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Relaxation of coherent states in a two-qubit NMR quadrupole system
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We report a detailed study of the longitudinal relaxation of several coherent states on the nuclear-magnetic-
resonance~NMR! two-qubit quadrupole system,23Na ~spin 3/2! in a lyotropic liquid-crystal system at room
temperature. Relaxation ofpseudopurestates, simulatedpseudo-Bellstates andHadamardstates were inves-
tigated. The coherence of superposition states was verified by applying the respective quantum ‘‘reading’’
operators and comparing the recovered state with the original one. The degree of recovery varies between
'70% and'100%, depending on the time length of the gate, as compared to relaxation times. Spin-lattice
relaxation results follow a recently proposed multiexponential model that includes mixed magnetic dipolar and
electric quadrupolar interactions. Relaxation curves are governed by initial conditions, and from the experi-
mental curves individual transition rates are derived. The transverse relaxation time constantT2 is found not to
depend on the initial distribution of populations. This is a systematic study of relaxation in the context of NMR
quantum computing.

DOI: 10.1103/PhysRevA.68.022311 PACS number~s!: 03.67.Lx, 33.25.1k, 76.60.2k
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I. INTRODUCTION

Nuclear magnetic resonance~NMR! is to the present date
the main experimental technique through which quant
logic gates and full routines have been implemented in s
eral spin-1/2 systems. In spite of recent claims@1# that NMR
experiments may not have producedprovableentanglement
phenomena, reported implementations of algorithms
NMR include the following: Deutsch-Josza@2#, Grover
search@3,4#, Shor factorization@5#, Brassard teleportation
@6#, besides simulations of quantum systems@7,8# protocols
for generating and reading entangled states@9#, etc. This is
an impressive achievement, far beyond what any other te
nique could reach, so far. However, there is a general fee
among the quantum information community that, althou
NMR is likely to continue for the time being the main tec
nique for testing systems with a small number of qub
unless signal detection innovations break through, its rol
an eventual technological future of quantum computers
very fuzzy, at the best. Nevertheless, there are possibil
that have not been fully explored, which may improve NM
performance in quantum computing applications, such as
use of quadrupole nuclei. Implementation of pseudop
states and logic gates in a four-level two-qubit23Na and7Li
(I 53/2) systems using selective radio-frequency pulses o
equilibrium spectrahas been reported in Refs.@10,11#. In
such systems, a nucleus with spinI and electric quadrupole
momentQ interacts with a static magnetic field and an a
ally symmetric electric-field gradient according to@12#

H52\vLI z1\vQ@3I z
22I 2#, ~1!

wherevL andvQ are, respectively, the Larmor and quadr
pole frequencies. ForI 53/2, this Hamiltonian yields a four
level system with unequal energy spacing, to which one
assign logical labelsu00&, u01&, u10&, andu11&, correspond-
1050-2947/2003/68~2!/022311~7!/$20.00 68 0223
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ing to spins statesu13/2&, u11/2&, u21/2&, and u23/2&,
respectively. Selective excitation can be achieved ifvL
@vQ@v1, wherev1 is the radiofrequency intensity@13,14#.

In comparing a spin-3/2~two-qubit! system to the rathe
more usual two-spin-1/2 one~such as1H and 13C in chloro-
form!, there are a few remarks worth making.

~1! The number of qubits per nucleus,N, is bigger in
quadrupole systems.

~2! Quadrupolar splittings are usually many orders
magnitude larger thanJ couplings and therefore spectr
resolution is better (vQ/2p'12100 kHz, whereas 2pJ/\
'102300 Hz).

~3! The free evolution of quadrupole spins goes main
under the propagator exp(23ivQtIz

2), whereas in the case o
spins 1/2 it goes as exp(2i2pJtI1zI2z/\).

~4! Whereas pseudopure states in a twoI 51/2 system,
due to smallJ coupling, must be obtained through some s
of averaging@15#, in a I 53/2 system this is achieved wit
one single sequence of pulses and appropriate phase cy
@16#.

~5! Phase control of individual states in a superposition
not as straightforward for quadrupole nuclei as for spin-
systems.

~6! Relaxation is much faster in spin-3/2 systems than
its spin-1/2 counterpart.

The last two items of the above list can explain the alm
complete absence in the literature of implementations of
algorithms in these systems~see, however, Refs.@17,18#!. To
the best of our knowledge, none of these aspects has
systematically studied in quadrupole systems.

