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H,™ molecular ion in a strong magnetic field: Ground state
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A detailed quantitative analysis of the system of two protons and one eldpernplaced in magnetic field
ranging from 18—4.414x 10'% G is presented. The present study is focused on the question of the existence of
the molecular ion B in a magnetic field. A variational method with an optimization of the form of the vector
potential (optimal gauge fixing is used as a tool. It is shown that in the domain of applicability of the
nonrelativistic approximation th@pe system in the Born-Oppenheimer approximation has a well-pronounced
minimum in the total energy at a finite interproton distanceBer10'* G, thus manifesting the existence of
H,". For B=10" G and large inclinationgof the molecular axis with respect to the magnetic )litiee
minimum disappears and hence the molecular iofi ldoes not exist. It is shown that the most stable
configuration of H* always corresponds to protons situated along the magnetic line. With magnetic field
growth the H* ion becomes more and more tightly bound and compact, and the electronic distribution evolves
from a two-peak to a one-peak pattern. The domain of inclinations where theidd exists reduces with
magnetic field increase and finally becomes 0°—25Bat4.414x 10" G. Phase-transition-type behavior of
variational parameters for some interproton distances related to the beginning of the chemical reaction
H,*«H+p is found.
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[. INTRODUCTION guasi-one-dimensiondR]. It is obvious that the phenom-
enon of quasi-one-dimensionality enhances the stability of
Many years have passed since the day when theoreticgfandard atomic and molecular systems from the electrostatic
qualitative arguments were given that show that in the pregPoint of view. In particular, molecules become elongated

ence of a strong magnetic field the physics of atoms an@/ong the magnetic line, forming a type of linear molecular

molecules exhibits a wealth of new, unexpected phenomen'?at()lymer(fOr details see Ref44,5]). It also hints at the oc-

even for the simplest systerfis,2]. In particular, the chance currence of exotic atomic and molecular systems, which do

. . not exist in the absence of a magnetic field. Motivated by
that unusual chemical compounds may be formed which dg,oqe simple observations, it was shown in REfs7] that

not exist without magnetic field, was mentioned. In practiceipree and even four protons can be bound by one electron.
the atmosphere of neutron stars, which is characterized byhis shows that exotic one-electron molecular systenfs H
the presence of enormous magnetic f|e|<_js1, 4002 G, as “and H,*" can exist in sufficiently strong magnetic fields in
well as other astronomical objects carrying large magnetighe form of linear polymers. However, the situation becomes
fields (>1C® G) provide a valuable paradigm where this much less cleafand also much less studieathen the nuclei
physics could be realized. Recently the experimental datare not aligned with the magnetic-field direction, and thus, in
collected by theChandrax-ray observatory revealed certain general, do not form a linear system. Obviously, such a study
irregularities in the spectrum of an isolated neutron statvould be important for understanding the kinetics of a gas of
1E1207.4-5209. These irregularities can be interpreted as afjiolecules in the presence of a strong magnetic field. As a
sorption features at-0.7 keV and~1.4 keV of possible ('St Step towards such a study, even the simplest molecules

. in different spatial configurations deserve attention. Recently
atomic or molecular naturs]. . ; : . Co .

) . certain spatial configuration ongF was studied in detall
One of the first general features observed in standar

atomic and molecular systems placed in a strong magnet ]. It was shown that in the range of magnetic fields' 10
<10 i i
field is an increase of both total and binding energies, acco B< 10" G the(pppg system, with the protons forming an

. . o A m6quilateral triangle perpendicular to the magnetic lines, has a
panied by a drastic shrinking of the electron |°Ca|'Zat'onwell-pronounced minimum in the total energy for a certain

