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Dynamics of strong-field photoionization in two dimensions for short-range binding potentials

Jacek Matulewski,* Andrzej Raczyn´ski, and Jarosław Zaremba
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Photodetachment in an ultrastrong laser field in two spatial dimensions is investigatedab initio. A qualitative
behavior of the packet for a short-range binding potential is contrasted with that for a soft-core potential, in
particular, dynamical effects due to a rescattering of fragments separated from the main packet are demon-
strated.
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I. INTRODUCTION

The problem of ultrastrong-field photoionization has be
the subject of studies in quantum optics for the last fifte
years~for a recent review see Ref.@1#!. Because of enormou
technical difficulties most ofab initio calculations were per
formed for one-dimensional models. It is well known that
the electric-field amplitude«0 grows in the region of a few
atomic units~for a typical frequencyv51 a.u. and a binding
potential supporting an initial state of energy of the order
1 a.u.!, the ionization rate need not grow monotonically wi
the field and the population can be regarded as trapped
Kramers-Henneberger~KH! well @2#. At a field amplitude of
about 10 a.u. almost no probability leaks from the neighb
hood of the nucleus. Unfortunately, one-dimensional mod
fail to represent important features of real systems; in p
ticular, they can imitate only an interaction with a linear
polarized field in the dipole approximation. Thus, investig
ing magnetic interactions or light polarization effects r
quires a generalization to models with more spatial dim
sions @3#. Investigations performed in two dimensions f
long-range binding potentials predict, in particular, that
stabilization at field intensities higher than 10 a.u. is d
stroyed by a nondipole kinetic effect, the so-called magn
drift of the packet as a whole away from the region of t
nucleus.

The aim of this paper is to study photodetachment in
perintense fields~such that the Schro¨dinger equation is still
valid!, in two dimensions, in the situation which has not y
been investigated in a few so far existing papers@3,5,6#; in
comparison with other papers, the long-range atomic po
tial is replaced by a short-range potential well~radial and
rectangular!. The details of the dynamics in our case inclu
some special effects, an interpretation of which is neces
for a complete understanding of the process.

A new element in comparison with earlier papers@3# is
that the well potential~especially, if it has deep eigenstate!,
due to its steep edges, causes tearing of the oscillating w
packet into fragments, even in such strong laser field int
sities as 15–20 a.u. Because of the wave-packet tearing
classical model does not allow to satisfactorily interpret
numerical results. In particular, satellite wave-packet’s fr
ments detached at different times and being of a signific
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size can be rescattered in their oscillatory motion and in
fere, with the details of the process depending on the sh
of the laser pulse, in particular, on the position of the clas
cal packet’s turning points. The phase dependence of
dynamics is also discussed.

II. THE BINDING POTENTIAL AND THE SHAPE
OF THE PULSE

There are two types of model atomic potentials commo
used in the studies on the interaction of atomic systems w
superstrong fields in one dimension: a soft-core Coulo
potential proposed by Su, Javanainen, and Eberly in a se
of papers@4# and a short-range potential of a negative io
modeled, e.g., by a rectangular well. The main difference
that the former potential is smooth and supports an infin
number of discrete states, while the latter one has two po
of discontinuity and a few bound states. In the latter case,
packet has less chances to remain a connected structure~i.e.,
it is more exposed to tearing! and cannot be dynamically
stabilized, i.e., trapped in the series of the Rydberg state

While two-dimensional studies on the strong-field stab
zation of models with a soft-core potential have already b
reported~see Refs.@1,6#!, in this paper, we concentrate o
special effects due to a potential well, which we assume to
radial, i.e., we take

V~rW !52V0u~a2r !, ~1!

wherer 5Ax21y2 andu is the step function. The width 2a
and the depthV0 of the well are chosen so that there is on
a single~initial! bound state.

