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H2
¿ molecular ion in a strong magnetic field: Ground state

A. V. Turbiner* and J. C. Lo´pez Vieyra†

Instituto de Ciencias Nucleares, UNAM, Apartado Postal 70-543, 04510 Me´xico, Distrito Federal, Mexico
~Received 16 November 2002; published 11 July 2003!

A detailed quantitative analysis of the system of two protons and one electron~ppe! placed in magnetic field
ranging from 109–4.41431013 G is presented. The present study is focused on the question of the existence of
the molecular ion H2

1 in a magnetic field. A variational method with an optimization of the form of the vector
potential ~optimal gauge fixing! is used as a tool. It is shown that in the domain of applicability of the
nonrelativistic approximation the~ppe! system in the Born-Oppenheimer approximation has a well-pronounced
minimum in the total energy at a finite interproton distance forB&1011 G, thus manifesting the existence of
H2

1 . For B*1011 G and large inclinations~of the molecular axis with respect to the magnetic line! the
minimum disappears and hence the molecular ion H2

1 does not exist. It is shown that the most stable
configuration of H2

1 always corresponds to protons situated along the magnetic line. With magnetic field
growth the H2

1 ion becomes more and more tightly bound and compact, and the electronic distribution evolves
from a two-peak to a one-peak pattern. The domain of inclinations where the H2

1 ion exists reduces with
magnetic field increase and finally becomes 0° –25° atB54.41431013 G. Phase-transition-type behavior of
variational parameters for some interproton distances related to the beginning of the chemical reaction
H2

1↔H1p is found.

DOI: 10.1103/PhysRevA.68.012504 PACS number~s!: 31.15.Pf, 31.10.1z, 32.60.1i, 97.10.Ld
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I. INTRODUCTION

Many years have passed since the day when theore
qualitative arguments were given that show that in the p
ence of a strong magnetic field the physics of atoms
molecules exhibits a wealth of new, unexpected phenom
even for the simplest systems@1,2#. In particular, the chance
that unusual chemical compounds may be formed which
not exist without magnetic field, was mentioned. In practi
the atmosphere of neutron stars, which is characterized
the presence of enormous magnetic fields, 1012–1013 G, as
well as other astronomical objects carrying large magn
fields (.108 G) provide a valuable paradigm where th
physics could be realized. Recently the experimental d
collected by theChandrax-ray observatory revealed certa
irregularities in the spectrum of an isolated neutron s
1E1207.4-5209. These irregularities can be interpreted as
sorption features at;0.7 keV and;1.4 keV of possible
atomic or molecular nature@3#.

One of the first general features observed in stand
atomic and molecular systems placed in a strong magn
field is an increase of both total and binding energies, acc
panied by a drastic shrinking of the electron localizati
length in both the longitudinal and the transverse directio
Naturally, this leads to a decrease of the equilibrium dista
with magnetic field growth. This behavior can be conside
to be a consequence of the fact that for large magnetic fi
the electron cloud takes a needlelike form extended along
magnetic-field direction and the system becomes effectiv
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quasi-one-dimensional@2#. It is obvious that the phenom
enon of quasi-one-dimensionality enhances the stability
standard atomic and molecular systems from the electros
point of view. In particular, molecules become elongat
along the magnetic line, forming a type of linear molecu
polymer ~for details see Refs.@4,5#!. It also hints at the oc-
currence of exotic atomic and molecular systems, which
not exist in the absence of a magnetic field. Motivated
these simple observations, it was shown in Refs.@6,7# that
three and even four protons can be bound by one elect
This shows that exotic one-electron molecular systems H3

21

and H4
31 can exist in sufficiently strong magnetic fields

the form of linear polymers. However, the situation becom
much less clear~and also much less studied! when the nuclei
are not aligned with the magnetic-field direction, and thus
general, do not form a linear system. Obviously, such a st
would be important for understanding the kinetics of a gas
molecules in the presence of a strong magnetic field. A
first step towards such a study, even the simplest molec
in different spatial configurations deserve attention. Rece
a certain spatial configuration of H3

21 was studied in detail
@8#. It was shown that in the range of magnetic fields 18

,B,1011 G the~pppe! system, with the protons forming a
equilateral triangle perpendicular to the magnetic lines, ha
well-pronounced minimum in the total energy for a certa
size of triangle. The goal of the present work is to attempt
extensive quantitative investigation of the ground state
H2

1 in the framework of a single approach in its entire co
plexity: a wide range of magnetic-field strengths (024.414
31013 G), arbitrary~but fixed! orientation of the molecular
axis with respect to the magnetic line, and arbitrary intern
clear distances. We are going to carry out this study in
Born-Oppenheimer approximation at zero order—assum
protons to be infinitely heavy charged centers. In princip
when the molecular axis is perpendicular to the magn
line, the~ppe! system acquires extra stability from the ele
trostatic point of view. Electrostatic repulsion of the classic
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protons is compensated for by the Lorentz force acting
them. The following paper@9# will be devoted to a study o
the lowest excited states in the parallel configurat
1su ,2sg ,1pg,u ~m51! and 1dg,u ~m522!.

It is well known that among the two stable one-electr
systems that exist in the absence of a magnetic field—th
atom and H2

1—the molecular ion H2
1 is more stable. It

remains so in the presence of a constant magnetic field
lessB*1013 G, where the exotic ion H3

21 appears to be the
most bound~see Ref.@7#!. The H2

1 ion has been widely
studied, both with and without the presence of a magn
field, due to its importance in astrophysics, atomic and m
lecular physics, solid state and plasma physics~see Refs.
@4–33#, and references therein!. The majority of the previous
studies were focused on the case of the parallel config
tion, where the angle between the molecular axis and
magnetic-field direction is zero,u50°. The only exception
is Ref. @17#, where a detailed quantitative analysis was p
formed for anyu but for a single magnetic fieldB51 a.u.
Previous studies were based on various numerical te
niques, but the overwhelming majority used different v
sions of the variational method, including the Thomas-Fe
approach. As a rule, in these studies the nuclear motion
separated from the electronic motion using the Bo
Oppenheimer approximation at zero order. At the quant
tive level, the important feature of the H2

1 ion that
magnetic-field growth is always accompanied by an incre
in the total and binding energies, as well as a shrinking of
equilibrium distance was observed. As a consequence, o
led to a striking conclusion about a sharp increase in
probability of nuclear fusion for H2

1 in the presence of a
strong magnetic field@10#.

