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Relativistic invariant quantum entanglement between the spins of moving bodies
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The entanglement between the spins of a pair of particles may change because the spin and momentum
become mixed when viewed by a moving obsef\erM. Gingrich and C. Adami, Phys. Rev. LeB9, 270402
(2002]. In this paper, it is shown that, if the momenta are appropriately entangled, the entanglement between
the spins of the Bell states can remain maximal when viewed by any moving observer. Based on this obser-
vation, a relativistic invariant protocol for quantum communication is suggested, with which the nonrelativistic
guantum information theory could be invariantly applied to relativistic situations.
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[. INTRODUCTION tion to larger spins could be done analogously. In particular,
the generalization to spin-1 massless patrticles, such as pho-
Relativistic thermodynamics has been an intriguing prob{ons, may be of special interd$], since current experiments
lem for decade$l]. It has been shown that the probability in quantum communication are mostly based on photons.
distribution can depend on the frame, and thus the entropy
and information may change if viewed from different frames  |l. ENTANGLEMENT BETWEEN SPINS, WITH THE
[2]. Recently, the effect of Lorentz boosts on quantum states, =~ PRESENCE OF MOMENTUM ENTANGLEMENT
guantum entanglement, and quantum information has at-
tracted particular intere$B8—6]. Relativistic quantum infor-
mation theory may become necessary in the near future, wi
possible applications to quantum clock synchronizafidh
and quantum-enhanced global positionjag . Y(p,q)=9(p,9)| ¢ ), (1)
The entanglement of quantum systems forms a vital re-
source for many quantum information processing protocolgvhere p and q are the momenta for the first and second
[9]’ inc|uding guantum te|ep0rtatid:n_0], Cryptograph%llL partiCleS, reSpeCtivelyfor a review of the definition of the
and computatiofil2]. However, it has been shown that fully momentum eigenstates for massive particles with spin and
entangled spin states in the rest frame will most likely decothe transformations under Lorentz boosts, one may refer to
here due to mixing with momentum if viewed from a moving Refs.[3,4,13). The spin part of the state is the singlet Bell
frame, depending on the initial momentum wave functionstate
[4]. Therefore the entanglement between two systems can
depend on the frame in which this entanglement is measured. )= i(”l)— 111)) 2
These effects may have important consequences for quantum J2 '
communication, especially when the communicating parties

We start by investigating a bipartite state that, in the mo-
entum representation, has the following form viewed from
e rest frame:

are in relative movement. where|T[)=[1)®[]), [ T)=[1)®[T), with

In this paper, we show that for a pair of sginmassive 1 0
particles, if the momenta are appropriately entangled, the en- |T>=( ) |l>=( ) (3)
tanglement between the spins can remain the same as in the 0 1

rest frame when viewed from any Lorentz-transformed
frame. We also find a set of states for which the marginal
entropy, entanglement, and measurement results of the spi
are independent of the frames from which they are observed. _

Based on this observation, we suggest a relativistic invariant f f l9(p.a)|%dpdg=1, (4)
representation of the quantum Kifubit), and suggest a rela-

tivistic invariant prOtOCOl for quantum communication, with Whereap (aq) is the Lorentz-invariant momentum integra-
which the nonrelativistic quantum information theory could tion measure given by

be invariantly applied to relativistic situations. In this paper,

I'I'he momentum distributiog(p,q) is normalized according

we restrict ourselves to spi-cases, although a generaliza- 5 d°p 5
P= >
2p*+m?
*Electronic address: Ihuy@mail.ustc.edu.cn where we use natural units=1. Note that there is no en-
"Electronic address: djf@ustc.edu.cn tanglement between the spin and the momentum parts of
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¥ (p,q). The spins are maximally entangled, while the en- apﬁqe“%—aqﬂpe“%
tanglement between momenta dependsgép,q). In what 4 e i(ep=eg
follows, we usep to represent the momentum four-vector as ' (Ap,Aq)= M @paqt BpPa

in Eq. (7) unless it is ambiguous. 2 | —apag—BpBE v
To an observer in a frame Lorentz transformed[byl, apﬁqei“’q— aqﬁpei‘Pp
the statel'(p,q) appears to be transformed By A. There- (11

fore the state viewed by this observer appears to be
At the present stage, we use an “entangled Gaussian”
V'(p,q)=UA®A)¥(p,q) with width o for the momentum distribution, as follows:

=[Uy- 10U 1g]¥ (A" 'p,A M), (6) 1 D2+
9(p.a)=\/gexa —

where U(A®A) represents the unitary transformation in- N 402
duced by the Lorentz transformation. For compactness of

notation, we here defing,=D®?(R(A,p)) as the spirg

representation of the Wigner rotatidR(A,p) [4,13]. Be- wherexe[0,1) andN is the normalization. In Eq12), for a
cause¥’(p,q) differs from ¥(p,q) by only local unitary dgiven o, x can be reasonably regarded as a measure of the
transformations, the entanglement will not change provide@ntanglement between the momenta. WienO, the mo-

we do not trace out a part of the state. However, in looking athentum part of the state is separable, i.e., the momentum
the entanglement between the spins, tracing out over the m@ntanglement is zero. However, in the limit>1, we have
mentum degrees of freedom is implied. W (p,q) the spins
and momenta may appear to be entangled; therefore the en- ) 1 p?
tanglement between the spins may change when viewed by limg(p,q) = \/WGXF{ T 552
the Lorentz-transformed observer. By writidg' (p,q) as a x—1 7
density matrix and tracing over the momentum degrees o\l;vhereN’ is the normalization. Equatiofl3) indicates a per-
freedom, the entanglement between the spiteaved by the : : .
Lorentz-transformed obseryecan be obtained by calculat- fect correlation between the momenta. Note that in &)

) , . the momenta are not necessarily maximally entangled.
Irggtrtaef(;/rvggffwesrs concurrenci4] of the reduced density By integrating over the momenta, we obtain the reduced

Any Lorentz transformation can be written as a rotationdenSIty matrix for spins, viewed by the Lorentz-boosted ob-

followed by a boos{13], and tracing over the momentum SEIVer, as

after a rotation will not change the spin concurrerdég

therefore we can look only at pure boosts. Without loss of pzf J' V' (p,a)¥’'(p,q)dpdq. (14
generality we may choose boosts in theirection and write
the momentum four-vector in polar coordinates as

p’+9°—2xp-q
exp —
4g°(1—x?)

S&p-a), (13

The entanglement between the spins viewed by the Lorentz-
7) boosted observer is obtained by calculating the Wootters’
concurrence[14], denoted asC(p). The change in the

: _ Lorentz-transformed concurren€dp) depends orr/m, X,
with E,=p?+m?, 0<6@,<m, and O<¢,<2m. Let A _ P _
—L(2 be the boost annS tfmdirection(aspdefined in Ref. @ndé. Figure 1 shows the concurrence as a function of ra-

47), wh is th iditv of the boost _With Ea. pidity &, for different values ofr/m andx. As in Ref.[4], the
E7§) v\\llve (e)rbetiiﬁ ¢ rapidity of the boost angt=|]. With Eq decrease from the maximum valp€(p) =1 for Bell state$

documents the boost-induced decoherence of the spin en-
( a B e—i<pp) tanglemenf4]. However, it is interesting to see that for fixed
P P

p=(Ep,p cose,sind,,psingysing,,p cosby),

decrease of spin entanglement, and the Lorentz-transformed
concurrence decreases less. When the momenta of the two
and E;;: E,coshé+pcosgysinhé. Similar equations can be particles are perfectly correlated, even though they may not
obtained for the second particle with momentamSubsti- be maximally entangled, the transfer of entanglement from
tuting Eq.(8) into Eqg.(6), we obtain the state viewed by the momenta to spins happens to fully compensate the decrease
Lorentz-boosted observer as of spin entanglement, and the entanglement of the reduced