The Hamiltonian, given in Eq.~1!, is assumed to be static
but fluctuations in time occur in both magnetic and elect
contributions. They lead to relaxation and then to loss
coherence. Therefore, it is important to investigate relaxa
in the context of NMR quantum computing. In this paper, w
study some NMR gate states and their relaxation in the t
©2003 The American Physical Society11-1
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SARTHOURet al. PHYSICAL REVIEW A 68, 022311 ~2003!
qubit system represented by23Na nuclei in a lyotropic liquid
crystal at room temperature. Specifically, the preparation
time evolution of the pseudopure states, labeled asu00&,
u01&, u10&, u11&, and Hadamard states~states created afte
application of a Hadamard gate! u00&1u01& and u10&
1u11&, and simulated pseudo-Bell statesu01&1u10& and
u00&1u11& have been investigated. Individual state pha
control is verified in the case of superpositions by apply
the respective ‘‘reading’’ operator and comparing the res
ing state to the original pseudopure one.

Results of spin-lattice relaxation are analyzed accord
to the model of Suteret al. @19#, solving the master equation
which takes into account mixed magnetic dipole and elec
quadrupole contributions. In this model, the deviation of
population difference from its equilibrium value, at an i
stantt, for a spinI 53/2, follows a multiexponential law:

Nj~ t !5D j
eq1 (

i 51,2,3
aie

l i t, j 51,2,3, ~2!

where ai and l i are both functions of three decay param
eters: ~i! W—first-order magnetic dipolar (Dm561); ~ii !
W1—first-order electric quadrupolar (Dm561), and ~iii !
W2—second-order electric quadrupolar (Dm562). Thel i
coefficients are the eigenvalues of the relaxation matrix@19#,
given by

l5F 2~7W1W11W2!1b

2@6W12~W11W2!#

2~7W1W11W2!2b
G , ~3!

whereb5A(W12W2)216W(W12W2)125W2. Theai co-
efficients are also functions of the initial distribution
populations, as it is described in the Appendix. The eleme
of Deq are the populations differences, between adjacent
els, at the equilibrium. They are taken as zero in Ref.@19#,
but in the ideal case described in Ref.@11# they are given by
Deq5@1,1,1#. In Fig. 1, the level scheme, state labels, a

FIG. 1. ~Color! Logical labeling of levels and relaxation rate
for I 53/2 nuclei, according to Ref.@19#. W is the first-order mag-
netic contribution;W1 andW2 are, respectively, first- and secon
order electric quadrupolar contributions. The deviations of pop
tions from equillibrium between adjacent levels are represented
N1 , N2, andN3 ~see text!.
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relaxation rate parameters forI 53/2 are shown.

II. SELECTIVE NMR QUANTUM GATES

The basic pulse sequences for generating pseudo
states in aI 53/2 quadrupole system are given in Ref.@11#.
An interesting alternative using double-quantum pulses
given in Ref.@17#. In the present work, thephaseof pulses
which generate the Controlled-NOT ~CNOT! gate is modified
with respect to the proposal of Ref.@11#. Following the no-
tation introduced in that reference, our sequence is

XORA5~p!12
y 2~p!23

y 2~p!12
x ,

where time is ordered from left to right. This modification
essential for creating coherent states. Here (p)12

y represents a
rf pulse applied in they direction, tuned to the 12 transitio
~see Fig. 1!.

The Hadamard sequence applied over qubitA is the same
as that built by Chuanget al. @4# for spins 1/2, the only
difference being that in the present case the pulses are s
tive:

HDA5~p/2!01
y 2~p!01

2x .

Ignoring global phases and normalization factors, the
quence above takesu00& to u00&1u01& and u01& to u00&
2u01&. This property is very important because it mak
Hadamard self-inverse:HDA

2 u00&5u00&. The sequence tha
takesu10& to u10&1u11& and u11& to u10&2u11& is similar to
the above one, the only difference being on the selectivity
the transition.

The combination ofCNOT and Hadamard gates acts as
macroscopic quantum superposition~cat state! generator@20#
operator

.

Gcat takesu00& to u00&1u11&. One interesting variation o
this sequence is the use of a double-quantum pulse betw
the levels 1 and 3, in place of the last three pulses@10#

Gcat
DQ5~p/2!01

y 2~p!01
2x2~p!13

x .