In the present study we will also use a variational meth
Our considerations will be limited to a study of the 1g state,
which realizes the ground state of the system if the bo
state exists@35#. We will construct state-of-the-art, non
straightforward, ‘‘adequate’’ trial functions consistent with
variationally optimized choice of vector potential. We shou
stress that a proper choice of the form of the vector poten
is one of the crucial points that guarantee the adequacy
reliability of our considerations. In particular, a proper po
tioning of the gauge origin where the vector potential va
ishes is drastically important, especially for large interpro
distances. For the parallel configuration,u50° the present
work can be considered as an extension~and also a develop
ment! of our previous work@24#. It is necessary to emphasiz
that we encounter several unknown physical phenomena
occur when the molecular axis deviates from the magne
field direction. If the magnetic field is sufficiently strong,B
*1011 G, and the inclinationu is larger than a certain criti
cal angle, the H2

1 ion does not exist contrary to a predictio
in Refs. @12,10,26#. This prediction was based on an im
proper gauge dependence of the trial functions which cau
a significant loss of accuracy and finally led to a qualitativ
incorrect result. We find that in the weak field regime t
~ppe! system in the equilibrium position at any inclinatio
the electronic distribution peaks at the positions of the p
tons, while at large magnetic fields the electronic distribut
01250
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is characterized by single peak at the midpoint between
protons. This change from a two-peak to a one-peak confi
ration appears aroundB;1010–1011 G with a slight depen-
dence on the inclination angleu. From a physical point of
view, the former means that the electron prefers to stay in
vicinity of a proton. This can be interpreted as dominance
the H-atom plus proton configuration. The latter situati
implies that the electron is ‘‘shared’’ by both protons a
hence such a separation into H-atom plus proton is ir
evant. Therefore, we can call the two-peak situation ‘‘ioni
coupling, while the one-peak case can be designated as
valent’’ coupling, although this definition differs from tha
widely accepted in textbooks~see, for example, Ref.@34#!.
Thus, we can conclude that a phenomenon appears—a
magnetic field grows, the type of coupling changes fro
ionic to covalent. At large internuclear distances the elect
is always attached to one of the charged centers, so the
pling is ionic.

One particular goal of our study is to investigate a proc
of dissociation of the~ppe! system: H2

1→H1p which ap-
pears with increase of interproton distance. It is clear from
physical point of view that at large distances the electro
distribution should be first of the two-peak type and th
should change at asymptotically large distances to a sin
peak one, but with a peak at the position of one of the p
tons. Somehow this process breaks permutation symm
and we are not aware of any attempt to describe it. In
analysis this phenomenon appears as a consequence
change of position of the gauge origin with increase of int
proton distance.

From the physical point of view it is quite interesting
note how the~ppe! system behaves at very large interprot
distances. This domain is modeled by an H-atom plus pro
interaction. The interaction corresponds to~magnetic-field-
inspired-quadrupole!1charge interaction and is dominan
comparing to the standard Van der Waals force. For sm
inclinations the above interaction is attractive as in the V
der Waals case, but becomesrepulsivefor large inclinations.
This implies that the potential curves approach t
asymptotic value of the total energy at large interproton d
tances from above, in contradistinction to the Van der Wa
case.

The Hamiltonian that describes two infinitely heavy pr
tons and one electron placed in a uniform constant magn
field directed along thez axis,B5(0,0,B), is given by~see,
e.g., Ref.@34#!

H5 p̂21
2

R
2

2

r 1
2

2

r 2
1~ p̂A1Ap̂!1A 2 ~1!

~see Fig. 1 for notations!, wherep̂52 i“ is the momentum,
A is a vector potential that corresponds to the magnetic fi
B. Hence the total energyET of H2

1 is defined as the tota
electronic energy plus the Coulomb energy of proton rep
sion. The binding energy is defined as an affinity to hav
the electron at infinity,Eb5B2ET . The dissociation energy
is defined as an affinity to having a proton at infinity,Ed
5EH2ET , whereEH is the total energy of the hydroge
atom in a magnetic fieldB.
4-2
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Atomic units are used throughout (\5me5e51), albeit
energies are expressed in Rydbergs~Ry!. Sometimes, the
magnetic fieldB is given in a.u. withB052.353109 G @36#.

II. OPTIMIZATION OF THE VECTOR POTENTIAL

It is well known that the vector potential for a given ma
netic field, even in the Coulomb gauge (“•A)50, is defined
ambiguously, up to a gradient of an arbitrary function. T
gives rise to a feature of gauge invariance: the Hermit
Hamiltonian is gauge covariant, while the eigenenergies
other observables are gauge independent. However, sinc
are going to use an approximate method for solving
Schrödinger equation with the Hamiltonian~1!, our approxi-
mation of eigenenergies can well be gauge dependent~only
the exact ones are gauge independent!. Hence one can
choose the form of the vector potential in a certain optim
way. In particular, if the variational method is used, the ve
tor potential can be considered as a variational function
can be chosen by a procedure of minimization.

Let us consider a certain one-parameter family of vec
potentials corresponding to a constant magnetic fieldB
5(0,0,B)

A5B„~j21!y,jx,0…, ~2!

wherej is a parameter, in the Coulomb gauge. The posit
of the gauge centeror gauge origin, whereA(x,y,z)50, is
defined byx5y50, with z arbitrary. For simplicity we fix

FIG. 1. Geometrical setting for the H2
1 ion placed in a magnetic

field directed along thez axis. The protons are situated in they-z
plane at a distanceR from each other and marked by bullets.O is
the origin of coordinates, which is chosen to be on the bold-das
line that connects the protons;O8(0,Y,Z) is the midpoint between
the protons. It is assumed that the gauge center coincides witO.
OO8 measures the distance between the gauge center and the
point between the proton positions@see text and Eq.~4!#.
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z50. If j51/2, we get the well-known and widely use
gauge which is called symmetric or circular. Ifj50 or 1, we
get the asymmetric or Landau gauge~see Ref.@34#!. By sub-
stituting Eq.~2! into Eq. ~1!, we arrive at a Hamiltonian of
the form

H52¹21
2

R
2

2

r 1
2

2

r 2
22iB@~j21!y]x1jx]y#

1B2@j2x21~12j!2y2#, ~3!

whereR is the interproton distance~see Fig. 1!.
It is evident that for small interproton distancesR the

electron prefers to be near the midpoint between the
protons~coherent interaction with the protons!. In the oppo-
site limit, i.e.,R large, the electron is situated near one of t
protons~this is an incoherent situation—the electron sele
and then interacts essentially with one proton!. This fact,
together with naive symmetry arguments, leads us to a n
ral assumption that the gauge center is situated on a
connecting the protons. Therefore the coordinates of the m
point between the protons are

Y5
Rd

2
sinu, Z5

Rd

2
cosu ~4!

~see Fig. 1!, whered is a parameter. Thus, the position of th
gauge center is effectively measured by the parameterd—a
relative distance between the middle of the line connect
the protons and the gauge center. If the midpoint coinci
with the gauge center, thend50. On the other hand, if the
position of a proton coincides with the gauge center, thed
51 or d521. Hence parameterd makes sense as a param
eter characterizing a gauge.

The idea of choosing an optimal~convenient! gauge has
been widely exploited in quantum-field-theory calculation
It has also been discussed in quantum mechanics and
particular, in connection with the present problem. Perha
the first constructive~and remarkable! attempt to realize the
idea of an optimal gauge was made in the 1980s by Lar
@12#. In his variational study of the ground state of the H2

1

molecular ion it was explicitly shown that for a given fixe
trial function the gauge dependence of the energy can
quite significant. Furthermore, even an oversimplified op
mization procedure improves the accuracy of the numer
results@37#.