The choice of the pulse shape is also very important
the dynamics of the ionization process. The stabilization
possible only if the pulse does not lead to a fast drift of t
electron, i.e., the classical trajectory of the electron in
absence of the binding potential remains close to the nucl
The results presented below are obtained for rectangular
sinusoidal pulses which satisfy this condition. For a pu
propagating along they axis and withx polarization, we thus
take the field amplitude«W (y,t)5 x̂«0cos(ky2vt) or the vec-
tor potentialAW (y,t)52 x̂(«0 /v)sin(ky2vt). The continuous
pulses often adopted in other papers~e.g., those with trap-
ezoid envelope! may imply complicated switch-on effects
especially if no dipole approximation is made. For examp
©2003 The American Physical Society08-1
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FIG. 1. The KH averaged potential for
quantum well potential (a51 a.u.,V052 a.u.)
and a cosine pulse («0515 a.u.,v51 a.u.). On
the left, the KH potential and the ground-sta
wave function with energyE1520.0192 a.u. On
the right, the wave function of the only excite
state (E2520.0158 a.u.).
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they may give rise to a field component which is not
electromagnetic wave. Moreover, calculating the vector
tential by a time integral of the electric field introduces a
biguities reflecting various possible experimental reali
tions. We have checked that the effect we describe be
appears also in a modified version for a trapezoid envelo

The cosine pulse with any initial phase has an import
feature in contradistinction to other pulses usually assum
in this context, namely, the turning points are shifted asy
metrically with respect to the potential well, with one
them located at the well, i.e., at the initial position of t
wave packet. If«(t)5«0cos(vt), the electron free of the
binding potential would, in one dimension, oscillate in t
range (22«0 /v2,0), which means that the right turnin
point occurs at the well.

Strong-field ionization is very often described in terms
the KH well. In Kramers frame an unbounded electron st
at rest and experiences the interaction of the oscilla
nucleus. The KH potential well is just this interaction ave
aged over the oscillation period or, in other words, the zer
term of the Fourier series of the interaction. In the init
stage of ionization, the electron’s wave packet spreads
until it has reached the size of the KH well. Further chang
of the packet’s shape as well as its slow drift may be
plained as due to higher terms of the Fourier expansion.

For the cosinusoidal pulse, the electron is initially locat
close to one of the two minima of the KH well, in contradi
tinction to the case of other pulses studied in this context,
which its initial position occurs in the middle.

In the present work, we will demonstrate how the resu
of the one-dimensional computations must be completed
developed in the case of two spatial dimensions. In part
lar, the Kramers frame and the corresponding KH well
now introduced as if there were no movement in the dir
tion perpendicular to the electric field«W (rW,t)5 x̂«0cos(ky
2vt): the transformation accounts for the electron movem
X(t)5(«0 /v2)@12cos(vt)#, while its slow drift in thex di-
rection and/or its throwing away of small parts in both dire
tions are due to the higher terms of the Fourier expans
The evolution in they direction includes also magnetic e
fects seen as throwing away of small pieces rather tha
drift of the packet as a whole. This aspect of the tw
dimensional ionization process has not been observe
other works on strong-field ionization because they w
dealing with soft-core binding potentials, in contradistincti
to short-range potentials considered in this paper.

The KH well has the form
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VKH~x,y;«0!5
1

TEt

t1T

V„x2X~t!,y…dt, ~2!

whereT52p/v. The analytical form of the above KH wel
is

VKH~x,y;«0!52
V0

p
Q~r 22y2!@arcsin~a1!2arcsin~a2!#,

~3!

where

a655
1, x,6Aa22y2

16
v2

«0
~Aa22y27x!, 0,x7Aa22y2,2

21, x.26Aa22y2.

~4!

The KH potential for«0515 a.u.,v51 a.u. and for the
radial well @Eq. ~1! with a51 a.u., V052 a.u., a single
bound state# and its two eigenstates are shown in Fig. 1.