length in both the longitudinal and the transverse directionssjze of triangle. The goal of the present work is to attempt an
Naturally, this leads to a decrease of the equilibrium distanc@xtensive quantitative investigation of the ground state of
with magnetiC field grOWth. This behavior can be COI’]Sidereq_lz+ in the framework of a Sing|e approach in its entire com-
to be a consequence of the fact that for large magnetic fieldgjexity: a wide range of magnetic-field strengths—(8.414
the electron cloud takes a needlelike form extended along thg 1013 G), arbitrary(but fixed orientation of the molecular
magnetic-field direction and the system becomes effectivelyxis with respect to the magnetic line, and arbitrary internu-
clear distances. We are going to carry out this study in the
Born-Oppenheimer approximation at zero order—assuming
*On leave from the Institute for Theoretical and Experimentalprotons to be infinitely heavy charged centers. In principle,
Physics, Moscow 117259, Russia. Electronic address: turbiner@hen the molecular axis is perpendicular to the magnetic
nuclecu.unam.mx line, the (ppe system acquires extra stability from the elec-
"Electronic address: vieyra@nuclecu.unam.mx trostatic point of view. Electrostatic repulsion of the classical
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protons is compensated for by the Lorentz force acting ons characterized by single peak at the midpoint between two
them. The following pape9] will be devoted to a study of protons. This change from a two-peak to a one-peak configu-
the lowest excited states in the parallel configurationration appears arounB~10°-10'* G with a slight depen-
lo,,204,1my, (M=1) and 15, (M=—2). dence on the inclination anglé. From a physical point of

It is well known that among the two stable one-electronview, the former means that the electron prefers to stay in the
systems that exist in the absence of a magnetic field—the Micinity of a proton. This can be interpreted as dominance of
atom and H*—the molecular ion K" is more stable. It the H-atom plus proton configuration. The latter situation

remains so in the presence of a constant magnetic field umplies that the electron is “shared” by both protons and

lessB= 103 G, where the exotic ion 5+ appears to be the hence such a separation into H-atom plus.prot.on ‘|‘.s |r.r9;|-
b . evant. Therefore, we can call the two-peak situation “ionic
most bound(see Ref.[7]). The H,™ ion has been widely

; : _ _coupling, while the one-peak case can be designated as “co-
studied, both with and without the presence of a magnetigaient” coupling, although this definition differs from that
field, due to .|ts |mp9rtance in astrophysics, atqmlc and MOwidely accepted in textbooksee, for example, Ref34)).
lecular physics, solid state and plasma physese Refs. Thys we can conclude that a phenomenon appears—as the
[4-33], and references thereirThe majority of the previous magnetic field grows, the type of coupling changes from
studies were focused on the case of the parallel configuraonic to covalent. At large internuclear distances the electron
tion, where the angle between the molecular axis and thg always attached to one of the charged centers, so the cou-
magnetic-field direction is zer@=0°. The only exception pling is ionic.
is Ref.[17], where a detailed quantitative analysis was per- One particular goal of our study is to investigate a process
formed for any# but for a single magnetic fiel8=1 a.u.  of dissociation of theppe system: H" —H+p which ap-
Previous studies were based on various numerical tectpears with increase of interproton distance. It is clear from a
niques, but the overwhelming majority used different ver-physical point of view that at large distances the electronic
sions of the variational method, including the Thomas-Fermuistribution should be first of the two-peak type and then
approach. As a rule, in these studies the nuclear motion washould change at asymptotically large distances to a single-
separated from the electronic motion using the Bornpeak one, but with a peak at the position of one of the pro-
Oppenheimer approximation at zero order. At the quantitatons. Somehow this process breaks permutation symmetry
tive level, the important feature of the ,H ion that and we are not aware of any attempt to describe it. In our
magnetic-field growth is always accompanied by an increaseanalysis this phenomenon appears as a consequence of a
in the total and binding energies, as well as a shrinking of thehange of position of the gauge origin with increase of inter-
equilibrium distance was observed. As a consequence, one fgoton distance.
led to a striking conclusion about a sharp increase in the From the physical point of view it is quite interesting to
probability of nuclear fusion for K" in the presence of a note how the(ppe system behaves at very large interproton
strong magnetic field10]. distances. This domain is modeled by an H-atom plus proton
In the present study we will also use a variational methodinteraction. The interaction corresponds (tnagnetic-field-
Our considerations will be limited to a study of thg dtate,  inspired-quadrupole-charge interaction and is dominant
which realizes the ground state of the system if the boundomparing to the standard Van der Waals force. For small
state exists[35]. We will construct state-of-the-art, non- inclinations the above interaction is attractive as in the Van
straightforward, “adequate” trial functions consistent with a der Waals case, but becomepulsivefor large inclinations.
variationally optimized choice of vector potential. We shouldThis implies that the potential curves approach the
stress that a proper choice of the form of the vector potentiadsymptotic value of the total energy at large interproton dis-
is one of the crucial points that guarantee the adequacy artdnces from above, in contradistinction to the Van der Waals
reliability of our considerations. In particular, a proper posi-case.
tioning of the gauge origin where the vector potential van- The Hamiltonian that describes two infinitely heavy pro-
ishes is drastically important, especially for large interprotontons and one electron placed in a uniform constant magnetic
distances. For the parallel configuratiogfs=0° the present field directed along the axis,B=(0,0B), is given by(see,
work can be considered as an extendiand also a develop- e.g., Ref[34])
men of our previous work24]. It is necessary to emphasize
that we encounter several unknown physical phenomena that
occur when the molecular axis deviates from the magnetic-
field direction. If the magnetic field is sufficiently strons, R
=10" G, and the inclinatiord is larger than a certain criti- (see Fig. 1 for notationswherep=—iV is the momentum,
cal angle, the K" ion does not exist contrary to a prediction A is a vector potential that corresponds to the magnetic field
in Refs.[12,10,26. This prediction was based on an im- B. Hence the total energl of H," is defined as the total
proper gauge dependence of the trial functions which causeglectronic energy plus the Coulomb energy of proton repul-
a significant loss of accuracy and finally led to a qualitativelysion. The binding energy is defined as an affinity to having
incorrect result. We find that in the weak field regime thethe electron at infinityE,=B— E;. The dissociation energy
(ppe system in the equilibrium position at any inclination, is defined as an affinity to having a proton at infiniBy
the electronic distribution peaks at the positions of the pro=E,—E;, whereE, is the total energy of the hydrogen
tons, while at large magnetic fields the electronic distributionatom in a magnetic field.