Our present aim is to study the ground state of Eq.~1! or,
more concretely, Eq.~3!. We propose a different way of op
timizing the vector potential than those discussed by pre
ous authors. It can be easily demonstrated that for a o
electron system there always exists a certain gauge for w
the ground-state eigenfunction is a real function. Let us fi
vector potential in Eq.~1!. Assume that we have solved th
spectral problem exactly and have found the ground-s
eigenfunction. In general, it is a certaincomplexfunction
with a nontrivial, coordinate-dependent phase. Treating
phase as a gauge phase and then gauging it away fin

d

id-
4-3



th
th
r-
e

ge
n
ny

n

y
ity
a
m
a

lt
a
a
o

lm

le
w
tri
th
ria

ri

n-
a
-

xa

re
-
ea
g
on

l
ce
on
W
by

s
f

c
th

low-

all

ned

ke

ctor
ial

of
o
th-
he
u
m
a
l-

as-

i-
e
hen

the
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results in a new vector potential. This vector potential has
property we want—the ground-state eigenfunction of
Hamiltonian ~1! is real. It is obvious that similar conside
ations are valid for any excited state. In general, for a giv
eigenstate there exists a certain gauge in which the ei
function is real. For different eigenstates these gauges ca
different. It is obvious that a similar situation occurs for a
one-electron system in a magnetic field.

Dealing with real trial functions has an immediate adva
tage: the expectation value of the terms proportional toA in
Eq. ~1! @or ;B in Eq. ~3!# vanishes when it is taken over an
real, normalizable function. Thus without loss of general
the term;B in Eq. ~3! can be omitted. Thus, we can use re
trial functions with explicit dependence on the gauge para
etersj and d. These parameters are fixed by performing
variational optimization of the energy. Therefore, as a resu
of the minimization, we find both a variational energy and
gauge for which the ground-state eigenfunction is real,
well as the corresponding Hamiltonian. One can easily sh
that for a system possessing axial~rotational! symmetry@38#
the optimal gauge is the symmetric gaugej51/2 with arbi-
trary d. This is precisely the gauge that has been overwhe
ingly used~without any explanation! in the majority of the
previous research on H2

1 in the parallel configuration
@1–33#. However, this is not the case ifuÞ0°. For the sym-
metric gauge the exact eigenfunction now becomes comp
therefore complex trial functions must be used. But, follo
ing the recipe proposed above, we can avoid complex
functions by adjusting the gauge in such a way that
eigenfunction remains real. This justifies the use of real t
functions. Our results~see Sec. IV! lead to the conclusion
that for the ground state the optimal gauge parameter va
in the jP@0.5,1# interval.

III. CHOOSING TRIAL FUNCTIONS

The choice of trial functions contains two important i
gredients:~i! a search for the gauge leading to the real, ex
ground-state eigenfunction and~ii ! performance of a varia
tional calculation based onreal trial functions. The main
assumption is that a gauge corresponding to a real, e
ground-state eigenfunction is of type~2! ~or somehow is
close to it! @39#. In other words, one can say that we a
looking for a gauge of type~2! which admits the best pos
sible approximation of the ground-state eigenfunction by r
functions. Finally, in regard to our problem, the followin
recipe of variational study is used: As the first step, we c
struct an adequate variational real trial functionC0 @27#, for
which the potentialV05DC0 /C0 reproduces the origina
potential near Coulomb singularities and at large distan
wherej andd would appear as parameters. The trial functi
should support the symmetries of the original problem.
then perform a minimization of the energy functional
treating the free parameters of the trial function andj,d on
the same footing. In particular, such an approach enable
to find theoptimal form of the Hamiltonian as a function o
j,d.

For arbitrary orientation of the magnetic field with respe
to internuclear axis, parity under the permutations of
01250
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charged centers is conserved. In general, we refer to the
est gerade and ungerade states in our study as 1g and 1u .
This is the only unified notation that makes sense for
orientations 0°<u<90°.

The above recipe~for the symmetric gauge wherej
51/2,d50) was successfully applied in a study of the H2

1

ion in a magnetic field for the parallel configurationu50°
@24# and also for general one-electron linear systems alig
along the magnetic field@7#. In particular, this led to the
prediction of the existence of the exotic ions H3

21 at B
*1010 G, and in a linear configuration H4

31 at B*1013 G
@6,7#. Recently this recipe was used for the first time to ma
a detailed study of the spatial configuration H3

21 @8#. It was
demonstrated that inconsistency between the form of ve
potential and a choice of trial functions can lead to nontriv
artifacts such as the existence of spurious bound states~see
Ref. @28#!.

One of the simplest trial functions for the 1g state which
meets the requirements of our criterion of adequacy is

C15e2a1(r 11r 2)e2B[b1xjx21b1y(12j)y2] ~5!

~cf. Refs. @24,26#!, wherea1 , b1x, andb1y are variational
parameters andj is parameter of the gauge~2!. The first
factor in function~5!, being symmetric under interchange
the charge centersr 1↔r 2, corresponds to the product of tw
1s-Coulomb orbitals centered on each proton. This is no
ing but the celebrated Heitler-London approximation for t
ground state 1sg . The second factor is the lowest Landa
orbital corresponding to the vector potential of the for
given in Eq.~2!. Thus function~5! can be considered as
modification of the free field Heitler-London function. Fo
lowing the experience gained in studies of H2

1 without a
magnetic field it is natural to assume that Eq.~5! is adequate
to describe interproton distances near equilibrium. This
sumption will be checked~and eventually confirmed! a pos-
teriori, after making concrete calculations~see Sec. IV!.

Function~5! is an exact eigenfunction in the potential

V15
¹2C1

C1
52a1

222B@b1xj1b1y~12j!#

14B2@b1x
2 j2x21b1y

2 ~12j!2y2#12a1
2~ n̂1•n2̂!

14a1BFb1xjx21b1y~12j!y~y2y1!

r 1

1
b1xjx21b1y~12j!y~y2y2!

r 2
G22a1F 1

r 1
1

1

r 2
G ,

wherey1,2 are they coordinates of protons~see Fig. 1!. The
potentialV1 reproduces the functional behavior of the orig
nal potential~3! near Coulombic singularities and at larg
distances. These singularities are reproduced exactly w
b1x5b1y51/2 anda151.

One can construct another trial function that meets
requirements of our criterion of adequacy as well,
4-4
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C25~e2a2r 11e2a2r 2!e2B[b2xjx21b2y(12j)y2] ~6!

~cf. Refs. @24,26#!. This is the celebrated Hund-Mullike
function of the free field case multiplied by the lowest La
dau orbital, wherea2 , b2x , andb2y are variational param
eters. From a physical point of view this function has
describe the interaction between a hydrogen atom and a
ton ~charge center!, and, in particular, models the possib
dissociation mode of H2

1 into a hydrogen atom plus proton
Thus, one can naturally expect that for sufficiently large
ternuclear distancesR this function prevails, giving a domi
nant contribution. Again this assumption will be checkeda
posteriori, by concrete calculations~see Sec. IV!.