The main advantage of using double-quantum pulses is m
ing the sequences shorter, therefore reducing the spin-la
relaxation effects and saving processing time.

The simulated pseudo-Bell stateu01&1u10& can be gener-
ated by the simpler sequence

~p!12
2x2~p/2!12

y ,

which resembles a Hadamard sequence on the trans
1↔2. It is worth noticing that a singlep/2 pulse on the
same transition does not act in the same way as this oper
although both act upon level populations in the same wa

III. EXPERIMENT

23Na NMR experiments were performed using
9.4 T-VARIAN INOVA spectrometer in a lyotropic liquid-

-
y
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RELAXATION OF COHERENT STATES IN A TWO- . . . PHYSICAL REVIEW A 68, 022311 ~2003!
crystal system prepared with 35.9 wt. % of sodium decyl s
fate ~Fluka!, 7.2 wt. % decanol~Supelco!, and 56.9 wt. % of
deuterium oxide (D2O, Merck!, following the procedure de
scribed elsewhere@21#.

23Na NMR data were recorded at room temperature us
a home-built single-resonance probe with radio-freque
~rf! Helmholtz-like rectangular coils~only one loop 2.5 cm
high and 1 cm wide! separated by 7.5 mm. The geometry
the coils was chosen in order to improve rf magnetic-fi
homogeneity along the sample, which was packed in a 5-
NMR tube 0.5 cm high.

In order to keep the pulse sequences as short as pos
to reduce spin-lattice relaxation effects during the creation
pseudopure states and implementation of logic gates, 400
selective Gaussian shaped, single-quantum rf pulses w
used to perform saturation (p/2) and inversion (p) of popu-
lations between adjacent levels. The mean rf amplitu
were adjusted to satisfy the selectivity condition@14,22,23#.
The ratios were chosen to be'0.1 and 0.2 for the selectiv
p/2 andp pulses, respectively, which guarantee their sel
tivities. The pulse selectivities were carefully calibrated
applying the selective saturation and inversion pulses to e
line separately. The frequency offset was also optimized
improve the selectivity. Double-quantum selective pu
technique was also employed, following Ref.@17#.

A nonselective hard pulse ofp/20 1.5 ms long was ap-
plied in order to measure the differences of populations
the three pairs of neighboring levels. The CYCLOPS ph
cycling scheme was used to eliminate undesired transve
coherences, instead of using magnetic-field gradie
@10,16#. Experiments were performed with a recycle delay
500 ms.

IV. RESULTS

In Fig. 2 it is shown the NMR spectra for equilibrium an
pseudopure states, generated with double-quantum t
nique. The main difference between our spectra and the

FIG. 2. Equilibrium and pseudopure NMR spectra of23Na.
Quadrupole splitting is about 11 kHz.Dr stands for ‘‘deviation-
from-unit’’ density matrix@20#.
02231
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sults of Ref. @11# is in the magnitude of the quadrupola
splitting, which is much bigger in our case ('11 kHz, com-
pared to'1.1 kHz). Figure 3 exhibits the four spectra co
responding to the superposition states studied in this w
The coherences of Hadamard and pseudo-Bell II states w
checked by applying the respective logical pulse sequen
twice and measuring the degree of recovery of the origi
pseudopure state. Pseudo-Bell I state was checked app
the sequence in reversed order, that is, first theCNOT and
then theHDA gates. In the case of both Hadamard states,
recovery reached 80% of the initial state, whereas in the c
of the pseudocat state it was about 65% only. In the cas
the second pseudo-Bell state, the recovery was over 9
Failure to fully recover the states can be ascribed to sm
imperfections in rf pulses and relaxation effects. It is int
esting to note that although the two Hadamard spectra h
the same appearance, one must remember that first-orde
herences are different in the two respective density matri
This is a good example of how density matrices carry m
information than NMR spectra themselves@24#.