2 2 2 .
H=p?+—=——— —+(pA+Ap)+.A42 (1)
R ry 1y
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z=0. If £&=1/2, we get the well-known and widely used
gauge which is called symmetric or circularéif0 or 1, we
get the asymmetric or Landau gaugee Ref[34]). By sub-
stituting Eq.(2) into Eq. (1), we arrive at a Hamiltonian of
the form

|

_ v2 2 %2 2 nre
H Vet 2iB[(§—1)ydy+ éxay]
r{ fry

+BAEx%+(1-§)%y?], ()

0 whereR is the interproton distancisee Fig. L

It is evident that for small interproton distanc&sthe
electron prefers to be near the midpoint between the two
protons(coherent interaction with the protons$n the oppo-
B site limit, i.e.,R large, the electron is situated near one of the
protons(this is an incoherent situation—the electron selects
and then interacts essentially with one protonhis fact,
together with naive symmetry arguments, leads us to a natu-
the origin of coordinates, which is chosen to be on the bold-dashe[:,l‘r"I assu_mptlon that the gauge center is S_Ituated on a Il_ne
line that connects the proton§;’ (0,Y,Z) is the midpoint between connecting the protons. Therefore the coordinates of the mid-
the protons. It is assumed that the gauge center coincidesQuvith point between the protons are
OO’ measures the distance between the gauge center and the mid-
point between the proton positiofisee text and Eq4)]. Rd

Y= ing Z—Rd 0 4
—75|n, —7cos 4

FIG. 1. Geometrical setting for the,M ion placed in a magnetic
field directed along the axis. The protons are situated in thez
plane at a distancR from each other and marked by bulle®.is

Atomic units are used throughout € m,=e=1), albeit
energies are expressed in Rydbef&y). Sometimes, the

magnetic fieldB is given in a.u. withBy—2.35< 16° G [36]. (see Fig. 1, whered is a parameter. Thus, the position of the

gauge center is effectively measured by the parantetea
relative distance between the middle of the line connecting
the protons and the gauge center. If the midpoint coincides
Il. OPTIMIZATION OF THE VECTOR POTENTIAL with the gauge center, thah=0. On the other hand, if the
position of a proton coincides with the gauge center, tlien