Up=| . o (80 of/m and ¢ the concurrence decreases less for nonzero
Bpe %p Further, it is surprising that at the limit— 1 the concurrence
where does not decrease, no matter wham and¢ are. Indeed, in
the limit x— 1, not only the concurrence but also the reduced
density matrix for spins is independent @fm and¢.
e Eptm cosh§+ pcosﬁpsin §) ) One possible explanation might be the following. By
P El’)+m 2 Eptm 2]’ boosting the state, we move some of the spin entanglement
to the momentuni4], and simultaneously the momentum
. entanglement appears to be moved to the spins. The transfer
psind, o€ i
Bp= / sinh=, (100  of momentum entanglement to spins hence compensates the
V(Eg+m)(Ej+m) 2
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10 O = I(P)aP—)8y 406 ¢ A7) (17D
03 Vi =\f(P)AP=) 3y, 0,00 gy (170
S 06 Vi =\ Sp—a)ly). (170
[ 3]
Q
g Here|¢=)=(111)+[L1))/\2 and|y™)=(|11)=|11))/V2
2 04 are the conventional Bell states, and we defiiig= &((x
g —y)mod 27r) for compactness of notation. In Ed47), f(p)
02 can be any distribution as long as the state is normalized.
) Further, the states in Eg€l7), together with those differing
by only rotations, constitute a set of states of which the en-
0.0 L , . . , ) . A a4 tanglement between the spins remains invariant when viewed
0 1 2 3 4 5 from any Lorentz-transformed frame. This invariance leads
Rapidity £ to possible applications to relativistic quantum information
processing.
FIG. 1. Spin concurrenc€(p) as a function of rapidity, for Here we shall note that, in Eq$l7) as well as in the

an initial Bell state with momentum in an “entangled Gaussian.” remaining part of this paper, thé functions should be re-
Data shown as dotsquarepare fors/m=1 (o/m=4), with solid  garded as limits of analytical functions under certain condi-
(dashedlline for x=0 (x=0.8). The solid line aC(p)=1 repre-  {ions e.g., Eq(13) is the limit of Eq.(12) atx— 1. The only
sents the spin concurrence in the limit-1 for any value ofo/m.  ogyriction onf(p) is that the states should be normalized.

. . . . Although it is known how standard fermionic Bell states can
spin state remains maximal when viewed by any Lorentzye manufactured, an important question still remains, i.e.,

boosted observer. For the singlet Bell states with momentumy,, 1o produce momentum-correlated states. We might
distribution given in Eq/(13) [generally for those given in jja4ine such states arising from a particular particle decay
Eq. (19) in the following], the Lorentz boost does not affect ocess possibly with further manipulations. The difficulty

the reduced spin state, only transformgq) to Ap (AQ).  ihyolved in producing these states depends on the specific
The momentum and spin parts of such states always aPPeFhysical system and process.

to be separate viewed from any Lorentz-boosted frame.
That the spin concurrence remains maximal in the limit
x—1 when viewed from any Lorentz-boosted frame can be lll. RELATIVISTIC INVARIANT PROTOCOL
generalized, without using the “entangled Gaussian” in Eq. FOR QUANTUM INFORMATION PROCESSING
(12). Directly from Eq.(11), we see that if the momentum

<), LT A possible application of the above results is to suggest a
distribution takes the form

relativistic invariant protocol for quantum communication.
The conventional use of a single sginparticle as a qubit
g’ (p,a)=Vf(p)&*(p—q), (15  may not be appropriate in relativity theory, because the re-
duced density matrix for its spin is generally not covariant
where f(p) can be any distribution as long @s(p,q) is  under Lorentz transformatiof8]. If and only if we consider
normalized according to Ed4), the boosted state can be momentum eigenstateplane waveg the reduced density

written as matrix for the spin of a single particle can be covariant under
Lorentz transformations, but momentum eigenstates are not
0 localized and may be difficult in feasible applications.
g’ (p.q) o2+ B2 However, .two Spins par_ticles thqt are appropriatel'y en-
W'(Ap,AQ)= ’ Pz pz —¥(p,q), (16 tangled, as in Eqs(17), without being momentum eigen-
V2 —a,— Py states, could indeed have a reduced density matrix for spins
0 that is invariant under Lorentz transformation. Such invari-

ance provides us the possibility to feasibly represent a single

qubit using two appropriately entangled sgiparticles, in a

Bell state shown in Eq(1) with momentum distribution Lorentz-invariant manner. Takl_ng Into account that in many
practical situations of communication one may need to main-

given in Eg.(15), the reduced density matrix remains the} . . X NN
. ain the particles along desired directions, here we assume
same as in the rest frame and the entanglement between the

