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Construction of a quantum repeater with linear optics
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We study the mechanism and complexity of an efficient quantum repeater, employing double-photon guns,
for long-distance optical quantum communication. The guns create polarization-entangled photon pairs on
demand. One such source might be a semiconducter quantum dot, which has the distinct advantage over
parametric down-conversion that the probability of creating a photon pair is close to 1, while the probability of
creating multiple pairs vanishes. The swapping and purifying components are implemented by polarizing beam
splitters and probabilistic optical controlled-NOT gates. We also show that the bottleneck in the efficiency of
this repeater is due to detector losses.
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I. INTRODUCTION

Quantum repeaters are essential for quantum commun
tion over distances longer than the decoherence length o
communication channels@1,2#. Repeaters employ a combina
tion of entanglement swapping@3# and entanglement purifi
cation or distillation@4,5#; that is, multiple pairs of degrade
entangled states are condensed into~fewer! maximally en-
tangled states, after which swapping is used to extend
~now maximal! entanglement over greater distances. B
entanglement distillation and swapping have been dem
strated experimentally@6,7#. In this paper, we present a pro
tocol for optical quantum repeaters based on linear optic
double-photon gun, and a quantum memory. We give an
timate of the number of components in the repeater stati

II. THE DOUBLE-PHOTON GUN

Currently, the source for polarization-entangled pho
pairs consists of parametric down-converters, where a str
pump laser is sent through a nonlinear crystal. The inte
tion between the laser and the crystal results in entan
photon pairs. However, the output of these devices are
clean, maximally entangled, two-photon states, but rathe
coherent superposition of multiple pairs. In this section,
argue why these coherent sources are unsuitable for la
scale quantum communication, and advocate the use o
alternative entanglement source: the double-photon gun.

Suppose the effective interaction Hamiltonian of a type
parametric down-converter is given by

Ĥ5 ikL̂12 ik* L̂2 , ~1!

where L̂15âH
† b̂V

†2âV
† b̂H

† 5L̂2
† @8#. Here, â† and b̂† are the

usual creation operators of the two optical modes, andH and
V are orthogonal polarization directions. The operator,L̂1

(L̂2) is the creation~annihilation! operator for entangled
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1050-2947/2003/68~2!/022301~5!/$20.00 68 0223
a-
he

he
h
n-

a
s-
s.

n
ng
c-
d

ot
a

e
e-
an

I

photon pairs~in this case polarization singlets!. The outgoing
state of a spontaneous parametric down-converter is
given by

uCout&5exp~ iĤ t/\!u0&5 (
n50

`

Nn~eL1!nu0&. ~2!

This expression is obtained by normal ordering exp(iĤt/\),
wheree[k̂ tanh(kt/\) andNn

21 is the multiple-pair normal-
ization An!(n11)!, which is analgous to the normalizatio
factorAn! of the ordinary creation operatorâ†n acting on the
vacuum. The complex numbere is the probability amplitude
of creating the maximally entangled stateuH,V&2uV,H&.
Therefore, down-converters only produce single pairs wh
ueu!1, and by far, the major contribution to the state is t
vacuumu0&.

For large-scale applications, such as a quantum repe
there is a more serious drawback to down-conversion. Y
typically need many entangled photon pairs, which wou
require, say,N down-converters to fire in unison. This hap
pens with probabilityueu2N. This is already extremely sma
~current experiments are aimed at achievingN53 events!,
but with approximately the same probability, the first dow
converter producesN photon pairs, while the others produc
nothing. Worse still,anydistribution ofN photon pairs scales
proportional toueu2N. As shown in Refs.@8# and@9#, this will
seriously affect the performance for most applications.

We would therefore like to have a source with the follow
ing properties:~1! whenever we push the button of our e
tanglement source, we produce, on demand, a polarizat
entangled photon pair, and~2! the fidelity of the output of
our entanglement source must be very close to 1. We ca
source with these properties a double-photon gun.

One entanglement source that very nearly meets our
quirements has been proposed by Yamamoto and co-wor
~see Fig. 1! @10#. A quantum dot separatingp-type andn-type
GaAs is sandwiched between two Bragg mirrors. The en
structure is therefore an optical microcavity, and electro
hole recombination will result in the creation of an entang
photon pair. Critically, due to Pauli’s exclusion principl
only one electron and one hole are recombined at a ti
©2003 The American Physical Society01-1
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resulting in at most one photon pair. Furthermore, this p
cess is triggered by applying a potential difference over
microcavity, which allows for greater control over the cr
ation of a pair. In particular, the probability of creating a p
can theoretically be as high asps50.9 ~although low collec-
tion efficiencies reduce this number by two orders of mag
tude!. Consequently, this source satisfies the required dou
photon gun properties outlined above. These double-pho
guns operate in the temperature range between 20 K an
K.

