RAPID COMMUNICATIONS

Unambiguous ionization amplitudes for electron-hydrogen scattering

PHYSICAL REVIEW A 68, 020702ZR) (2003

P. L. Bartlett* 1. Bray, S. JonesA. T. Stelbovics, A. S. Kadyrov, K. Bartschagind G. L. Ver Stee
Centre for Atomic, Molecular, and Surface Physics, School of Mathematical and Physical Sciences, Murdoch University,
Perth 6150, Australia

M. P. Scott and P. G. Burke
Department of Applied Mathematics and Theoretical Physics, The Queen’s University of Belfast, Belfast BT7 1NN, Northern Ireland
(Received 14 April 2003; published 25 August 2003

According to quantum collision theory, scattering amplitudes are complex numbers, which are completely
defined by their magnitudand phaseAlthough the phase information is generally not determined entirely in
collision experiments, the phases are well defined and can be used to check computational models. We use four
state-of-the-art approaches to calculate the magnitude and phase of the electron-hydrogen ionization amplitude
in the Temkin-PoeSwave model. We demonstrate that the correct phase can be extracted for each method by
using the appropriate final-state continuum functions.
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Cross sections alone do not yield the complete informais notthe overall free phase by which the total wave function
tion about the complex-valued scattering amplitude that demay be multiplied without changing any measurable observ-
scribes the outcome of a collision process resulting in thebles.
transition from an initial state before to a final state after the The calculation of this phase using a direct finite-
projectile-target interaction. As is well known for the two- difference methodFDM) [4,5], “exterior complex scaling”
body Coulomb collision problem, for example, a classical(ECS [6], “convergent close coupling{CCQC) [7], and the
treatment, the first-order plane-wave Born approximation;intermediate-energyR-matrix” (IERM) [8] approach is the
and the full guantum-mechanical treatment all yield the saméopic of this Rapid Communication. As will be shown below,
elastic differential Rutherford cross section, but only quan-the currently implemented way of extracting the phase in the
tum mechanics predicts the correct phfse The possible ECS method is still problematic, but it can easily be rectified
importance of the phase of the complex scattering amplitudefor the Temkin-PoetSwave model probleni{9,10]. This
and a way to determine it unambiguousiy principle), was  model, in which only projectile and target states with zero
emphasized a long time ago by Goldberger, Lewis, andrbital angular momentum are accounted for, is well known
Watson[2]. Denoting the amplitude by (Ak), they wrote:  to provide an ideal test bed for numerical methods that at-
“... itis F(AK) rather than the experimentally measuredtempt a solution of the classic three-body breakup problem,
quantity| F(Ak)| that is needed; one must have the phase aslectron-impact ionization of atomic hydrogen. In addition to
well as the magnitude. This troublesome problem arises i*DM, ECS, CCC, and IERM, it has been used to demon-
many contexts, ranging from chemistry to elementary parstrate the capabilities of methods such as close coupling with
ticle physics.” pseudostates[11], hyperspherical close couplind12],

The difficulties of formal ionization theory were the sub- J-matrix [13], eigenchanneR matrix [14], “ R matrix with
ject of a recent papéB], in which the exact asymptotic form pseudostates{RMPS [15], T-matrix method[16,17], and
of the electron-hydrogen ionization wave function was pretime-dependent wave-packet approacHes-20.
sented. This work resolved the phase ambiguity of the wave It is now well established that all these methods can pre-
function, which has been a stumbling block in extracting thedict the total ionization cross section to high precision. The
correct phase of the ionization amplitude due to the longsingle-differential (with respect to the ejected-electron en-
range correlations of the three Coulomb particles. From thergy) cross sectiofSDCS can be accurately predicted as
point of view of formal ionization theory, it is therefore of well, provided that the step-function behavid1] of the
fundamental interest to investigate to what extent computa*raw” close coupling (CC) results from methods such as
tional methods can predict not only the magnitude but alsecCCC, IERM, and RMPS is properly dealt with. The origin of
the phase of the complex ionization amplitude. We emphathis step function lies in the different treatment of the two
size once again that, according to quantum mechanics, theectrons, one through a true continuum function and the
phase of this amplitude is unambiguously defined, througlother by expansion in a square-integrable basis set. If the
the relation between the incoming and the scattered beams.dtep height is nonzero, as in the SDCS for the singlet spin