It is well known that the vector potential for a given mag- =1 ord=—1. Hence paramete makes sense as a param-
netic field, even in the Coulomb gaug® (A) =0, is defined  eter characterizing a gauge.
ambiguously, up to a gradient of an arbitrary function. This  The idea of choosing an optimé&onvenient gauge has
gives rise to a feature of gauge invariance: the Hermitiarbeen widely exploited in quantum-field-theory calculations.
Hamiltonian is gauge covariant, while the eigenenergies anft has also been discussed in quantum mechanics and, in
other observables are gauge independent. However, since Warticular, in connection with the present problem. Perhaps,
are going to use an approximate method for solving thehe first constructivéand remarkableattempt to realize the
Schralinger equation with the Hamiltoniai1), our approxi-  idea of an optimal gauge was made in the 1980s by Larsen
mation of eigenenergies can well be gauge depen@@y  [12]. In his variational study of the ground state of thg'H
the exact ones are gauge indepenflertence one can molecular ion it was explicitly shown that for a given fixed
choose the form of the vector pOtential in a certain Optimaltrial function the gauge dependence Of the energy can be
way. In particular, if the variational method is used, the vec-guite significant. Furthermore, even an oversimplified opti-
tor pOtential can be Considered as a Variational fUnCtion an ization procedure improves the accuracy of the numerical
can be chosen by a procedure of minimization. results[37].

Let us consider a certain one-parameter family of vector oy present aim is to study the ground state of @yor,
potentials Corresponding to a constant magnetiC field more Concrete|y, EqS) We propose a different way of op-
=(0,0B) timizing the vector potential than those discussed by previ-

ous authors. It can be easily demonstrated that for a one-
electron system there always exists a certain gauge for which
A=B((£-1)y,éx,0), (2)  the ground-state eigenfunction is a real function. Let us fix a
vector potential in Eq(1). Assume that we have solved the
spectral problem exactly and have found the ground-state
where¢ is a parameter, in the Coulomb gauge. The positioreigenfunction. In general, it is a certasomplexfunction
of the gauge centeor gauge origin whereA(x,y,z)=0, is  with a nontrivial, coordinate-dependent phase. Treating this
defined byx=y=0, with z arbitrary. For simplicity we fix phase as a gauge phase and then gauging it away finally
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results in a new vector potential. This vector potential has theharged centers is conserved. In general, we refer to the low-

property we want—the ground-state eigenfunction of theest gerade and ungerade states in our studygaasndl 1,.

Hamiltonian (1) is real. It is obvious that similar consider- This is the only unified notation that makes sense for all

ations are valid for any excited state. In general, for a giverorientations 0% §<90°.

eigenstate there exists a certain gauge in which the eigen- The above recipgfor the symmetric gauge wheré

function is real. For different eigenstates these gauges can be1/2d=0) was successfully applied in a study of the'H

different. It is obvious that a similar situation occurs for anyion in a magnetic field for the parallel configuratirs=0°

one-electron system in a magnetic field. [24] and also for general one-electron linear systems aligned
Dealing with real trial functions has an immediate advan-along the magnetic field7]. In particular, this led to the

tage: the expectation value of the terms proportionakim  prediction of the existence of the exotic ions*H at B

Eq. (1) [or ~B in Eq. (3)] vanishes when it is taken over any = 1010 G, and in a linear configuration & at B=10" G

real, normalizable function. Thus without loss of generality, [ 7). Recently this recipe was used for the first time to make

the term~B in Eq. (3) can be omitted. Thus, we can use realy getajled study of the spatial configuratiog?H [8]. It was

trial functions with explicit dependence on the gauge paramgemonstrated that inconsistency between the form of vector

eters¢ andd. These parameters are fixed by performing apqtential and a choice of trial functions can lead to nontrivial

variation_all optim_ization qf the energgrh.er(.efore, as aresult ,iitacts such as the existence of spurious bound staees
of the minimization, we find both a variational energy and age¢. [28]).