. . , . e ideal case where the momenta of the pair of particles
spins remains maximal when viewed from any Lorentz-

transformed frame. Indeed, the following four “Bell” states _have deterministic directions and the two particles are mov-

. : . . : . ing along the same deterministic direction. We may also
all have invariant reduced density matrices for spins V'ewe%hoose the boost 1o be alona the axis and the momenta to
from any frame Lorentz boosted along thexis: 9

lie in thex-z plane, i.e.,0,= 6,=6 and¢,= p4=0, without

loss of generality. In this protocol we use a momentum dis-
+_ _ +

®f = /f(p)a(p 4 34,.0,00,+¢q0l ") (178 yribition that has the following form in the rest frame:

with a5+ B5=1 due to the unitarity otJ,. For the singlet
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~ , Therefore it is guaranteed that, by using such states and op-
9(p.a)=/f(p) 8(P=0Q) 8y, .09,,09¢,000.0" (18 erators, the nonrelativistic quantum information theory can
_ be invariantly applied to relativistic situations.
with f(p) being arbitrary as long ay(p,q) is normalized as
in Eq. (4). Because E(q.18) is a simultaneous instance of the IV. CONCLUSION
momentum distributions of the states in both Etjrg and

Eq. (17d), bothg(p,q)|¢*) andg(p,q)|4~) have invariant
reduced density matrices for spins when viewed from an

Lorentz-boosted frame. This enables us to use these twQ : ; . .
ing frame. In particular, maximally entangled spin states will

states as the orthonormal bases, nam@ly,and[1), of a 5t likely decohere due to mixing with the momentum de-

As observed in Refl4], because Lorentz boosts entangle
)}he spin and momentum degrees of freedom, the entangle-
ent between the spins may change if viewed from a mov-

qubit, as follows: grees of freedom, depending on the initial momentum wave
~ o~ function [4].
- +
0)~g(p.a)¢™), (193 In this paper, we investigate the quantum entanglement
-~ o~ B between the spins of a pair of spjnmassive particles in
[1)~g(p.a)l4). (190 moving frames, for the case that the momenta of the particles

Equationg19) can be regarded as a representation of a singlgre enta}ngled. We show that, if the momenta of the pair are
appropriately entangled, the entanglement between the spins

“Lorentz-invariant” qubit, in the sense that we look only at of the Bell states remains maximal when viewed from an
the spin part of the state. The representation of “ Lorentz- y

invariant” multiple qubits can be obtained straightforwardly. Lorentz-transformed frame. Further, we suggest a relativistic

Note that in multiqubit states the momentum distributions of![?]\éa;'sg:e?;gf/?;?g f(ﬂaﬂtjfr?ltliﬁ?ofnaglirgﬁntlﬁgg?ncv(\)lgni Vt\)lg'?::
individual qubits are not necessarily the same. We can fur- . : q S y
ariantly applied to relativistic situations.

ther find an operator acting upon a single qubit, in terms ot Although the investigations are based on sbiparticles,

the "Lorentz-invariant” bases, as we believe that similar results for larger spins could be ob-
_ o tained analogously. In particular, we hope our work will help
O= 2 N lo)(Tl. (200 to find a relativistic invariant protocol for quantum informa-
o r=0.1 tion processing based on photons, i.e., the case of massless

The operators acting upon multiple qubits can be obtainedPin-1 particles.
analogously. We refer to these operators as “Lorentz invari-
ant” in the sense that, if we look only at spins, the action of

the operator on the sta@0)+b|1) (V a,beC with |a|? We would like to thank M. J. Shi, Z. B. Chen, and Y. S.
+|b|?=1) remains the same when viewed in any Lorentz-Xia for fruitful discussions. We also acknowledge the kind
boosted frame. help on the subject and valuable suggestions from R. M.

Within the set of these “Lorentz-invariant” qubits and Gingrich, D. R. Terno, and A. Peres. This work was sup-
operators, the entropy, entanglement, and measurement negerted by the Nature Science Foundation of ChiG&ant
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