There are two natural ways to incorporate the behavio
the system in both regimes—near equilibrium and at la
distances—into a single trial function. This is to make a l
ear or a nonlinear interpolation. The linear interpolation
given by a linear superposition

C3a5A1C11A2C2 , ~7!

whereA1 or A2 are parameters and one of them is kept fix
by the normalization condition. In turn the simplest nonline
interpolation is of the form

C3b5~e2a3r 12a4r 21e2a3r 22a4r 1!e2B[b3xjx21b3y(12j)y2]

~8!

~cf. Refs.@24,26#!, wherea3 , a4 , b3x , andb3y are varia-
tional parameters. This is a Guillemin-Zener function for t
free field case multiplied by the lowest Landau orbital.
a35a4, function~8! coincides with Eq.~5!. If a450, func-
tion ~8! coincides with Eq.~6!.

The most general ansatz is a linear superposition of
trial functions~7! and ~8!,

C5A1C11A2C21A3C3b , ~9!

where we fix one of theA’s and let all the other paramete
vary. Finally, the total number of variational parameters
Eq. ~9!, includingR,j,d, is 15 for the ground state. For th
parallel configuration,u50°, the parametersj50.5,d50
are fixed in advance and alsob1x5b1y ,b2x5b2y ,b3x
5b3y . Hence the number of free parameters is reduced
ten for the ground state. Finally, with function~9! we intend
to describe the ground state forall magnetic fields where
nonrelativistic considerations are valid,B<4.41431013 G,
and forall orientations of the molecular axis.

Calculations were performed using the minimizati
packageMINUIT from CERN-LIB. Numerical integrations
were carried out with a relative accuracy of;1027 by use of
the adaptive NAG-LIB~D01FCF! routine. All calculations
were performed on a PC Pentium-III 800 MHz.

IV. RESULTS

We carry out a variational study of the~ppe! system with
infinitely heavy protons in the range of magnetic fields
,B,4.41431013 G, inclinations 0° –90°, for a wide rang
of interproton distances. For magnetic fieldsB,1011 G the
01250
ro-

-

f
e
-
s

d
r

e

to

system displays a well-pronounced minimum in the total
ergy at all inclinations. However, for B.1011 G at large
inclinations the minimum in the total energy disappea
while for small inclinations a minimum continues to exis
This picture describes the domain of existence of the m
lecular H2

1 ion. In general we confirm a qualitative result b
Khersonskij @10# about thenonexistenceof a minimum at
finite distances on the total-energy surfaces of the~ppe! sys-
tem at sufficiently strong magnetic fields for some far fro
parallel orientations. It is worth mentioning that the vari
tional study in Ref.@10# was carried out with a trial function
somewhat similar to that of Eq.~6!, which, however, does
not fully fulfill our criterion of adequacy. The potential co
responding to this function correctly reproduces the origi
potential near Coulomb singularities and;r2 growth at
large distances. However, it generates growing terms;r,
which implies a reduction of the rate of convergence o
perturbation theory for which the variational energy rep
sents the first two terms~see the discussion in Ref.@27#!.
Also, this trial function is not satisfactory from the point o
view of gauge invariance. However, in spite of all the abov
mentioned deficiencies it led to a qualitatively correct p
ture.

In Figs. 2–5 the total energyET of the ~ppe! system as a
function of interproton distanceR for several values of the
magnetic-field strength and different values of the inclinat
u is shown. For magnetic fieldsB&1011 G and for all incli-
nations 0° –90°, each plot displays a well-pronounced m
mum atR5Req , manifesting the existence of the molecul
system H2

1 . For B51 a.u. andR&3.5 a.u.~see Fig. 2! our
results are similar to the results of Refs.@15,17#—for fixed R
the potential energyET grows with inclination. In general, a
largeR.Req and foru.0° all the curves behave alike: the
have a maximumR5Rmax and then tend~from above! to the
total energy of the hydrogen atom. The position of the ma
mum moves to larger distances with a decrease of the in
nation. EventuallyRmax tends to infinity at small inclina-
tions. For u50° all potential curves approach to the
asymptotic values from below, displaying, in general, a b
havior similar to the field-free case, i.e., to Van der Waa
force-inspired behavior. This behavior is related to the f
that at largeR the configuration H-atom1proton appears.
The H atom has quadrupole moment,Q;B2 ~see Refs.
@27,31–33#!. Hence at large distances the total energy
dominated by a quadrupole-charge interaction and the lo
range expansion has the form

ET52
eQ~B!P2~cosu!

R3
2

aH~B!

2R4
1•••, ~10!

whereP2 is the second Legendre polynomial. In principl
the polarizability of the H atom by the proton,aH , can de-
pend on the magnetic field, but we are not aware of suc
study. Using these two terms in Eq.~10! in order to describe
the behavior of the potential curves in Figs. 2–5, one c
extract information aboutaH(B). At small inclinations
P2(cosu) is positive, the total energy is negative, thus co
responding to attraction between the quadrupole and
4-5
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charge. Therefore, the total-energy curve approaches to
asymptotics from below. For large inclinations,P2(cosu) is
negative and the total energy is positive. Thus, this co
sponds to repulsion between quadrupole and charge, and
plies an existence of maximum of the total energy for la
interproton distancesR.Req . We observe the maximum in
all Figs. 2–5. It is worth mentioning that in the calculatio
@15,17# for B51 a.u. andu590° ~and other inclinations! the
maximum was not observed in contradiction to our pred
tions ~see Fig. 2 and also below Fig. 9!. Looking at Fig. 2 it
is interesting to compare a rate with which potential curv
are approaching to the asymptotic total energy at largeR.
This asymptotic energy is equal to the total energy of
hydrogen atom,EH520.6623 Ry, whileET

u50°(R58 a.u.)
520.6647 ~from below!, ET

u545°(R58 a.u.)520.6576
~from above!, ET

u590°(R58 a.u.)520.6620 ~from above!.
Thus, any deviation does not exceed 1%. There exis
different manner of viewing these results. It can be treate
a demonstration of the quality of our trial function~9! but for
the calculation of the total energy of the atom.

However, the situation is drastically different forB
.1011 G, see Figs. 4 and 5. There exists a certain criti

FIG. 2. Total energyET in rydbergs of the~ppe! system as a
function of interproton distanceR for different inclinations atB
52.35053109 G (1 a.u.).

FIG. 3. Total energyET in rydbergs of the~ppe! system as a
function of interproton distanceR for different inclinations atB
51011 G.
01250
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angleucr , such that foru,ucr the situation remains simila
to that given above—each potential curve is characterized
a well-pronounced minimum at finiteR. With increase of the
inclination, atu*ucr the minimum in the total energy firs
becomes very shallow withET.EH and ceases to exist at al
We were unable to localize with confidence the domain inR
which corresponds to a shallow minimum which leads to
possible dissociation H2

1→H1p that was predicted in Ref
@12# as well as in our previous work@26#. We consider that
the prediction of dissociation for large inclinations emerg
as an artifact of an improper choice of the gauge fixing~see
the discussion above!. A detailed study of the transition do
main ~existence↔nonexistence! of H2

1 is beyond the scope
of the present paper. In any case, such a study requires m
more accurate quantitative techniques as well as a soph
cated qualitative analysis. Schematically the situation is
lustrated in Fig. 6.