The two entangled photons from this source have diff
ent frequencies, which allows us to spatially separate th
by means of a dichroic mirror. Interference phenomena
beam splitters, however, rely on the indistinguishability
the incoming photons, and the nondegenerate frequen
might render the photons distinguishable. Special care ne
to be taken to arrange the setup in such a way that o
photons with equal frequencies enter any particular opt
element. However, this will not present any fundamental d
ficulties, and we will return to this point in the following
section.

These double-photon guns do not yet exist. However,
cently, Moreauet al. demonstrated quantum correlations b
tween two photons that were generated in a single quan
dot @11#. Furthermore, Santoriet al. and Peltonet al. have
demonstrated efficient single-photon sources and inter
ence effects in their output states using quantum dots in
crocavities@12#. We therefore expect that the double-phot
guns will also be constructed~and improved upon! in the
near future. However, before they can be assembled
large array, the double-photon guns must be manufactu
such that they are almost identical in order for interference
take place. Also, so far, the two photons from the doub
photon guns are correllated, but not entangled@13#. Obvi-
ously, this has to be overcome before these sources ca
used in a repeater. In the following section, we study how
can construct an optical quantum repeater based on t
sources.

III. THE QUANTUM REPEATER

A quantum repeater works as follows@1#: suppose Alice
and Bob need to share a maximally entangled state, but

FIG. 1. The entanglement source by Bensonet al. @10#. A quan-
tum dot separatingp-type andn-type GaAs is sandwiched betwee
two Bragg mirrors. Electron-hole recombination will result in th
creation of an entangled photon pair. Due to the Pauli exclus
principle, multiple pair production is suppressed. The efficiency
this proposed source is predicted to reach values up to 90%.
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are far apart. Alice can prepare the entangled state and
one-half to Bob. However, the further Alice and Bob a
apart, the further the quantum system has to travel, and
fidelity F of the total state will decrease due to decohere
effects. We may assume that the fidelity behaves expon
tially, that is,F}exp(2Lg), whereL is the distance betwee
Alice and Bob, andg is the characteristic rate of deteriora
tion for the traveling quantum system. Alice and Bob can u
purification protocols to extract maximal entanglement, b
such protocols break down below a minimum fidelityF0.
The maximum distance of unaided quantum communica
therefore has an upper bound.

A quantum repeater overcomes this difficulty by purifyin
an ensemble of entangled states after a certain distanceL/N,
whenF.F0. This process is repeatedN times in series (N
‘‘legs’’ !, where thei th repeater station holds one part of le
i and one part of legi 11. After successful purification of al
the N legs of the distance from Alice to Bob, the repea
stations apply entanglement swapping between legsi and i
11, and the result is a shared maximally entangled s
between Alice and Bob.

In this case, the fidelity decreases with a fac
a5exp(2Lg/N), which is an exponential improvemen
When the decrease in the fidelity is due to the attenuation
an optical beam in a fiber, the probability that a photon em
ted by Alice reached Bob, without repeaters, isaN. There-
fore, Alice must senda2N photons to Bob, in order to shar
one maximally entangled photon pair on average. Us
quantum repeaters, every leg needs only 1/a photons, and
the total number of photons in all the legs is 1/(Na). Thus,
the quantum repeater transforms an exponential overh
into polynomial overhead. The two essential ingredients
the repeater areentanglement purificationandentanglement
swapping. In the next two sections we will discuss the op
cal implementations of these ingredients.

A. Entanglement purification

We consider quantum communication protocols that
any of the four two-qubit Bell states:uF6&5(uH,H&
6uV,V&)/A2 and uC6&5(uH,V&6uV,H&)/A2, with H and
V the polarization directions. These states can be loc
transformed into each other by means of simple qubit ope
tions, and we therefore may assume that the above entan
ment source~entangler! can make any of the four Bell state
A difficulty is that these states change due to transport. T
may pick up a relative phase, undergo a polarization rotat
they might become mixed, or they may be lost altogether.
therefore need to distill a single maximally entangled st
from an ensemble of nonmaximally entangled states.