III. QUANTUM NUMERICAL RESULTS OF AB INITIO
SIMULATIONS AND CLASSICAL PREDICTIONS

Because we want to include nondipole effects, we wr
the atom-field interaction in the velocity gauge. The vec
potential x̂A(ky2vt) is polarized along thex axis and the
Hamiltonian reads

Ĥ~rW,t !5
@ p̂1 x̂A~ky2vt !#2

2
1V~rW !, ~5!

where the radial potential is given by Eq.~1!.
We have solved this equation both with and without t

dipole approximation usingthe alternating direction implicit
method@7#, which allows one to use tridiagonal sets of equ
tions which can be solved easily and fast. The main difficu
in the two-dimensional calculation is not the number of o
erations to be performed by a processor but rather a la
memory necessary to store the results. The size of the ac
sible memory sets a limit to the size of the spatial grid us
in the calculation. We performed our calculation on t
204832048 grid with the stepDx close to 0.1 a.u. The spac
range is from2100 a.u. to1100 a.u. in both directions.

As mentioned above, the particular form of the vec
potential is
8-2
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AW ~y,t !52 x̂
«0

v
sin~ky2vt !, ~6!

with v51 a.u. and«0 equal to 15 and 20 a.u. Larger valu
of the vector potential amplitude require a relativistic a
proach.

At the beginning of each cycle, the left minimum of th
KH well occurs close to the packet’s initial position in th
well; in fact, Eq. ~3! yields a shift of the maximum of the
wave-packet trapped by the KH well with respect to the i
tial wave packet’s maximum by about 1 a.u. The latter
localized in the KH well’s left half and is almost equal
divided between the two discrete states. The energy dif
ence between the KH eigenstates is small, so we do
observe any beats, which would occur in a much longer t
scale than that considered here. The shift of the minima
the two wells is reflected on the dynamics of the initial-st
population~see Fig. 2!. The splitting of each peak can b
explained by the fact that the maximum of the trapped pac
passes by the original well twice at the beginning of ea
period, with small velocities of opposite signs. This can
treated as an evidence of applicability of KH approach in t
range of parameters.

The rest of the initial wave packet, i.e., the part which h
not been trapped in the KH well as well as the part initia
trapped but later released due to higher terms of the Fou
expansion, is thrown away in the form of concentric rin
~see Fig. 3! which oscillate as a whole along thex axis in the
rhythm of the field. In the dipole approximation neither tu
of the y axis is distinguished but if no dipole approximatio
is made most of probability will drift towards the positiv
direction of they axis due to the magnetic force, according
the classical considerations presented below. The additi
structures visible in Fig. 3 will be discussed later.

The vector potential given by Eq.~6! corresponds to the
electric and magnetic fields:

EW ~y,t !5 x̂E~y,t !5 x̂«0cos~ky2vt !, ~7!

BW ~y,t !52 ẑB~y,t !52 ẑB0cos~ky2vt !, ~8!

FIG. 2. The population of the initial state. The pulse parame
are «0515 a.u., v51 a.u. and the well potentiala51 a.u., V0

52 a.u.
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wherekW5 ŷk5 ŷ(y/c). Then, the Lorentz force is

FW 52~EW 1vW 3BW !52~E2vyB,vxB,0!. ~9!

One can write the classical equations of motion for an el
tron in the electromagnetic field

ẍ~ t !52«0S 12
ẏ~ t !

c
D cos@ky~ t !2vt#,

ÿ~ t !52
«0

c
ẋ~ t !cos@ky~ t !2vt#, ~10!

which can be easily solved numerically. The solution of the
equations is presented in Fig. 4~broken line!. The upper plot
shows fast oscillations with the frequencyv and the same
amplitude as for the corresponding one-dimensional solu
in the dipole approximation. The lower plot shows the ma
netic drift and the oscillations of the frequency 2v. The
velocity of this drift is proportional to the square of electri
field amplitude«0. The results can be easily understood
we simplify Eq.~10! neglecting the magnetic component
the Lorentz force in thex direction and neglecting at thi
stage they dependence of the field. So we can write t
simplified equations of motion

ẍ~ t !52«0cos~vt !, ẋ~ t !52
«0

v
sin~vt !,

s

FIG. 3. The modulus square of the wave function after 1T, 2T,
3T, 4T, 4.8T, 5T, 10T without the dipole approximation and afte
10T in the dipole approximation. The distance between the cen
in the x direction~horizontal! of the families of the rings is 30 a.u
The atomic and field parameters are the same as in Fig. 2.
8-3
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ÿ~ t !52
«0

c
ẋ~ t !cos~vt !5

«0
2

2vc
sin~2vt !, ~11!

with the electron initially resting atx5y50.
This approximation corresponds to the series expansio

vector potentialA0sin(ky2vt) aroundvt and leaving only
the lowest term@6#. The magnetic drift is directed toward
the positive values ofy, with oscillations of frequency 2v
imposed on it. The average velocity in they direction is
proportional to the square of the field amplitude.