Figure 4 exhibits spin-lattice relaxation curves for ea
line of the NMR spectrum for the four pseudopure states
Figure 5 shows the same study for the coherent states sh
in Fig. 3. Continuous lines are calculated curves followi
the model of Suteret al. @19#, Eq.~2!. From these curves, we
established the following values for the individual relaxati
rates:

W513.860.8 s21,

W1524.661.5 s21,

W252.360.5 s21,

and consequently, to the relaxation matrix eigenvalues@19#

l1523964 s21,

l25213769 s21,

FIG. 3. Hadamard and pseudo-Bell state NMR spec
Hadamard-I corresponds to the stateu00&1u01& and Hadamard-II
corresponds tou10&1u11&. The pseudo-Bell states are pseudo-Be
u01&1u10& and II u00&1u11&. Although the two Hadamard spectr
look the same, they correspond to different density matrices.
1-3
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SARTHOURet al. PHYSICAL REVIEW A 68, 022311 ~2003!
l352208612 s21,

These numbers are in general agreement with other re
ation studies@25# made in 23Na as well as in other quadru
polar nuclei @26–28#. In order to compare these numbe
with the ones obtained through the usual procedure of sin
growing exponential fit, we performed selective inversi
recovery on the three transitions. The results yielded 1T1
'66.8 s21, for the central transition, and 1/T1'89.2 s21,
for both satellites. If we were to consider the central li
relaxation governed by a single exponential@12#, one would
have obtained 1/T15234W'110 s21.

According to Suteret al., not only are the relaxation rate
functions of theW’s, but also theamplitudesof the exponen-
tials, theai coefficients. In the Appendix, we list some of th
amplitudes calculated for the ideal situation described
Refs.@10,11# and compare to coefficients obtained from t
experimentalinitial distributions. This was done by takin

FIG. 4. ~Color! Relaxation of pseudopure states. Symbo
‘‘squares’’ ~red!, transitionu00&↔u01&; ‘‘circles’’ ~green!, transition
u01&↔u10&, and ‘‘diamonds’’ ~blue!, transition u10&↔u11&. The
continuous line is the calculation using the model of Suteret al.
@19#.
02231
x-

le

n

the differences in amplitudes of each relaxation curve at
50 and at the saturation, as the deviation of the popula
difference. We can notice the fairly good agreement betw
signs and magnitudes of the coefficients. The discrepanc
the initial conditions is in magnitude, but the correlation
sign is excellent. These differences affect the relaxation
efficients and therefore the shape of the relaxation curv
but not spectral data used to interpret the execution of
quantum logic gates.

V. CONCLUSIONS

In this paper, we presented a detailed study of relaxa
of coherent states in the two-qubit quantum computing s
tem represented by23Na nuclei in a lyotropic liquid crystal.
The coherence of states was verified by applying the co
sponding selective logic gates, followed by the respect
reading gate, and the result compared to the origi
pseudopure states. In all cases, a high degree of recovery

:
FIG. 5. ~Color! Relaxation of superposition states. Symbo

‘‘squares’’ ~red!, transitionu00&↔u01&; ‘‘circles’’ ~green!, transition
u01&↔u10&; and ‘‘diamonds’’ ~blue!, transition u10&↔u11&. Con-
tinuous line is the calculation using the model of Suteret al. @19#.
1-4
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RELAXATION OF COHERENT STATES IN A TWO- . . . PHYSICAL REVIEW A 68, 022311 ~2003!
achieved, demonstrating the coherent action of each g
Coherences are maintained for times comparable to tr
verse relaxation timeT2, around 4 ms in the system studie
~measured on the central line transition!. T2 was found to be
independent of level populations.

We found that spin-lattice relaxation of coherent state
in good agreement with a model where mixed, magnetic
pole, and electric quadrupole terms contribute simu
neously to every transition. Individual relaxation rates can
be, in general, experimentally discriminated. Relaxation
efficients were calculated, following Ref.@19#, from experi-
mental data and compared to ideal expressions. It is w
mentioning that the longitudinal relaxation timesT1 obtained
from fitting single growing exponentials to the pseudopu
states are not related in a simple way to the values that w
determined using the model@19#.

Execution of gates and algorithms in NMR quantum co
puting rely on the production of coherent states, and the
fore depend on the knowledge of relaxation. If on one ha
implementation of gates depend on the control of sta
Hamiltonian terms, relaxation is caused byfluctuationsin the
interaction terms. These fluctuations are at the core of
debate whether NMR is capable or not of performing tr
quantum computing@1#, and relate to loss of coherence
quantum states. The interpretation of NMR spectra resul
from quantum logical operations, on its turn, depends on
distribution of Zeeman level populations. The present stu
showed that deviations between the ideal and real distr
tions affect relaxation, but not quantum gate implemen
tions.

