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Relaxation of coherent states in a two-qubit NMR quadrupole system

R. S. Sarthout,E. R. deAzevedd,F. A. Bonk? E. L. G. Vidoto? T. J. Bonagamb&A. P. Guimaras?
J. C. C. Freitas,and I. S. Oliveira
ICentro Brasileiro de Pesquisasdicas, Rua Dr. Xavier Sigaud 150, Rio de Janeiro 22290-180, Brazil
2Instituto de Fsica de Sa Carlos, Universidade de ®aPaulo, Sa Carlos, P.O. Box 369, ®aPaulo 13560-970, Brazil
3Departamento de Bica, Universidade Federal do Esipo Santo, Vifsia, Esprito Santo 29060-900, Brazil
(Received 19 March 2003; published 22 August 2003

We report a detailed study of the longitudinal relaxation of several coherent states on the nuclear-magnetic-
resonancéNMR) two-qubit quadrupole systeni®Na (spin 3/2 in a lyotropic liquid-crystal system at room
temperature. Relaxation gseudopurestates, simulategseudo-Belktates andHadamardstates were inves-
tigated. The coherence of superposition states was verified by applying the respective quantum “reading”
operators and comparing the recovered state with the original one. The degree of recovery varies between
~70% and~100%, depending on the time length of the gate, as compared to relaxation times. Spin-lattice
relaxation results follow a recently proposed multiexponential model that includes mixed magnetic dipolar and
electric quadrupolar interactions. Relaxation curves are governed by initial conditions, and from the experi-
mental curves individual transition rates are derived. The transverse relaxation time c@pssafiound not to
depend on the initial distribution of populations. This is a systematic study of relaxation in the context of NMR
guantum computing.
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. INTRODUCTION ing to spins state$+3/2), |+1/2), |—1/2), and|—3/2),
respectively. Selective excitation can be achievedwif
Nuclear magnetic resonan@MR) is to the present date > wq> w,, Wherew, is the radiofrequency intensifyt3,14.
the main experimental technique through which quantum In comparing a spin-3/2two-qubit system to the rather
logic gates and full routines have been implemented in sevmore usual two-spin-1/2 onguch as'H and 3C in chloro-
eral spin-1/2 systems. In spite of recent clairhsthat NMR  form), there are a few remarks worth making.

experiments may not have producgeebvable entanglement (1) The number of qubits per nucleusl, is bigger in
phenomena, reported implementations of algorithms byuadrupole systems.
NMR include the following: Deutsch-JoszE2], Grover (2) Quadrupolar splittings are usually many orders of

search[3,4], Shor factorization[5], Brassard teleportation magnitude larger thad couplings and therefore spectral
[6], besides simulations of quantum systeffis] protocols  resolution is better ¢o/27m~1—100 kHz, whereas 2J/%

for generating and reading entangled stdfs etc. Thisis ~10—300 Hz).

an impressive achievement, far beyond what any other tech- (3) The free evolution of quadrupole spins goes mainly
nique could reach, so far. However, there is a general feelingnder the propagator ex-p@intlg), whereas in the case of
among the quantum information community that, althoughspins 1/2 it goes as exp{2mJtly,l,,/4).

NMR is likely to continue for the time being the main tech-  (4) Whereas pseudopure states in a tiwol/2 system,
nique for testing systems with a small number of qubits,due to smalll coupling, must be obtained through some sort
unless signal detection innovations break through, its role inf averaging[15], in a | =3/2 system this is achieved with
an eventual technological future of quantum computers igne single sequence of pulses and appropriate phase cycling
very fuzzy, at the best. Nevertheless, there are possibilitieg] 6].

that have not been fully explored, which may improve NMR  (5) Phase control of individual states in a superposition is

performance in quantum computing applications, such as thgot as straightforward for quadrupole nuclei as for spin-1/2
use of quadrupole nuclei. Implementation of pseudopureystems.