It is quite interesting to explore the variation of the vect
potential ~2! for uÞ0°, in particular the position of the

FIG. 4. Total energyET in rydbergs of the~ppe! system as a
function of interproton distanceR for different inclinations atB
51012 G. The result of Wille@15# is shown by a bullet~see text!.

FIG. 5. Total energyET in rydbergs of the~ppe! system as
a function of interproton distanceR for different inclinations at
B51013 G. Plots for u545°, 60°, 90° consist of two parts:~i!
~solid line!, d kept fixed, d50 ~gauge center coincides with th
midpoint between the protons! which displays a minimum; and~ii !
the dotted line is the result of minimization when the parameterd is
released.
4-6
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H2
1 MOLECULAR ION IN A STRONG MAGNETIC . . . PHYSICAL REVIEW A 68, 012504 ~2003!
gauge center as a function of interproton distanceR and
magnetic field@40#. In Figs. 7~a! and 7~b! for B51 a.u. and
Figs. 8~a! and 8~b! for 1012 G, correspondingly, both thej
andd dependences are presented@see Eq.~2! and discussion
in Sec. III#. This dependence is very similar for all magne
fields studied. It is worth emphasizing that for all the pote
tial curves given, the minimum~in other words, the equilib-
rium position! at R5Req somehow corresponds to a gau
close to the symmetric gauge:j*1/2 @41# and Y5Z50(d
50). A similar situation holds for small interproton dis
tances,R,Req . However, for largeR, R.Req the param-
eterj grows smoothly, reaching a maximum near the ma
mum of the potential curve which we denote byR5Rcr . It
then falls sharply to the valuej;1/2. In turn, parameterd
remains equal to 0 up toR5Rcr ~which means the gaug
center coincides with the midpoint between protons!, then
sharply jumps to 1~gauge center coincides with the positio
of a proton!, displaying a behavior similar to a phase tran
tion. It is indeed a type ofphase-transitionbehavior stem-
ming from symmetry breaking: from the domainR,Rcr ,
where the permutation symmetry of the protons holds
where the protons are indistinguishable, to the domainR
.Rcr , where this symmetry does not exist and the elect
is attached to one particular proton. Such a type of ‘‘ph
transitions’’ is typical in chemistry and is called a ‘‘chemic
reaction.’’ Hence the parameterRcr characterizes a distanc
at which the chemical reaction H2

1→H1p starts. Some-
what similar behavior of the gauge parameters has appe
in the study of the exotic H3

21 ion @8#.
In Figs. 9 and 10 the behavior of the equilibrium distan

Req , the position of the maximumRmax in the potential
curves~see, for example, Figs. 2–5!, andRcr ~see Figs. 7 and
8! vs inclination at B51 a.u. and 1012 G are displayed.
The calculations were performed for inclinations 0°, 5°, 1
30°, 45°, 60°, 75°, 85, and 90°. For both magnetic fields
behavior ofReq vs u demonstrates almost no dependence
u in contrast to bothRmax and Rcr which sharply decreas

FIG. 6. H2
1 ion: domains of existence↔nonexistence for the 1g

state. The region filled by hatch marks illustrates the domain wh
the energy of the lowest rovibrational level is above the bar
and/or above the H1p asymptotic energy.
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with the growth ofu. When inclination tends to zeroRmax
grows, corresponding eventually to the absence of a m
mum atu50°. Similar behavior ofRmax is observed for all
studied magnetic fields. It is worth mentioning that atB
51 a.u. for almost all inclinationsRcr practically coincides
with Rmax. We do not have a reliable physical explanation
this behavior.

The total-energy dependence of H2
1 ~at R5Req) as a

function of the inclination angleu for different magnetic
fields is shown in Fig. 11. The dotted line corresponds to
H-atom total energy in the corresponding magnetic field. F
weak magnetic fields the hydrogen-atom total energy is
ways higher than that of the H2

1 ion. However, forB*2
31011 G the situation changes—a minimum of the H2

1 total
energy for anglesu.ucr does not exist any more. Surpris
ingly, ucr corresponds approximately to the moment wh
the total energy of the H atom becomes equal to the t
energy of the H2

1 ion. If the form of the vector potential~2!
is kept fixed withj51/2 andY5Z50 (d50), then a spu-
rious minimum appears; its position is displayed by the d
ted curve. However, if the gauge center parameters are
leased this minimum disappears~see the discussion above!.
This was the underlying reason for the erroneous statem
about the existence of the unstable H2

1 ion in this domain
with a possible dissociation H2

1→H1p ~see Ref.@26#!. For
all magnetic fields studied the total energy is minimal atu

re
r

FIG. 7. ~a! The dependence ofd vs R at B51 a.u. for different
inclinations,uÞ0°. ~b! The dependence ofj vs R at B51 a.u. for
different inclinations,uÞ0°.
4-7
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A. V. TURBINER AND J. C. LÓPEZ VIEYRA PHYSICAL REVIEW A 68, 012504 ~2003!
50° ~parallel configuration! and then increases monoton
cally with inclination in complete agreement with the sta
ments of other authors@10,12,15,17#.

In a similar way the binding energyEb5B2ET , as well
as the dissociation energy~affinity to a hydrogen atom! Ed
5EH2ET as a function ofu always decreases when chan
ing from the parallel to the perpendicular configuration~see
Fig. 11!. Such behavior holds for all values of the magnet

FIG. 8. ~a! The dependence ofd vs R at B51012 G for different
inclinations,uÞ0°. ~b! The dependence ofj vs R at B51012 G for
different inclinations,uÞ0°.

FIG. 9. The dependence ofRcrit and the position of the maxi
mum Rmax compared to the equilibrium positionReq at B51 a.u.
for different inclinationsu.
01250
-

-

field strength studied. Thus we can draw the conclusion
the molecular ion becomes less and less stable monotoni
as a function of the inclination angle. This confirms the sta
ment made in Refs.@10,12,15,17# that the highest molecula
stability of the 1g state of H2

1 occurs for the parallel con
figuration. Thus, the H2

1 molecular ion is the most stable i
parallel configuration.

We extend the validity of this statement to magnetic-fie
strengths 1013,B&4.41431013 G. It is worth emphasizing
that the rate of increase of binding energyEb with magnetic-
field growth depends on the inclination—it slows down wi
increasing inclination. This effect implies that the H2

1 ion in
the parallel configuration becomes more and more sta
against rotations—the energy of the lowest rotational s
increases rapidly with magnetic field~see Table V below and
the discussion there!.

Regarding the interproton equilibrium distanceReq , one
would naively expect that it would always decrease with
clination ~see Fig. 12!. Indeed, for all the magnetic field
studied we observe thatReq at u50° is larger than for any
uÞ0° ~see below, Tables I–III!. This can be explained as
natural consequence of the much more drastic shrinking
the electronic cloud in the direction transverse to the m
netic field than in the longitudinal direction. Actually, fo
magnetic fieldsB&1012 G the equilibrium distanceReq de-
creases monotonically with inclination growth until
reachesucr , as seen in Fig. 12. As mentioned above, if t
parameters of the vector potential~2! are kept fixed,j51/2
andY5Z50(d50), a spurious minimum appears and ge
erates anomalous~spurious! Req behavior for u.ucr ~see
Ref. @26#!.