gauge for which the ground-state eigenfunction is real, as
well as the corresponding Hamiltonian. One can easily shovy,
that for a system possessing axiatationa) symmetry[38]

the optimal gauge is the symmetric gaugre 1/2 with arbi-
trary d. This is precisely the gauge that has been overwhelm- P, =e @l1trae- BIB1x&X%+B1y(1- &)Y (5)
ingly used(without any explanationin the majority of the

previous research on JF1 in the parallel configuration o

[1-33. However, this is not the casedf=0°. For the sym-  (Cf. Refs.[24,26)), wherea,, By, and By, are variational
metric gauge the exact eigenfunction now becomes complearameters and is parameter of the gauge). The first
therefore complex trial functions must be used. But, follow-factor in function(5), being symmetric under interchange of
ing the recipe proposed above, we can avoid complex triaih® charge centers —r,, corresponds to the product of two
functions by adjusting the gauge in such a way that the_ls—Coqumb orbitals centgred on each proton. Thls is noth-
eigenfunction remains real. This justifies the use of real trial"d but the celebrated Heitler-London approximation for the
functions. Our resultésee Sec. IV lead to the conclusion ground state &,. The second factor is the lowest Landau

that for the ground state the optimal gauge parameter varieybital corresponding to the vector potential of the form
in the £[0.5,1] interval. given in Eq.(2). Thus function(5) can be considered as a

modification of the free field Heitler-London function. Fol-
lowing the experience gained in studies of Hwithout a
lll. CHOOSING TRIAL FUNCTIONS magnetic field it is natural to assume that E5).is adequate
The choice of trial functions contains two important in- t0 describe interproton distances near equilibrium. This as-
gredients{i) a search for the gauge leading to the real, exacBumption will be checkedand eventually confirmeda pos-
ground-state eigenfunction arfid) performance of a varia- teriori, after making concrete calculatiofsee Sec. IV.
tional calculation based oreal trial functions. The main Function(5) is an exact eigenfunction in the potential
assumption is that a gauge corresponding to a real, exact

One of the simplest trial functions for the, tate which
eets the requirements of our criterion of adequacy is

ground-state eigenfunction is of typ@) (or somehow is VAW, 2

close to i} [39]. In other words, one can say that we are Vi= v, =201~ 2B[ B¢+ B1y(1-9)]

looking for a gauge of typ€2) which admits the best pos-

sible approximation of the ground-state eigenfunction by real +4BY B1EM+ BT, (1- £)2?]+ 2a5(ny ny)
functions. Finally, in regard to our problem, the following 5

recipe of variational study is used: As the first step, we con- +40.B BuxéX"+ B1y(1—E)y(y—y1)

struct an adequate variational real trial functibg [27], for . r

which the potentialVy=AWV /¥, reproduces the original 2

potential near Coulomb singularities and at large distances, + Buex"t Bry(1~ Yy y2) —2a; 34_ 1 ’
whereé andd would appear as parameters. The trial function ) r{ fra

should support the symmetries of the original problem. We
then perform a minimization of the energy functional by wherey, , are they coordinates of protongee Fig. 1 The
treating the free parameters of the trial function @d on  potentialV, reproduces the functional behavior of the origi-
the same footing. In particular, such an approach enables usl potential(3) near Coulombic singularities and at large
to find theoptimal form of the Hamiltonian as a function of distances. These singularities are reproduced exactly when
&,d. Bix= B1y=1/2 ande;=1.