states and logic gates in a four-level two-qubiia and ’Li (6) Relaxation is much faster in spin-3/2 systems than in
(I'=3/2) systems using selective radio-frequency pulses ovets spin-1/2 counterpart.
equilibrium spectrahas been reported in Refgl0,11]. In The last two items of the above list can explain the almost

such systems, a nucleus with spiand electric quadrupole complete absence in the literature of implementations of full
momentQ interacts with a static magnetic field and an axi- algorithms in these systenisee, however, Ref17,18). To

ally symmetric electric-field gradient according[tt2] the best of our knowledge, none of these aspects has been
s systematically studied in quadrupole systems.
H=~fio/l;+hog[3l;—17], 1) The Hamiltonian, given in Eq1), is assumed to be static,

but fluctuations in time occur in both magnetic and electric
wherew, andwq are, respectively, the Larmor and quadru- contributions. They lead to relaxation and then to loss of
pole frequencies. Fdr=3/2, this Hamiltonian yields a four- coherence. Therefore, it is important to investigate relaxation
level system with unequal energy spacing, to which one cain the context of NMR quantum computing. In this paper, we
assign logical labelf0), |01), |10y, and|11), correspond- study some NMR gate states and their relaxation in the two-
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=312 (3) 1) relaxation rate parameters fbe 3/2 are shown.

II. SELECTIVE NMR QUANTUM GATES
3W+W,

The basic pulse sequences for generating pseudopure
2 states in d =3/2 quadrupole system are given in Rf1].
12-@) 7 10 An interesting alternative using double-quantum pulses is
! given in Ref.[17]. In the present work, thphaseof pulses
which generate the ControlledT (CNOT) gate is modified
with respect to the proposal of Réfl1]. Following the no-
tation introduced in that reference, our sequence is

—_——— - — - —

4w

> .

+172 (1) 01

3W+W1 y y M
XORp= (77)12_(77)23_ (77)12,

+3/2 (0) 100)
where time is ordered from left to right. This modification i
FIG. 1. (Color) Logical labeling of levels and relaxation rates ere € is ordered from left to rig s modification is

for 1=3/2 nuclei, according to Ref19]. W is the first-order mag- efsselntlal forl_cr(;agtlnﬁ cc()jherent States'dHef%f represent.s. a
netic contribution;W; andW, are, respectively, first- and second- rf pulse applied in the direction, tuned to the 12 transition

order electric quadrupolar contributions. The deviations of popula-(See Fig. 1

tions from equillibrium between adjacent levels are represented by 1h€ Hadamard sequence applied over gAbs the same
N;, N,, andN; (see text as that built by Chuangt al. [4] for spins 1/2, the only

difference being that in the present case the pulses are selec-

qubit system represented BiNa nuclei in a lyotropic liquid ~ tiVe:
crystal at room temperature. Specifically, the preparation and
time evolution of the pseudopure states, labeled G,

|01), [10), [11), and Hadamard statdstates created after |gnoring global phases and normalization factors, the se-
application of a Hadamard gatg00)+(01) and [10)  quence above take)0) to |00)+|01) and |01) to |00)
+|11), and simulated pseudo-Bell stat¢81)+|10) and  —|01). This property is very important because it makes
|00)+|11) have been investigated. Individual state phaseqadamard self-inverseipa|00)=|00). The sequence that
control is verified in the case of superpositions by applyingtakes|10) to |10)+|11) and|11) to [10)—|11) is similar to
the respective “reading” operator and comparing the resultthe above one, the only difference being on the selectivity of
ing state to the original pseudopure one. the transition.

Results of spin-lattice relaxation are analyzed according The combination ofNOT and Hadamard gates acts as a

to the mOdeI'Of Suteet al. [19], SOlVing the m'aSter equation, . macroscopic guantum Superposit(mt Stata;generatofzo:l
which takes into account mixed magnetic dipole and electrigperator

quadrupole contributions. In this model, the deviation of the . N
population difference from its equilibrium value, at an in- G = (/)0 = () — (M), = () 33— (M)1,
stantt, for a spinl =3/2, follows a multiexponential law:

HDA=( 77/2)30'1— (77)51)( .

HD, XOR,
N (1) = A9t et i=19 > Geat takes|OQ> to|00) +|11). One interesting variation of
i(O=4, i=;,2,3 aet, J=123, @ this sequence is the use of a double-quantum pulse between

the levels 1 and 3, in place of the last three pulse3
wherea; and \; are both functions of three decay param- o B
eters: (i) W—first-order magnetic dipolarAm=+1); (i) Goat= (m/2)§;— () o1 — () }5.
W,—first-order electric quadrupolarA(m= 1), and (iii)
W,—second-order electric quadrupolakrh= *=2). The\;
coefficients are the eigenvalues of the relaxation matrg,

The main advantage of using double-quantum pulses is mak-
ing the sequences shorter, therefore reducing the spin-lattice
relaxation effects and saving processing time.