In Tables I, II, and III the numerical results for the tot
energyET , binding energyEb , and equilibrium distanceReq
are displayed foru50°, 45°, and 90°, respectively. As see
in Table I, our results foru50° lead to the largest binding
energies forB.1011 G in comparison with previous calcu
lations. ForB&1011 G, our binding energies for the paralle
configuration appear to be very close~of the order of
&1024–1025 in relative deviation! to the variational results
of Wille @15#, which are the most accurate so far in th
region of magnetic-field strengths@42#. His results are based
on the use of a trial function in the form of a linear superp

FIG. 10. The dependence ofRcrit and the position of the maxi-
mum Rmax compared to the equilibrium positionReq at B
51012 G for different inclinationsu.
4-8
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FIG. 11. H2
1 total energyET for the ground state 1g at equilibriumR5Req as a function of the inclination angleu for different magnetic

fields. The dotted lines correspond to the H-atom total energy taken from Ref.@22#. The dashed lines describe a total energy correspond
to a spurious minimum~see discussion in the text!.
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sition of ;500 Hylleraas-type functions. It is quite strikin
that our simple trial function~8! with ten variational param-
eters gives comparable~for B&1011 G) or even better~for
B.1011 G) accuracy. It is important to discuss the reas
why the trial function@15# fails to be increasingly inaccurat
with magnetic-field growth forB.1011 G. An explanation
of this inaccuracy is related to the fact that in the (x,y)
directions the exact wave function decays asymptotically
a Gaussian function, unlike the Hylleraas functions that
cay as the exponential of a linear function. The poten
01250
n

s
-
l

corresponding to the function@15# reproduces correctly the
original potential near Coulomb singularities but fails to r
produce;r2 growth at large distances. This implies a ze
radius of convergence of the perturbation theory for wh
the variational energy represents the first two terms~see the
discussion in Ref.@27#!.

The results foru545° are shown in Table II, where
gradual shortening of the equilibrium distance is accom
nied by an increase of total and binding energies with m
netic field. It is worth noting that parameterj evolves from
4-9
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FIG. 12. H2
1 equilibrium distance as a function of the inclination angleu for the 1g state. The dashed lines describe the position o

spurious minimum~see discussion in the text and Fig. 11!.
in
m
a

-

ra
c-

th
n

ns
re-

ery
mi-

t

H

ion
about 0.5 to 0.93 with magnetic-field growth, thus chang
from the symmetric gauge for weak fields to an almost asy
metric one for strong ones. This phenomenon occurs for
orientations 0,u,ucr , becoming more and more pro
nounced with increasing inclination angle~see below!. We
are unaware of any other calculations foru545° to compare
ours with.

For the perpendicular configurationu590°, the results
are presented in Table III. Similar to the parallel configu
tion case~see above!, our results are again slightly less a
curate than those of Wille@15# for B&1010 G, but become
the most accurate results for stronger fields. In particular,
indicates that the domain of applicability of a trial functio
01250
g
-
ll

-

is

in the form of a superposition of Hylleraas type functio
becomes smaller as the inclination grows. The results
ported by Larsen@12# and by Kappes and Schmelcher@17#
are slightly worse than ours, although the difference is v
small. The evolution of the gauge parameters follows a si
lar trend, as was observed atu545°. In particular,j varies
from 0.64 to 0.98 with magnetic-field growth fromB
5109 G to B;231011 G @43#. We should emphasize tha
the results of Larsen@12# and Wille @15# for B.1011 G do
not seem relevant because of loss of accuracy, since the2

1

ion does not exist in this region.
In order to characterize the electronic distribution of H2

1

for different orientations we have calculated the expectat
4-10
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TABLE I. Total energyET , binding energyEb , and equilibrium distanceReq for the state 1g in the
parallel configuration,u50°.

B ET ~Ry! Eb ~Ry! Req ~a.u.!

B50 21.20525 1.20525 1.9971 Presenta

21.20527 1.997 Wille@15#

109 G 21.15070 1.57623 1.924 Present
21.15072 1.57625 1.924 Wille@15#

1 a.u. 20.94991 1.94991 1.752 Present
1.9498 1.752 Larsen@12#

20.94642 1.94642 1.76 Kappes and Schmelcher@17#

1010 G 1.09044 3.16488 1.246 Present
1.09031 3.16502 1.246 Wille@15#

10 a.u. 5.65024 4.34976 0.957 Present
4.35 0.950 Wille@15#

4.35 0.958 Larsen@12#

4.3346 0.950 Vincke and Baye@13#

1011 G 35.0434 7.50975 0.593 Present
35.0428 7.5104 0.593 Wille@15#

7.34559 0.61 Laiet al. @22#

100 a.u. 89.7090 10.2904 0.448 Present
10.2892 0.446 Wille@15#

10.1577 0.455 Wunneret al. @25#

10.270 0.448 Larsen@12#

10.2778 0.446 Vincke and Baye@13#

1012 G 408.3894 17.1425 0.283 Present
17.0588 0.28 Laiet al. @22#

408.566 16.966 0.278 Wille@15#

1000 a.u 977.2219 22.7781 0.220 Present
21.6688 0.219 Wille@15#

22.7069 0.221 Wunneret al. @25#

22.67 0.222 Larsen@12#

22.7694 0.219 Vincke and Baye@13#

1013 G 4219.565 35.7539 0.147 Present
4231.82 23.52 0.125 Wille@15#

35.74 0.15 Laiet al. @22#

4.41431013 G 18728.48 54.4992 0.101 Present

aThis value is taken from Ref.@24#, where the variational method with the same trial function was used
ally
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TABLE II. Total energyET , binding energyEb , and equilib-
rium distanceReq for the 1g state atu545°. The optimal value of
the gauge parameterj is given andd50 is assumed~see text!.

B ET ~Ry! Eb ~Ry! Req ~a.u.! j

109 G 21.14248 1.56801 1.891 0.5806
1 a.u. 20.918494 1.918494 1.667 0.5855
1010 G 1.26195 2.99337 1.103 0.5958
10 a.u. 6.02330 3.97670 0.812 0.6044
1011 G 36.15633 6.39686 0.466 0.6252
100 a.u. 91.70480 8.29520 0.337 0.642
1012 G 413.2987 12.2332 0.198 0.6890
1000 a.u. 985.1956 14.8044 0.147 0.715
01250
values of the transversêr& and longitudinal̂ uzu& sizes of
the electronic cloud~see Table IV!. Their ratio is always
limited,

^r&

^uzu&
,1,

and quickly decreases with magnetic-field growth, especi
for small inclination angles. This reflects the fact that t
electronic cloud has a more and more pronounced needle
form oriented along the magnetic line, as was predicted
the classical papers@1,2#. The behavior of̂ r& itself does not
display any unusual properties, smoothly decreasing w
magnetic field, quickly approaching the cyclotron radius
4-11
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TABLE III. Total energyET , binding energyEb , and the equilibrium distanceReq for the 1g state in the
perpendicular configuration,u590°. The optimal value of the gauge parameterj is presented andd is kept
fixed, d50 ~see text!. We emphasize that the calculations carried out in Refs.@15# and @12# for magnetic
fields 1012 G and 1000 a.u., correspondingly, make no sense since the bound state of the~ppe! system does
exist ~see discussion in the text!.