channel, the raw results tend to oscillate around the correct
answer. This result is similar to the Gibbs phenomenon
*Electronic address: bartlett@fizzy.murdoch.edu.au known from Fourier analysis, as pointed out by Stelbovics
TPermanent address: Physics Department, University of Missourf22]. On the other hand, the zero step in the SDCS for the
Rolla, Rolla, MO 65409, USA. triplet spin channel yields a nearly monotonic SDCS curve in
*Permanent address: Department of Physics and Astronomy&C methods, in agreement with the exact result on half the
Drake University, Des Moines, I1A 50311, USA. energy range and zero elsewhere.
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Three of the present calculations applied to ionization 0.010
have been detailed previously, FDM3], IERM [24], and
CCC[25]. However, our ECS method is implemented differ-
ently to that used by Baertsclgt al. [6] or McCurdy et al.

[26]. The idea of complex scaling is retained, but the scat-
tering wave functiony{")(r1,r;) = (r,r,) — o(r1.r2)

for the two electrons with coordinates andr, is calculated

by applying a propagation scheme based on that used by
Jones and Stelbovi¢&3]. Herey(™)(r,,r,) denotes the full

0.005

wave function with outgoing spherical waves after the colli- g
. . L D
sion andi(r¢,r»,) is the unperturbed initial state. g
The ionization amplitude is obtained by using the integral ‘g 0.000
representation £ 00
‘z’ secondary energy (Ry)
_ 2 0.020 . .

|:J"/’(+)(r1,r2)(H_E)¢( *(ry,rp)drydry, (1) 3 L
g
(&)

where ¢(7)(r,,r,) is the final-state wave function with in-
coming wavesH is the system Hamiltonian, and the total
system energy is given b= e, + 62=(k§+ k%)/z.

In the ECS method the above volume integral is con- 0.010
verted to a surface integral over the hypersphere with radius
R=\r2+rZ, followed by taking the limit ofR—o. For

large but finiteR, this yields the amplitude 0005
R (/2 Jd .
(kg kz R)~ 5]@ %b“*(kl,kz,R,a)ﬁ SR %0
secondary energy (Ry)
d
- dlg:)(R,a) ﬁ¢(*)*(k1 Ky, R,a) |da, FIG. 1. Single-differential cross section ferH ionization by 4

Ry incident electrons for the two total spin channgts1,0 in the
2) Swave model. The theoretical methods are described in the text.

The symbols correspond to the cross sections evaluated at the pseu-
where qﬁ(f)(kl,kz,R,a) is the final-state wave function on dostate _en.ergi'es. The FDM and the two ECS cuKges text are
the hypersphere ana=arctant,/r,) is the hyperangle. In Parely distinguishable.
the standard ECS approach, this function is taken as a prod-
uct of two Coulomb waves with equal chard@6,27. Note,  differential cross section obtained by the FDM meth&d
however, that this choice of two Coulomb waves for the finalthe ECS approach developed during the present work, and
state is in contrast to the FDM, CCC, and IERM techniquesthe CCC and IERM methods, respectively. The IERM calcu-
all of which utilize a plane wave for the fast electron and alations were performed with aR-matrix box radius of 108,
Coulomb wave for the slow electron. (Bohr radij). Further runs with box radii of 15§ and 18%,,

