

v2
D . ~7!

Using Eq.~5! one can reduce Eq.~7! to

D~ t !5S 2q1

v1
2

2q2

v2
D S ȧ

a0
D . ~8!

The current best laboratory limit on the time variation ofa is
ȧ/a,10215 yr21 @4#.

In the first experiment considered in this paper, a d
calcium-strontium beam is to be used to compare the
quencies of the1S0– 3P1 transitions in both atoms. Subst
tuting v1515 210 cm21, q15230 cm21 for Ca @5#; v2
514 504 cm21, q25667 cm21 for Sr ~Tables I and II!; and
ȧ/a510215 yr21 we get

D~ t !~Sr2Ca!56.2310217 yr21. ~9!

Note that the width of the3P1 state in Sr may be a problem
in this case.

In the case of Yb1, frequencies of the2S1/2-
2D5/2

and2S1/2-
2F7/2 are to be compared. Substituting the num

bers, we get

D~ t !~Yb1!56.1310215 yr21. ~10!

Note the two orders of magnitude improvement in the m
nitude in comparison with the Sr-Ca dual beam experime

We have also calculated theq coefficient for the
4 f 14 1S0–4f 135d 3P0 (v545 276 cm21) transition from the
Yb III ground state. This was motivated by the proposed m
surements@9# of the a variation using a comparison o
1S0– 3P0 transition frequencies in In1, Tl1, and the odd
isotope of Yb21. The different signs and magnitudes of rel
tivistic corrections in In1 (q54414 cm21), Tl1 (q
519 745 cm21), and Yb21 (q5227 800 cm21) provide an
excellent control of systematic errors since systematic er
are not correlated with signs and magnitudes of the
quency shiftsqx, where x5(a2/a0

2)21. The same idea
~combination of anchors, positive shifters, and negat
shifters! has been used to control systematic errors
Ref. @2#.

In our view, a very interesting possibility is that for dys
prosium. Instead of comparing frequencies of different tra
6-4
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sitions, one should measure the energy difference betw
two very close states of opposite parity. The correspondinq
coefficient isq56008123 708529 716 cm21 ~see Table II!.
The frequency of this transition ranges from a few MHz to
few GHz depending on isotopes and hfs components use
we take, e.g.,v53.1 MHz @10#, we get

D~ t !~Dy!55.73108S ȧ

a0
D . ~11!

This is an eight orders of magnitude enhancement in
relative value of the effect compared to atomic clock tran
tions. Substitutingȧ/a510215 yr21, we get
r,

.

tt

o

tto

02250
en
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D~ t !~Dy!55.731027 yr21. ~12!

This means that to improve the current best limit on lo
time variation ofa, the frequency of this transition in Dy
should be measured to an accuracy of about 1027 over about
a year time interval. This seems to be feasible@7#.
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