In order to distill maximally entangled quantum states,
use entanglement purification. Suppose Alice and Bob sh
two pairs of nonmaximally entangled states. Bennettet al.
showed that, with some finite probability, it is possible
extract a single maximally entangled state@4#. To do this,
both Alice and Bob apply a controlled-NOT ~CNOT!, where
the halves of the first entangled pair serve as the con
qubit, and the halves of the second as the target. The ta
qubits are then measured in the computational basis~deter-
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CONSTRUCTION OF A QUANTUM REPEATER WITH . . . PHYSICAL REVIEW A68, 022301 ~2003!
mined by the participants prior to the communication, e
uH& anduV&), and conditioned on a parallel coincidence~like
uH&AuH&B and uV&AuV&B), Alice and Bob now share a max
mally entangled state in the remaining two qubits. The pr
ability of purification depends on the fidelity of the incomin
entangled state, and therefore on the channel noise factog.

Additionally, in some cases the modes of the control qu
might be empty, because the entanglement source faile
create a photon. In order to rule out these events, we
employ the single-photon quantum nondemolition~QND!
measurement scheme proposed by Koket al. @14#. This is a
probabilistic scheme that can be set up to signal the pres
of a a single-photon wave packet in an optical mode with
changing its~unknown! polarization. In the teleportation
based configuration, the success rate of this device ispQND
5 1

2 . This device employs two photodetectors, as well as
entanglement source to create the quantum channel for
portation.

Essential for the success of the repeater protocol is
ability to perform the controlled-NOT operation. In Fig. 2 we
show the schematic setup for the probabilisticCNOT designed
by Pittman et al. @17#. The main ingredients are auF1&
source and four polarization beam splitters, two of wh
separatecircular polarization. The control qubit enters a lin
ear polarizing beam splitter, and the target enters a circ
polarizing beam splitter. The secondary input ports of th
two beam splitters are fed by the two components of auF1&
Bell state.

A successfulCNOT operation is now conditioned on de
tecting a linearly polarized photon after the circularly pola
izing beam splitter (D1 in Fig. 2!, and a circularly polarized
photon after the linearly polarizing beam splitter (D2 in Fig.
2!. These detections can be implemented with suitable po

FIG. 2. The probabilisticCNOT gate of Pittmanet al. @17#. Con-
ditioned on a specific detector outcome inD1 and D2, the setup
performs a controlled not. The boxed beam splitter is a linear
larization beam splitter and the circled box is a circular polarizat
beam splitter.
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izing beam splitters and ordinary photodetectors@17#. The
probability of this CNOT operation is given bypCNOT5

1
4 .

Recently, entanglement distillation was demonstrated
Yamamotoet al. @18#.

B. Entanglement swapping

The entanglement-swapping component~swapper! of the
quantum repeater is essentially nothing more than a Bell
tector. It is well known that it is impossible to make a dete
ministic, complete, Bell measurement with linear optics@15#,
but one can distinguish two out of four two-qubit Bell stat
with a simple beam splitter configuration@16#. Recently,
Franson and co-workers have shown that aCNOT—and hence
a Bell measurement—is possibleprobabilistically with only
projective measurements and entangled input states@17#. The
probability of success for thisCNOT is not large enough to
make the Bell measurement more efficient.

A partial Bell measurement can be performed using
beam splitter. This is extensively described by Braunst
and Mann@16#. When two photons enter the beam splitte
one at each input, a detector coincidence in the two ou
modes collapses the input state ontouC2&, that is, the singlet
state. When both photons end up in one spatial output m
with opposite polarizationsH and V, then the state is col-
lapsed ontouC1&. Other detector outcomes do not proje
the state onto a Bell state. The probability of success is th
fore 1/2.

In order to build a complete quantum repeater, we have
integrate the components described above into a circuit@1,2#.
The separate components are~see Fig. 3! the entanglerE,
the purifier P, and theswapperS. The assembled quantum
repeater, shown in Fig. 4, is a circuit involvingE, P, andS,
together with classical communication between the differ
stations. This classical channel is necessary to exchang
formation about the measurement outcomes of the purifi
and about the location of the purified~and swapped! en-
tanglement.