The latter choice is the natural one to describe the conrespectively, showed an increase in the number of oscilla-
tinuum states for the Temkin-Poet model, as it emerges frontions in the singlet spin channel due to the additional number
the separable nature of the Soflimger equation9,10]. It is of pseudostates in the CC expansion, while the triplet results,
therefore of interest to apply this final state in the ECSas well as the predictions from a smoothing procedure for the
method. Specifically, we use the product of a plane wavesinglet channe(not shown, are essentially converged. It is
numerically orthogonalized to the first tér 0 bound states seen from the figure that our ECS results are in excellent
of atomic hydrogen, and dr=0 Coulomb wave with charge agreement with the FDM predictions, which we take to be
Z=1. The orthogonalization of the plane wave is an effec-the benchmark since they were obtained by matching to the
tive way to reduce spurious oscillations and thereby to im-correct boundary conditions for this problem. The ECS re-
prove the convergence of the surface integral. This was alssults were obtained at a hyper-radius of 490and are much
found by McCurdy and Rescigri@8] for a short-range po- the same whether a Coulomb wave or an orthogonalized
tential problem. Note that in the limit dR—x the surface plane wave is used for the fast electron. The CCC and IERM
integrals resulting from a plane wave or an orthogonalizedtalculations exhibit a qualitatively similar step-function be-
plane wave are identical. We label this procedure ECS2. havior. As expected22], the singlet results converge to

As an explicit example, we consider t8avave model of around one quarter of the true value at equal-energy sharing.
e-H ionization by 4 Ry incident electrons where the total For the triplet case, all four calculations are in excellent
spin-dependent ionization cross sections are near thea&greement on the first half of the energy range, but then CCC
maxima. Figure 1 shows the familiar results for the single-and IERM vyield negligible cross sections on the second half.
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ST T ] sults up to equal-energy sharir{@s for the SDCS, the FDM
40 S 2200 1 and ECS results will be symmetric with regard to the equal-
B ] energy sharing point, while CCC and IERM would need to
ssb e ] be explicitly symmetrized.
5 ; R=400 T ] There is excellent agreement between the phase of the
g 30 Y ionization amplitude extracted from the FDM method and
8 o5f o i from the ECS2 approach, in which the orthogonalized plane
£ ‘] wave is used. The CCC and IERM phases also agree well
20F |S:SM p— B with these predictions, with the singlet results once again
[ ICE%%A ° |3 oscillating around the exact results. On the other hand, the
15 ECS - ] ECS phase extracted with two Coulomb waves in the final
10k . , (ECS2 o : state isR dependent and exhibits an entirely different behav-
0.0 0.5 1.0 1.5 ior as a function of the secondary energy. This lack of con-
secondary energy (Ry) vergence in the phase is not surprising, since it is well known
45 | that the use of Coulomb waves with fixed rather than
; screened charges leads to divergent phases in the-dll
40 E ionization amplitudg29-31].
a5 b 7 In conclusion, the advanced time-independent methods
o~ such as FDM, CCC, IERM, and ECS can, indeed, predict not
8 30F only the magnitude but also the phase of the complex ion-
2 - ization amplitude. On the other hand, the standard procedure
£ 25¢ in the ECS method to define the ionization amplitude, with
oo f two Coulomb waves in the final state, leads to the correct
. magnitude but a completely different and diverging phase,
1.5 @ which varies slowly with the hyper-radiuR at which the
1o [ amplitude is extracted from the ECS wave function.

In the future, it will be of interest to investigate the phase
of the full e-H ionization amplitude. For this problem, we
already have strong indications that the magnitudes of the

FIG. 2. The phases corresponding to the SDCS of Fig. 1 on théonization amplitudes are in good agreement between CCC
first half of the secondary energy range. The Coulomb phases hawand ECS. However, the phase associated with the ECS final
not been included. Predictions from the standard ECS methodstate of two Coulomb waves should again be divergent.
evaluated with two Coulomb waves in the final state, are shown foMoreover, the continuum final state appropriate for the
hyperradii of 20@, and 40@,, respectively. The curve labeled Temkin-Poet model will not suffice. Instead, the states of
ECS2 is obtained when an “orthogonalized” plane wave and a CouRef. 3] will need to be employed to ensure convergence in
lomb wave are used in the final state to form the ECS amplitudesthe phase extracted from the FDM and ECS methods.

secondary energy (Ry)

No oscillations are expected here due to the zero height of We acknowledge the Merit Allocation Scheme on the Na-
the step. tional Facility of the Australian Partnership for Advanced

Figure 2 displays the corresponding phases of the ionizacomputing. This work was supported, in part, by the Austra-
tion amplitude (the underlying TS matrix). Contributions lian Research Council.B., A.T.S., A.S.K., and K.B, the
from the Coulomb phags) are omitted from the presentation National Science FoundatiofK.B. and G.L.V), and the
due to the known oscillatory behavior at small energies. BeUnited Kingdom EPSRC(M.P.S. and P.G.B. K.B. and
cause of the step function in the raw CCC and IERM resultsG.L.V. would like to thank Murdoch University for the hos-
the amplitudes only have physical meaning on the first halpitality received during their visit jointly sponsored by inter-
of the secondary energy range. Consequently, we present reational travel grants from the ARC and the NSF.