given by The simulated pseudo-Bell stgtl) +|10) can be gener-
—(TW+W,; +W,)+ 8 ated by the simpler sequence
N=| —[BWH2(Wi+Wo)] |, ©) ()15 = (w/2)1,,

—(TW+W,+W,) -8 which resembles a Hadamard sequence on the transition

1-2. It is worth noticing that a singler/2 pulse on the
same transition does not act in the same way as this operator,
glthough both act upon level populations in the same way.

whereg=\(W; —W,)%+6W(W,; —W,) + 25W-. Thea; co-
efficients are also functions of the initial distribution of
populations, as it is described in the Appendix. The element
of A®%are the populations differences, between adjacent lev-
els, at the equilibrium. They are taken as zero in R&9),

but in the ideal case described in REf1] they are given by ZNa NMR experiments were performed using a
A®9=[1,1,1]. In Fig. 1, the level scheme, state labels, and9.4 T-VARIAN INOVA spectrometer in a lyotropic liquid-

IIl. EXPERIMENT
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FIG. 3. Hadamard and pseudo-Bell state NMR spectra.
FIG. 2. Equilibrium and pseudopure NMR spectra GNa. Hadamard-I corresponds to the sté®®)+|01) and Hadamard-II
Quadrupole splitting is about 11 kHAp stands for “deviation-  corresponds t¢10) +|11). The pseudo-Bell states are pseudo-Bell |
from-unit” density matrix[20]. |01)+|10) and 11 |00)+|11). Although the two Hadamard spectra
look the same, they correspond to different density matrices.

crystal system prepared with 35.9 wt. % of sodium decyl sul
fate (Fluka), 7.2 wt. % decanolSupelc9, and 56.9 wt. % of
deuterium oxide (RO, Merck, following the procedure de-
scribed elsewherg21].

22Na NMR data were recorded at room temperature usin
a home-built single-resonance probe with radio-frequenc
(rf) Helmholtz-like rectangular coilsonly one loop 2.5 cm

sults of Ref.[11] is in the magnitude of the quadrupolar
splitting, which is much bigger in our case-(L1 kHz, com-
pared to~1.1 kHz). Figure 3 exhibits the four spectra cor-
responding to the superposition states studied in this work.
%he coherences of Hadamard and pseudo-Bell Il states were
¥hecked by applying the respective logical pulse sequences
twice and measuring the degree of recovery of the original

mgh af‘ld Lcm v;/]id)aseparat(e;d b%/ 7.'5 mm. T?e geom?tr¥ Olgpseudopure state. Pseudo-Bell | state was checked applying
€ colls was chosen in order 1o Improve 11 magnetic-Tield, sequence in reversed order, that is, first¢theT and

E?\Am;%egeigysalonght.hi sample, which was packed in a 5'mrﬂ1en theHDA gates. In the case of both Hadamard states, the
ube .5 cm nign. covery reached 80% of the initial state, whereas in the case

1
In order 1o keep the pulse sequences as short as pOSSIbﬁ?‘ethe pseudocat state it was about 65% only. In the case of

t(?sgi(yécirsg'srg?etts'caenrdeliﬁ(ﬁg%'eﬁsgéi%l;rl'ggi;heafézaﬂggO he second pseudo-Bell state, the recovery was over 90%.
P P P gicg ’ ilure to fully recover the states can be ascribed to small

selective Gaussian shaped, single-quantum rf pulses Wey perfections in rf pulses and relaxation effects. It is inter-

us_ed to perform Sa“%fa“"m@) and inversion ) of popu- esting to note that although the two Hadamard spectra have

lations between adjacent levels. The mean rf amplitudeg,, s appearance, one must remember that first-order co-

‘_?VE re athUSted to .;atlsfy tthibsg liCt'V('jtyOC; ?dltt[h ,22|,21% herences are different in the two respective density matrices.
/2e ra(|jos wel,-re chosen 1o | : r?’nh < for ine she ec |v|e This is a good example of how density matrices carry more

m/2 and pulses, respectively, which guarantee their selec;y o mation than NMR spectra themseMest].

tivities. The pulse selectivities were carefully calibrated by Figure 4 exhibits spin-lattice relaxation curves for each

gpplying the selective saturation and inversion DUIS?S 'to ea‘iihe of the NMR spectrum for the four pseudopure states and
!me sepa;ﬁtely. 'Irhe:[_ frtequgnq;loffset V\t/as alsci Ogt'm'zedl t?—igure 5 shows the same study for the coherent states shown
mehro_ve € selec Vi y.l Og fehq“?” ur;; 579 ective pulsgp, Fig. 3. Continuous lines are calculated curves following
echnique was also employed, following REE7]. the model of Suteet al.[19], Eq.(2). From these curves, we