IV. REPEATER ASSEMBLY

In this section, we show how to assemble the quant
repeater and assess its probability of success. In Fig. 4
shown how a two-leg communication system with one qu
tum repeater is used to share maximal entanglement betw
Alice and Bob. First, the entanglement stationsE distribute

-
n

epresent

FIG. 3. The components of the quantum repeater. The three boxesE, P, andS denote the entanglement station~entangler!, the purifier,

and the swapping element~swapper!, respectively. The entanglers are drawn as little top hats. The dashed and the dash-dotted lines r
the fact that the two output modes have different frequencies. The purifier element contains a QND device, an opticalCNOT gate, and a
detector on one output mode. The swapper implements a partial Bell measurement.
1-3



m channels,
where the
n be placed

KOK, WILLIAMS, AND DOWLING PHYSICAL REVIEW A 68, 022301 ~2003!
FIG. 4. The assembled quantum repeater. The lines between the entanglers, purifiers, and the swapper represent the quantu
and the dotted lines denote classical communication channels. The distance is included in the shaded region. This is also
‘‘decoherence devil’’ resides. Note that the entanglement sources are separate stations. Alternatively, the entanglement station ca
near Alice and Bob.
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imperfect entanglement between two adjacent repeater
tions. In the purifierP, two modes are fed into theCNOT.
Since the double-photon gun creates two photons with
ferent frequenciesv1 andv2, the guns must be oriented i
such a way that two photons of equal frequencies enter
polarization beam spliters in theCNOT gates. However, this
does not present any fundamental difficulties to the proto

Second, to purify two entangled photon pairs, the tar
output of theCNOT is detected in the computational bas
$uH&,uV&%, and the control qubit is stored in a quantu
memory. Alice sends her detector outcomes to the adja
repeater station, which in turn selects the qubits that are t
swapped.

We now have to take into account the probability of su
cess for the individual components, as well as the losse
the system. For the purification part~P to P in Fig. 4! we
have five double-photon guns~two for the photon sources in
E, one in the QND device, and one for everyCNOT! and
eight detectors with quantum efficiencyh ~three perCNOT

and two in the QND device!. Furthermore, let the noise pa
rameters due to the attenuation be given byg for the dephas-
ing ~reducing the fidelity, this includes the probability of su
cessful purification! and z for the photon loss over the
channel. The probability for purifying a single pair of e
tangled photons is then given by

ppur5~12g!zps
5h8pCNOT

2 pqnd, ~3!

whereps is the probability of success of the double-phot
gun. It is immediately obvious that a reduced detector e
ciencyh will strongly contribute to the deterioration of th
success rate, due to theh8 behavior. In addition, the double
photon guns also need a high probability of success.

Next, we start with two purified pairs and perform e
tanglement swapping on their two halves. As argued abo
this swapping protocol is not deterministic, and is subjec
losses as well. As can be seen in Fig. 3, the swapping
ment requires a twofold detector coincidence. Furthermor
complete Bell detection occurs only 50% of the time. T
probability of success for entanglement swapping is the
fore given by

TABLE I. The number of components in the quantum repea
for different values of the detector efficiencyh.

h Npur Nswap Ntotal

0.3 1.73106 25 7.33107

0.8 650 4 43103

1 110 2 435
02230
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To estimate the size of the repeater stations, let us n
insert some values of the several components. We will
different values for the detector efficiency, since this is t
most important parameter. Choose, for example,ps50.9, g
5 1

2 , z5 1
2 , pCNOT5

1
4 , andpQND5 1

8 . For three different val-
ues of h, this gives rise to Table I~with Npur5ppur

21 and
Nswap5pswap

21 ). Since a repeater needs two purifiers and o
swapper, the total number of components (Ntotal) is given by
Ntotal52NpurNswap. The results of Table I should be com
pared with the number of transistors on a Pentium ch
which is of the order 107. This calculation does not take int
account the added complexity of a quantum memory, wh
is required for purification.

It is immediately clear that an improvement in the dete
tor efficiency yields a substantial gain in the efficiency of t
protocol, due to the factorh8 in Eq. ~3!. Even though detec-
tor efficiencies of 0.8 are quoted, experimental values are
bad as 0.3. Therefore, in order to operate the repeater m
efficiently, better detectors are needed.

Note also that intelligent switching, conditioned on dete
tor outcomes and classical communication between the c
ponents, is needed both to purify and to correlate purifi
entanglement in the swapping procedure. This results in
additional overhead in the number of components.

V. CONCLUSION

We studied an optical implementation for a quantum
peater employing double-photon guns, probabilisticCNOT

operations, and quantum nondemolition measurements.
protocol uses available and almost available technology. P
sible drawbacks are the conditional switching and the l
quantum efficiencies of state-of-the-art photodetectors.
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