IV. WAVE-PACKET TEARING AND ITS CONSEQUENCES

The ab initio solutions of the Schro¨dinger equation with
Hamiltonian~5! and the laser field defined by Eq.~6! dem-
onstrate that the mean values of the operatorsx and y look
very similar to the free classical predictions~see Fig. 4!, as
could be expected from the Ehrenfest theorem in the si
tion in which the electron-laser field interaction domina
the electron-well interaction. We can see fast oscillations
the quantum mean positions in thex direction in the upper
plot and the magnetic drift in they direction in lower one,
compared with their classical counterparts. A slow dr
similar to that obtained in Ref.@8#, is also visible at the graph
of ^x&.

The snapshots of the wave function shown in Figs. 3
and 6 have been taken after an integer number of cy
which means that the whole structure is then in right turn
point of the oscillatory motion, i.e., the main peak oscilla
betweenx522e0 /v2 and x50, while the additional sub-
structures, which are then visible on the right of the m
peak and which will discussed below, oscillate betweenx
50 andx512e0 /v2 in the same rhythm as the main pea
The wave functions look quite different from those shown

FIG. 4. The mean values ofx andy in the quantum simulation
solid lines, compared with the solution of the Newton equations
an unbound electron without the dipole approximation, brok
lines. The classical trajectory in thex direction in the dipole ap-
proximation coincides with that without this approximation in t
scale of the picture. Note the slow drift of the quantum mean va
^x& imposed on the oscillations of frequencyv and the magnetic
drift accompanied by the oscillations of frequency 2v of both the
quantum mean valuêy& and the classical solution. A cosine puls
is assumed, with the intensity«0515 a.u. and frequencyv
51 a.u.
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Refs.@5,6#, because here a deep potential well is used inst
of a soft-core atom. In spite of the strength of the laser fie
the wave function does not behave typically for the over-t
barrier ~OTB! ionization regime, in which the packet be
haves essentially as a connected structure. Parts of the p
are thrown away in the form of two sets of elliptic rings wi
centers corresponding to the positions of both minima of
KH well. Those oval structures carry a significant portion
the probability of finding the electron. In the dipole approx
mation, a new ring appears once a period~Fig. 6!. If no
dipole approximation is made, the rings appear twice a
riod with each second ring being due only to the magne
force oscillating with the doubled frequency@cf. Eq. ~11!#,
this is shown in the inset of Fig. 5. The torn-off structures a
thrown preferably towards positivey due to the magnetic
interaction. A comparison of the heights of the main peak
Figs. 5 and 6 shows that making the dipole approximat
leads to a significant underestimation of the ionization ra

r
n

e

FIG. 5. Modulus square of the wave function after 6T. One can
distinguish fragments thrown away after full cycles from tho
thrown away in the middle of each cycle~see inset!. The parameters
of a rectangular cosinusoidal pulse are«0520 a.u.,v51 a.u. The
shift of the probability density towards the region ofy.0 is well
visible.

FIG. 6. As in Fig. 5 but in the dipole approximation.
8-4
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V. RESCATTERING OF THE LIBERATED PARTS
OF THE WAVE PACKET

For the cosine rectangular pulse, the wave packet os
lates from 0 to22«0 /v2 along thex axis such as in the
OTB regime. It is well known that an irreversible ionizatio
of the packet in the form consisting of throwing away piec
of the packet can occur only if both the electric field and
binding potential are present and the packet has a smal
locity when passing by the well. Those conditions are sa
fied during a significant part of each cycle if the phase of
field is chosen so that the pulse is cosinusoidal. Then, on
the wave packet’s turning points is located at the well
once a cycle an electron has the possibility to be liberated
the case of a sine pulse with a trapezoid envelope~not shown
here!, there is no opportunity for any packet tearing in su
strong laser fields until the wave packet is wide enough
cover the range of classical oscillations~i.e., the width of the
KH well!. In this case, rings appear a few cycles later then
the case of cosine pulse.