B ET ~Ry! Eb ~Ry! Req ~a.u.! j

109 G 21.137342 1.56287 1.875 0.6380 Present
1.56384 1.879 Wille@15#

1 a.u. 20.89911 1.89911 1.635 0.6455 Present
1.8988 1.634 Larsen@12#

20.89774 1.8977 1.65 Kappes and Schmelcher@17#

1010 G 1.36207 2.89324 1.059 0.6621 Present
2.8992 1.067 Wille@15#

10 a.u. 6.23170 3.76830 0.772 0.6752 Present
3.7620 0.772 Larsen@12#

1011 G 36.7687 5.78445 0.442 0.7063 Present
5.6818 0.428 Wille@15#

100 a.u. 92.7346 7.26543 0.320 0.7329 Present
7.229 0.320 Larsen@12#

1012 G Present
4.558 0.148 Wille@15#

1000 a.u. Present
11.58 0.1578 Larsen@12#
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small inclinations and large magnetic fields. In turn,^uzu&
monotonically decreases with inclination growth.

As already mentioned, the results of our analysis of
parallel configuration of H2

1 turned out to be optimal for al
magnetic fields studied, being characterized by the sma
total energy. Therefore, it makes sense to study the low
vibrational and also the lowest rotational state~see Table V!.
In order to do this we separate the nuclear motion along
molecular axis near equilibrium in the parallel configurati
~vibrational motion! and deviation inu of the molecular axis
from u50° ~rotational motion!. The vicinity of the mini-

TABLE IV. The 1g state: expectation values of the transve
^r& and longitudinal̂ uzu& sizes of the electron distribution for th
H2

1 ion in a.u. at different orientations and magnetic-fie
strengths. Atu50° the expectation valuêr& almost coincides with
the cyclotron radius of the electron.

B ^r& ^uzu&
0° 45° 90° 0° 45° 90°

109 G 0.909 1.002 1.084 1.666 1.440 1.18
1 a.u. 0.801 0.866 0.929 1.534 1.313 1.09
1010 G 0.511 0.538 0.569 1.144 0.972 0.84
10 a.u. 0.359 0.375 0.396 0.918 0.787 0.70
1011 G 0.185 0.193 0.205 0.624 0.542 0.51
100 a.u. 0.123 0.129 0.139 0.499 0.443 0.43
1012 G 0.060 0.065 0.351 0.324
1000 a.u. 0.039 0.043 0.289 0.275
1013 G 0.019 0.215
4.41431013 G 0.009 0.164
01250
e

st
st

e

mum of the potential surfaceE(u,R) at u50°,R5Req is
approximated by a quadratic potential, and hence we ar
at a two-dimensional harmonic-oscillator problem in t
(R,u) plane. Corresponding curvatures near the minim
define the vibrational and rotational energies~for precise
definitions and discussion see, for example, Ref.@12#!. We
did not carry out a detailed numerical analysis, making o
rough estimates of the order of 20%. For example, aB
51012 G we obtain Ev ib50.276 Ry in comparison with
Ev ib50.259 Ry given in Ref.@7#, where a detailed varia
tional analysis of the potential electronic curves was p
formed. Our estimates for the energyEv ib of the lowest vi-
brational state are in reasonable agreement with prev
studies. In particular, we confirm a general trend of a cons
erable increase of vibrational frequency with the growth oB
indicated for the first time by Larsen@12#. The dependence
of the energy on magnetic field is much more pronounced
the lowest rotational state—it grows much faster than
vibrational one with magnetic field increase. This impli
that the H2

1 ion in the parallel configuration becomes mo
stable for larger magnetic fields~see the discussion above!.
From a quantitative point of view, the results obtained
different authors are not in good agreement. It is worth m
tioning that our results agree for large magnetic fie
*10 a.u. with the results of Le Guillou and Zinn-Justin@16#,
obtained in the framework of the so-called ‘‘improved sta
approximation,’’ but deviate drastically atB51 a.u., being
quite close to the results of Larsen@12# and Wille @14#. As
for the energy of the lowest rotational state, our results ar
good agreement with those obtained by other authors~see
Table V!.
4-12
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TABLE V. Energies of the lowest vibrational (Ev ib) and rotational (Erot) electronic states associated wi
the 1g state atu50°. The indices in Le Guillou and Zinn-Justin@16# are assigned to the ‘‘improved adiabat
approximation’’~a! and to the ‘‘improved static approximation’’~b!.

B ET ~Ry! Ev ib ~Ry! Erot ~Ry!

109 G 21.15070 0.013 0.0053 Present
0.011 0.0038 Wille@14#

1 a.u. 20.94991 0.015 0.0110 Present
0.0086 Wille@14#

0.014 0.0091 Larsen@12#

0.013 Le Guillou and Zinn-Justin~a! @16#

0.014 0.0238 Le Guillou and Zinn-Justin~b! @16#

1010 G 1.09044 0.028 0.0408 Present
0.026 0.0308 Wille@14#

10 a.u. 5.65024 0.045 0.0790 Present
0.040 0.133 Larsen@12#

0.039 Le Guillou and Zinn-Justin~a! @16#

0.040 0.0844 Le Guillou and Zinn-Justin~b! @16#

1011 G 35.0434 0.087 0.2151 Present
100 a.u. 89.7096 0.133 0.4128 Present

0.141 0.365 Larsen@12#

0.13 Wunneret al. @25#

0.128 Le Guillou and Zinn-Justin~a! @16#

0.132 0.410 Le Guillou and Zinn-Justin~b! @16#

1012 G 408.389 0.276 1.0926 Present
0.198 1.0375 Khersonskij@11#

1000 a.u. 977.222 0.402 1.9273 Present
0.38 1.77 Larsen@12#

0.39 Wunneret al. @25#

0.366 Le Guillou and Zinn-Justin~a! @16#

0.388 1.916 Le Guillou and Zinn-Justin~b! @16#

1013 G 4219.565 0.717 4.875 Present
0.592 6.890 Khersonskij@11#

4.41431013 G 18728.48 1.249 12.065 Present
s

om

n

ns
k

ig
co
a-

e
e
a

ni

ost
is

ll
-

re
r
ly

For
et-
his

.

m

c-
he

eral
ults
In Fig. 13 we show the electronic distribution
*dyuc(x,y,z)u2 for magnetic fields 109,1010,1011,1012 G
and different orientations for H2

1 in the equilibrium configu-
ration, R5Req . It was already found explicitly@24# that at
u50° with magnetic field increase there is a change fr
ionic ~two-peak electronic distribution! to covalent coupling
~one-peak distribution!. We find that a similar phenomeno
holds for all inclinations. If forB5109 G, all electronic dis-
tributions are characterized by two peaks for all inclinatio
then forB51012 G all distributions have a single sharp pea
The ‘‘sharpness’’ of the peak grows with magnetic field. F
ure 13 also demonstrates how the change of the type of
pling appears for different inclinations—for larger inclin
tions a transition ~two peak!s↔~one peak! appears for
smaller magnetic fields. It seems natural that for the perp
dicular configurationu590°, where the equilibrium distanc
is the smallest, this change appears for even smaller m
netic field.