[1] E. MerzbacherQuantum Mechanic8Niley, New York, 1998. [7]1. Bray and A.T. Stelbovics, Phys. Rev. Le®9, 53 (1992.
[2] M.L. Goldberger, H.W. Lewis, and K.M. Watson, Phys. Rev. [8] P.G. Burke, C.J. Noble, and M.P. Scott, Proc. R. Soc. London,

132 2764(1963. Ser. A410, 289(1989.
[3] A.S. Kadyrov, A.M. Mukhamedzhanov, and A.T. Stelbovics, [9] A. Temkin, Phys. Rev126, 130(1962.
Phys. Rev. A67, 024702(2003. [10] R. Poet, J. Phys. B1, 3081(1978.
[4] Y.D. Wang and J. Callaway, Phys. Rev48, 2058(1993. [11] J. Callaway and D.H. Oza, Phys. Rev28, 2416(1984.

[5] S. Jones and A.T. Stelbovics, Phys. Rev. L&4.1878(2000. [12] S. Watanabe, Y. Hosada, and D. Kato, J. Phys2@ L495
[6] M. Baertschy, T.N. Rescigno, W.A. Isaacs, and C.W. McCurdy, (1993.
Phys. Rev. A60, R13(1999. [13] D.A. Konovalov and I.E. McCarthy, J. Phys. B7, L407

020702-3



RAPID COMMUNICATIONS

BARTLETT et al. PHYSICAL REVIEW A 68, 020702R) (2003
(19949. [22] A.T. Stelbovics, Phys. Rev. Let83, 1570(1999.

[14] K.W. Meyer, C.H. Greene, and I. Bray, Phys. Rev62 1334  [23] S. Jones and A.T. Stelbovics, Phys. Re6@\ 032717(2002.
(1995. [24] M.P. Scott, T. Stitt, N.S. Scott, and P.G. Burke, J. Phy858

[15] K. Bartschat and I. Bray, Phys. Rev.5%, R1002(1996. L323 (2002.

[16] M.S. Pindzola, D. Mitnik, and F. Robicheaux, Phys. ReG&2\ [25] I. Bray, Phys. Rev. Lett89, 273201(2002.
062718(2000. [26] C.W. McCurdy, D.A. Horner, and T.N. Rescigno, Phys. Rev. A

[17] K. Bartschat, M.P. Scott, P.G. Burke, T. Stitt, N.S. Scott, A.N. 63, 022711(2009.
Grum-Grzhimailo, S. Riordan, G. Ver Steeg, and S.I. Stra-[27] M. Baertschy, T.N. Rescigno, and C.W. McCurdy, Phys. Rev.

khova, Phys. Rev. &5, 062715(2002. A 64, 022709(2001).

[18] W. lhra, M. Draeger, G. Handke, and H. Friedrich, Phys. Rev.[28] C.W. McCurdy and T.N. Rescigno, Phys. Rev6& 032712
A 52, 3752(1995. (2000.

[19] F. Robicheaux, M.S. Pindzola, and D.R. Plante, Phys. Rev. A29] R.K. Peterkop, Opt. Spektrosk3, 153(1962 [Opt. Spectrosc.
55, 3573(1997). 13, 87 (1962].

[20] K. Bartschat, S. Riordan, and G. Ver Steeg, Phys. Re&5A [30] R.K. Peterkop;Theory of lonization of Atoms by Electron Im-
060701(2002. pact (Colorado Associated University Press, Boulder, 1977

[21] I. Bray, Phys. Rev. Lett78, 4721(1997). [31] M.R.H. Rudge, Rev. Mod. Phyd40, 564 (1968.

020702-4