.A nonselective hard pulse 0f/20 1.5 s long Was ap-  egtaplished the following values for the individual relaxation
plied in order to measure the differences of populations for

the three pairs of neighboring levels. The CYCLOPS phaséates'
cycling scheme was used to eliminate undesired transversal W=13.8-0.8 51,
coherences, instead of using magnetic-field gradients
[10,16. Experiments were performed with a recycle delay of W;=24.6+15 s?,
500 ms.
W,=2.3+0.5 s,
IV. RESULTS and consequently, to the relaxation matrix eigenvald&$

In Fig. 2 it is shown the NMR spectra for equilibrium and A=-39+4 s 1
pseudopure states, generated with double-quantum tech-
nigue. The main difference between our spectra and the re- Ap=—137+9 s
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FIG. 4. (Color) Relaxation of pseudopure states. Symbols:
“squares” (red), transition|00)«|01); “circles” (green, transition
|01)«|10), and “diamonds” (blue), transition |10)«|11). The
continuous line is the calculation using the model of Swteal.
[19].

FIG. 5. (Color) Relaxation of superposition states. Symbols:
“squares” (red), transition|00)«|01); “circles” (green), transition
|01)«|10); and “diamonds” (blue), transition|10)«|11). Con-
tinuous line is the calculation using the model of Swgerl.[19].

the differences in amplitudes of each relaxation curvé at
=0 and at the saturation, as the deviation of the population
difference. We can notice the fairly good agreement between
These numbers are in general agreement with other relaxigns and magnitudes of the coefficients. The discrepancy in
ation studieg25] made in?*Na as well as in other quadru- the initial conditions is in magnitude, but the correlation in
polar nuclei[26—-28. In order to compare these numbers sign is excellent. These differences affect the relaxation co-
with the ones obtained through the usual procedure of singlefficients and therefore the shape of the relaxation curves,
growing exponential fit, we performed selective inversionbut not spectral data used to interpret the execution of the
recovery on the three transitions. The results yieldel, 1/ quantum logic gates.
~66.8 s'1, for the central transition, and Tl{~89.2 s,
for both satellites. If we were to consider the central line
relaxation governed by a single exponenfib?], one would
have obtained T/;=2X4W~110 s 1. In this paper, we presented a detailed study of relaxation
According to Suteet al, not only are the relaxation rates of coherent states in the two-qubit quantum computing sys-
functions of thewW’s, but also theamplitudesof the exponen- tem represented bg®Na nuclei in a lyotropic liquid crystal.
tials, thea; coefficients. In the Appendix, we list some of the The coherence of states was verified by applying the corre-
amplitudes calculated for the ideal situation described irsponding selective logic gates, followed by the respective
Refs.[10,11] and compare to coefficients obtained from thereading gate, and the result compared to the original
experimentalinitial distributions. This was done by taking pseudopure states. In all cases, a high degree of recovery was

A3=—208+12 s,

V. CONCLUSIONS

022311-4
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achieved, demonstrating the coherent action of each gate. (i) Ny is the ideal initial deviation of the population dif-

Coherences are maintained for times comparable to tran$erence from its equilibrium valugl9].

verse relaxation timé&,, around 4 ms in the system studied  (iii) Ngxpt is the experimental initial deviation of the

(measured on the central line transitiom, was found to be  population difference from its equilibrium value.

independent of level populations. (iv) The number in parenthesesag refers to the higher-

We found that spin-lattice relaxation of coherent states isnergy satellite.

in good agreement with a model where mixed, magnetic di-

pole, and electric quadrupole terms contribute simulta- 1. Pseudopure states

neously to every transition. Individual relaxation rates cannot _ . expt_

be, in general, experimentally discriminated. Relaxation co- (@ [00)—No=[1-1,-1];  Ng**=[0.542;-0.901,

efficients were calculated, following RdfL9], from experi-  —0.430,

mental data and compared to ideal expressions. It is worth

mentioning that the longitudinal relaxation tim&g obtained o W=W +Wp— B

from fitting single growing exponentials to the pseudopure A1c= 283 ’

states are not related in a simple way to the values that were

detgrmlne_d using the modElQ]._ _ ot W, —W,— B\ [ W—W,+W,— 3
xecution of gates and algorithms in NMR quantum com- afXP'= —{ 0.888+0.014 W > ,