In Figs. 14–18 we present the evolution of the electro
distributions as a function of interproton distanceR, for in-
clinations0°,45° atB51 a.u. and 1012 G together with the
R dependence for the inclination 90° atB51 a.u. The values
01250
,
.
-
u-

n-

g-

c

of the magnetic fields are chosen to illustrate in the m
explicit way the situation. In all figures a similar picture
seen: namely, at not very large magnetic fieldsB&1011 G
and for all inclinations, the electronic distribution at sma
R,Rcr is permutationally symmetric and evolves with in
crease ofR from a one-peak to a two-peak picture with mo
and more clearly pronounced separated peaks. Then foR
5Rcr this symmetry is broken and the electron random
chooses one of protons and prefers to stay in its vicinity.
R@Rcr the electronic distribution becomes totally asymm
ric, the electron looses its memory of the second proton. T
signals that the chemical reaction H2

1→H1p has happened
For larger magnetic fieldsB*1011 G for R,Rcr the elec-
tronic distribution is always single-peaked, a transition fro
a one-peak to a two-peak picture occurs forR.Rcr , where
the electronic distribution is already asymmetric.

To complete the study of the 1g state, we show in Fig. 19
the behavior of the variational parameters of the trial fun
tion ~9! as a function of the magnetic-field strength for t
optimal ~parallel! configuration,u50°. In general, the be-
havior of the parameters is rather smooth andvery slowly
changing, even though the magnetic field changes by sev
orders of magnitude. This is in sharp contrast with the res
4-13
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FIG. 13. Electronic distributions*dyuc(x,y,z)u2 ~normalized to one! for the 1g state of H2
1 ~equilibrium configuration! for different

magnetic fields and inclinations.
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of Kappes and Schmelcher@18# ~see Fig. 1 in this paper!. In
our opinion such behavior of the parameters of our trial fu
tion ~9! reflects the level of adequacy~or, in other words,
indicates the quality! of the trial function. In practice, the
parameters can be approximated by the spline method
then can be used to study magnetic-field strengths other
those presented here.
01250
-
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V. CONCLUSION

We have carried out an accurate, nonrelativistic calcu
tion in the Born-Oppenheimer approximation for the lowe
state of the H2

1 molecular ion for different orientations o
magnetic field with respect to the molecular axis. We stud
constant uniform magnetic fields ranging fromB5109 G to
4-14
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1 MOLECULAR ION IN A STRONG MAGNETIC . . . PHYSICAL REVIEW A 68, 012504 ~2003!
FIG. 14. Evolution of the electronic distribution
*dyuc(x,y,z)u2 ~normalized to one! and their contours for the 1g

state of the~ppe! system with interproton distance forB51 a.u.,
u50°.
01250
FIG. 15. Evolution of the electronic distribution
*dyuc(x,y,z)u2 ~normalized to one! and their contours for the 1g

state of the~ppe! system with interproton distance forB51 a.u.,
u545°.
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A. V. TURBINER AND J. C. LÓPEZ VIEYRA PHYSICAL REVIEW A 68, 012504 ~2003!
FIG. 16. Evolution of the electronic distribution
*dyuc(x,y,z)u2 ~normalized to one! and their contours for the 1g

state of the~ppe! system with interproton distance forB51 a.u.,
u590°.
01250
FIG. 17. Evolution of the electronic distribution
*dyuc(x,y,z)u2 ~normalized to one! and their contours for the 1g

state of the~ppe! system with interproton distance forB51012 G,
u50°.
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FIG. 18. Evolution of the electronic distribution
*dyuc(x,y,z)u2 ~normalized to one! and their contours for the 1g

state of the~ppe! system with interproton distance forB51012 G,
u545°.
01250
FIG. 19. Variational parameters of the trial function~9! as a
function of the magnetic-field strengthB for the 1g state in the
parallel configuration,u50°. In this caseb15b1x/25b1y/2, b2

5b2x/25b2y/2, b35b3x/25b3y/2 @see Eqs.~5!, ~6!, and ~8!, cf.
Ref. @24##. The parameterA3 is fixed to be 1, andj51/2,d50 ~see
text!. The error bars correspond to the relative deviation in
variational energy in the regionDET[ET /Evar&1025.
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A. V. TURBINER AND J. C. LÓPEZ VIEYRA PHYSICAL REVIEW A 68, 012504 ~2003!
B54.41431013 G, where nonrelativistic consideration
hold, although our method can be naturally applied to stu
the domainB,109 G.

For all magnetic fields studied there exists a region
inclinations for which a well-pronounced minimum in th
total energy surface for the 1g state of the~ppe! system is
found. This shows the existence of the H2

1 molecular ion for
magnetic fieldsB50 –4.41431013 G. The smallest total en
ergy is always found to correspond to the parallel configu
tion, u50°, where the protons are situated along the m
netic line. The total energy increases, while the bind
energy decreases monotonically as the inclination an
grows. The rate of total-energy increase as well as bind
energy decrease is always seen to be maximal for the par
configuration. The equilibrium distance exhibits quite natu
behavior as a function of the orientation angleu—for fixed
magnetic field, shorter equilibrium distance always cor
sponds to largeru.

Confirming the qualitative observations made by Kh
sonskij@10# for the 1g state in contrast to statements in Re
@12,15#, we accurately demonstrate that the H2

1 ion does not
exist in a certain range of orientations for magnetic fie
B*231011 G. As the magnetic field increases, the region
inclinations where H2

1 does not exist is seen to broade
reaching a rather large domain 25°&u<90° for B54.414
31013 G.

We find that the electronic distributions for H2
1 in the

equilibrium position are qualitatively different for weak an
large magnetic fields. In theB,1010 G domain the elec-
tronic distribution for any inclination has a two-peak form
peaking near the position of each proton. On the contrary,
B.1011 G the electronic distribution always has a sing
peak form with the peak near the midpoint between the p
01250
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-
-

g
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g-
llel
l

-

-
.

s
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r
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tons for any inclination. This implies a physically differen
structure for the ground state—for weak fields the grou
state can be modeled as a ‘‘superposition’’ of the hydrog
atom and proton, while for strong fields such modeling is n
appropriate.

Unlike standard potential curves for molecular systems
the field-free case, we observe foru.0° that each curve ha
a maximum and approaches the asymptotes atR→` from
above. The electronic distribution evolves withR from a one-
peak form at smallR to a two-peak one at largeR. There
exists a certain criticalRcr at which one of the peaks starts
diminish, manifesting a breaking of permutation symme
between the protons and simultaneously the beginning of
chemical reaction H2

1→H1p.
Combining all the above-mentioned observations,

conclude that for magnetic fields of the order of magnitu
B;1011 G some qualitative changes in the behavior of t
H2

1 ion take place. The behavior of the variational para
eters also favors this conclusion. This hints at the appeara
of a new scale in the problem.
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