As described above, for a cosine pulse at the end of e
cycle, when the packet is stopping above the well, a par
the packet is thrown away from the well and forms a ri
around the main part of the packet. Thus, the wave func
takes the shape of rings around the main maximum, osci
ing as a whole in thex direction. After a few periods the firs
oval structure reaches a radius of the order of 2«0 /v2, so
there is some probability of finding the electron at the wel
the moment at which the classical turning point occurs
22«0 /v2, i.e., after an odd multiple of half a cycle. Tearin
this secondary cloud causes a creation of a second fami
rings, which are centered at the distance 2«0 /v2 from the
center of the first family of rings and obviously carry
smaller portion of the probability.

The most interesting effect is an interference of both fa
lies of the rings giving rise to an additional structure betwe
two turning points and to a complicated shape of the w
function at largerx @see Fig. 3~the wave function after 10T
computed in dipole approximation! and Figs. 5 and 6#. This
interference effect has no magnetic character and oc
similarly both in the general case and in the dipole appro
mation.

This new type of rescattering can be even easily und
stood using the KH model. In the Kramers frame, i.e., in
frame oscillating like an unbound electron, the two wav
packet’s turning points correspond to the two turning poi
of moving potential and, after time averaging, approximat
to the minima of the KH well~for cosine pulse:x50 and
x512«0 /v2). Because for the field magnitude used in th
paper, the KH well has two states with close energies~see
Fig. 1!, the electron is located in such a superposition
those states that only the left minimum is significantly pop
lated. The higher terms of the Fourier expansion, charac
ized by large frequencies but rather small amplitudes, ca
an ionization of the trapped wave packet in a way typical
the multiphoton regime: fragments of the wave packet
torn off and sent in all directions. It is how the first, ma
family of the rings in Fig. 3 is formed. The torn-off piece
being of a considerable size, are scattered on the other m
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mum of the KH well, which results in a formation of th
second family of rings, centered about 2«0 /v2. Both fami-
lies of the rings can interfere. In particular, this is visible f
the parts moving along thex axis: a pattern structure is bui
after a few cycles between the two minima of the KH we

In the case of a sine pulse with a trapezoid envelope,
mechanism of tearing is similar as described above. An
portant difference is that it takes a few cycles for the pac
to become broad enough so that it reaches the minima o
KH well and can be ionized by higher terms of the Four
expansion. After that period the packet is rescattered on b
minima of the KH well, and so both families of rings appe
simultaneously.

Our observations in two dimension allowed us to co
plete the interpretation of the one-dimensional results: a v
similar interference structure in the form of numerous su
peaks between the classical turning points can also be se
the results of one-dimensional computations~see Fig. 7!. The
effect is significantly reduced if the well is made more sh
low or if it is replaced by a soft-core potential.

VI. CONCLUSIONS

We have presented a detailed dynamical picture of tw
dimensional photodetachment in very strong fields in the
rameters range not explored before. Due to the steep edg
the rapidly varying well potential for some model pulses o
can observe tearing smaller pieces off the main packet.
latter pieces can themselves be torn into fragments, giv
rise to new spatial structures of the wave packet, poss
interfering with the old ones. We have demonstrated th
elements of the dynamics that are due to the binding po
tial being short range. The behavior of the packet descri
above is to be contrasted with the packet’s dynamics in
case of a smooth binding potential, in which a connec
structure is trapped in the KH well and possibly push out
the magnetic force.

FIG. 7. The main picture: a one-dimensional wave packet fo
rectangular pulse with the parameters as in Fig. 3 and the
potential chosen to match the energy of only stateE15
20.832 a.u. The small pictures: upper wave packet, the same
but for a soft-core atom; lower wave packet, the well potential fo
times less deep than in the main picture~the maxima on the smal
pictures have the height of about 0.0004 a.u.!. All the snapshots
were taken after 10T.
8-5
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