puting rely on the production of coherent states, and there- B

fore depend on the knowledge of relaxation. If on one hand,

implementation of gates depend on the control of static a,.=0, a§§°t=o,
Hamiltonian terms, relaxation is causedfhyctuationsin the
interaction terms. These fluctuations are at the core of the W—W,; +W,+ 3
debate whether NMR is capable or not of performing true agc=T,
guantum computing1], and relate to loss of coherence of
guantum states. The interpretation of NMR spectra resulting
from quantum logical operations, on its turn, depends on the _expi_ | () ggg, o 014W1—W2+/3 W-W;+W,+ B
distribution of Zeeman level populations. The present study ~3¢ ' ' wW 2B '
showed that deviations between the ideal and real distribu-
tions affect relaxation, but not quantum gate implementa- W
tions. a;s=2—,
Finally, it is worth mentioning a possible application of
the present analysis outside the strict domain of quantum w W W, 3
computing. The techniques developed for the construction of expt : 1~ Wo—
guantum logic gates allow the creation of very particular alsp:1'77ﬁ+0'02 B ’

initial conditions, from which the relaxation dynamics can be
followed and analyzed in the framework of mixed quadrupo-
lar and magnetic interactions. The possibility of preparation
of very specific initial states, exemplified in this work by the

preparation of pseudopure, pseudo-Bell, and Hadamard w

a,s=—1(+1), asP'=-0.49+0.49,

states, offers a powerful tool for analyzing relaxation data, as 83s= 2 B’
the dynamics of the spin-lattice relaxation of quadrupolar
nuclei is critically dependent on the initial conditions. This W W, —W,+ 8
can be useful for identifying relaxation mechanisms and ex- agiP'=—1.77--0.028—————.
tracting relaxation parameters in the analysis of relaxation of B B
guadrupolar nuclei in solid or liquid-crystal materials. ()  [0D)—No=[-3,1-1], NZP'=[—1.749,0.833,
—0.333,
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APPENDIX: IDEAL AND EXPERIMENTAL RELAXATION exot
A; COEFFICIENTS CALCULATED FOR SOME NMR a.=0, aZCp =0,

COHERENT STATES
i i . (W+W;—W,+ B)(W-W,; + W+ B)
Preliminary definitions and explanations are as follows: azc=— AW ,
(i) B=V(W;—W,)*+B6W(W; —W,) + 2507,
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agsP! a,s=0, a5P'=+0.134-0.134,
_ [1.148W+0.524 W, — Wy B)](W—W; + Wo+ B) W W, + W, — 8
4WB ' e
A w oo 0.020N+0.600 — W, + W, + )
a3s = — ZB .
expr L14BN+0.521W; — W, — )
ais” =~ B ' 3. Pseudo-cat state

|00)+]11)—No=[0,—1,—2],  NEXP'=[0.092-1.115,

a,=+1(—1), a5P'=+0.708—-0.708, —1.265
WHW,-W,+8 (BW—W; +W,+ 8)(W— W, +W,— 8)
ass:T, ajc=— ,
8Wp
aer 1.145N+ 0.521 W, — W, + ) | 220!
B  [5.048N+ 0587~ W, + Wt £)](W— W, + Wy~ )
2. Hadamard states 8WpB
|00)+|01) —No=[-1,0-1], N§*P'=[-0.733,0.145, a,=0, aSP=0,

—0.4685,

_(5W—W1+W2—,8)(W—W1+W2+ B)

_ (W=Wi+Wot+ B) (W= Wi+ W, — B) s ’
A= 8W3 , 8Wg
gz ag
- 8WB : 8wz :
a,.=0, a5P'=0, 5W—W,+W,+ 3

N (W=W,;+W,+ B)(W—-W,;+W,— B)

azc=

A5~

2B '

8w oxp 5-048N+0.587 — Wy -+ W+ B)
expt a-]_s - ZB y
aszc
020N+ 0.599 — W, + W, + B) [(W— W, +W,—
_[0.020K+0.599 ~ Wy + Wa + B)I( i 'B), a,=—1(+1), aS'=-0.678+0.678,
8WgB
~W-W,+W,+ 8 8= — 5W_W1+W2_/3,
als_ ZB ’ ZB
expr 0-020V+0.600 — W, + W+ B) expt__ 5:04BN+0.587 — W, +W,— B)
Q5 = ZB ’ Azs" = — ZB :
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