Finally, it is worth mentioning a possible application
the present analysis outside the strict domain of quan
computing. The techniques developed for the constructio
quantum logic gates allow the creation of very particu
initial conditions, from which the relaxation dynamics can
followed and analyzed in the framework of mixed quadrup
lar and magnetic interactions. The possibility of preparat
of very specific initial states, exemplified in this work by th
preparation of pseudopure, pseudo-Bell, and Hadam
states, offers a powerful tool for analyzing relaxation data
the dynamics of the spin-lattice relaxation of quadrupo
nuclei is critically dependent on the initial conditions. Th
can be useful for identifying relaxation mechanisms and
tracting relaxation parameters in the analysis of relaxation
quadrupolar nuclei in solid or liquid-crystal materials.
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APPENDIX: IDEAL AND EXPERIMENTAL RELAXATION
Ai COEFFICIENTS CALCULATED FOR SOME NMR

COHERENT STATES

Preliminary definitions and explanations are as follows
(i) b5A(W12W2)216W(W12W2)125W2,
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~ii ! N0 is the ideal initial deviation of the population dif
ference from its equilibrium value@19#.

~iii ! N0
expt is the experimental initial deviation of th

population difference from its equilibrium value.
~iv! The number in parentheses ina2s refers to the higher-

energy satellite.

1. Pseudopure states

~a! u00&2N05@1,21,21#; N0
expt5@0.542,20.901,

20.430#,

a1c52
W2W11W22b

2b
,

a1c
expt52S 0.88810.014

W12W22b

W D S W2W11W22b

2b D ,

a2c50, a2c
expt50,

a3c5
W2W11W21b

2b
,

a3c
expt5S 0.88810.014

W12W21b

W D S W2W11W21b

2b D ,

a1s52
W

b
,

a1s
expt51.77

W

b
10.028

W12W22b

b
,

a2s521~11!, a2s
expt520.49~10.49!,

a3s522
W

b
,

a3s
expt521.77

W

b
20.028

W12W21b

b
.

~b! u01&2N05@23,1,21#, N0
expt5@21.749,0.833,

20.333#,

a1c5
~W1W12W22b!~W2W11W22b!

4Wb
,

a1c
expt5

@1.145W10.521~W12W22b!#~W2W11W22b!

4Wb
,

a2c50, a2c
expt50,

a3c52
~W1W12W21b!~W2W11W21b!

4Wb
,

1-5



SARTHOURet al. PHYSICAL REVIEW A 68, 022311 ~2003!
a3c
expt

52
@1.145W10.521~W12W21b!#~W2W11W21b!

4Wb
,

a1s52
W1W12W22b

b
,

a1s
expt52

1.145W10.521~W12W22b!

b
,

a2s511~21!, a2s
expt510.708~20.708!,

a3s5
W1W12W21b

b
,

a3s
expt5

1.145W10.521~W12W21b!

b
.

2. Hadamard states

u00&1u01&2N05@21,0,21#, N0
expt5@20.733,0.145,

20.465#,

a1c52
~W2W11W21b!~W2W11W22b!

8Wb
,

a1c
exp

52
@0.020W10.599~2W11W21b!#~W2W11W22b!

8Wb
,

a2c50, a3c
expt50,

a3c51
~W2W11W21b!~W2W11W22b!

8Wb
,

a3c
expt

5
@0.020W10.599~2W11W21b!#~W2W11W22b!

8Wb
,

a1s5
W2W11W21b

2b
,

a1s
expt5

0.020W10.600~2W11W21b!

2b
,

sc

ID
,
un

02231
a2s50, a2s
expt510.134~20.134!,

a3s52
W2W11W22b

2b
,

a3s
expt52

0.020W10.600~2W11W21b!

2b
.

3. Pseudo-cat state

u00&1u11&2N05@0,21,22#, N0
expt5@0.092,21.115,

21.265#,

a1c52
~5W2W11W21b!~W2W11W22b!

8Wb
,

a1c
expt

52
@5.046W10.587~2W11W21b!#~W2W11W22b!

8Wb
,

a2c50, a2c
expt50,

a3c5
~5W2W11W22b!~W2W11W21b!

8Wb
,

a3c
expt

5
@5.046W10.587~2W11W22b!#~W2W11W21b!

8Wb
,

a1s5
5W2W11W21b

2b
,

a1s
expt5

5.046W10.587~2W11W21b!

2b
,

a2s521~11!, a2s
expt520.678~10.678!,

a3s52
5W2W11W22b

2b
,

a3s
expt52

5.046W10.587~2W11W22b!

2b
.

ett.
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