For arbitrary orientation of the magnetic field with respect One can construct another trial function that meets the
to internuclear axis, parity under the permutations of therequirements of our criterion of adequacy as well,
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\Pzz(e—azrl+e—azrz)e—B[BZX§x2+ﬁ2y(1—§)y2] (6) system displays a well-pronounced minimum in the total en-
ergy atall inclinations However, forB>10'' G at large
(cf. Refs.[24,26). This is the celebrated Hund-Mulliken inclinations the minimum in the total energy disappears,
function of the free field case multiplied by the lowest Lan-while for small inclinations a minimum continues to exist.
dau orbital, wherer,, B,, andB,, are variational param- This picture describes the domain of existence of the mo-
eters. From a physical point of view this function has tolecular H," ion. In general we confirm a qualitative result by
describe the interaction between a hydrogen atom and a préchersonskij[10] about thenonexistenceof a minimum at
ton (charge cent@y and, in particular, models the possible finite distances on the total-energy surfaces of(fp sys-
dissociation mode of 51 into a hydrogen atom plus proton. tem at sufficiently strong magnetic fields for some far from
Thus, one can naturally expect that for sufficiently large in-parallel orientations. It is worth mentioning that the varia-
ternuclear distanceR this function prevails, giving a domi- tional study in Ref[10] was carried out with a trial function
nant contribution. Again this assumption will be checled Ssomewhat similar to that of Ed6), which, however, does
posteriori by concrete calculationsee Sec. V. not fully fulfill our criterion of adequacy. The potential cor-
There are two natural ways to incorporate the behavior ofesponding to this function correctly reproduces the original
the system in both regimes—near equilibrium and at larg@otential near Coulomb singularities andp® growth at
distances—into a single trial function. This is to make a lin-large distances. However, it generates growing terAzs
ear or a nonlinear interpolation. The linear interpolation iswhich implies a reduction of the rate of convergence of a

given by a linear superposition perturbation theory for which the variational energy repre-
sents the first two termésee the discussion in Rdi27]).
Waa=A ¥ +AY,, (7)  Also, this trial function is not satisfactory from the point of

) ~view of gauge invariance. However, in spite of all the above-
whereA, or A, are parameters and one of them is kept fixedmentioned deficiencies it led to a qualitatively correct pic-
by the normalization condition. In turn the simplest nonlinearyre.
interpolation is of the form In Figs. 2—5 the total energ; of the (ppe system as a
function of interproton distanc® for several values of the
magnetic-field strength and different values of the inclination
8 ¢ is shown. For magnetic fiel®®=10"* G and for all incli-
nations 0°—-90°, each plot displays a well-pronounced mini-
mum atR= R4, manifesting the existence of the molecular

V= (e 31 w24 g a3f2*a4f1)e*B[B3x§X2+Bay(1*§)y2]

(cf. Refs.[24,26)), whereas, a4, B3y, and B3, are varia-
tional parameters. This is a Guillemin-Zener function for the + :
free field case multiplied by the lowest Landau orbital. If system H '.qule a.u. andR=3.5 a.u(see F'gi 2 our
a3= ay, function(8) coincides with Eq(5). If a,=0, func- results are similar to the result_s of Re_ij$531‘ﬂ—for fixed R
tion (8) coincides with Eq/(6). the potential energf+ grows with inclination. In general, at

The most general ansatz is a linear superposition of thiA"98R>Req and for§>0° all the curves behave alike: they

trial functions(7) and (8) ave a maximuniR= R, and then tendfrom above to the
' total energy of the hydrogen atom. The position of the maxi-
V=AY, + AV, + AV, (9) mum moves to larger distances with a decrease of the incli-

nation. EventuallyR,,.x tends to infinity at small inclina-
where we fix one of thé\'s and let all the other parameters tions. For §=0° all potential curves approach to their
vary. Finally, the total number of variational parameters inasymptotic values from below, displaying, in general, a be-
Eq. (9), including R, &,d, is 15 for the ground state. For the havior similar to the field-free case, i.e., to Van der Waals-
parallel configuration,f=0°, the parameter§=0.5d=0  force-inspired behavior. This behavior is related to the fact
are fixed in advance and alsBi=p1y.B2x=B2 .Bax that at largeR the configuration H-atomproton appears.
= Bay. Hence the number of free parameters is reduced tdhe H atom has quadrupole mome@~ B2 (see Refs.
ten for the ground state. Finally, with functi¢®) we intend [27,31-33). Hence at large distances the total energy is
to describe the ground state fafl magnetic fields where dominated by a quadrupole-charge interaction and the long-
nonrelativistic considerations are valiB=<4.414x10* G, range expansion has the form
and forall orientations of the molecular axis.

Calculations were performed using the minimization eQ(B)P,(cosf) ay(B)
packageMIiNUIT from CERN-LIB. Numerical integrations Er=- 3 - T (10
were carried out with a relative accuracy-efl0”’ by use of R 2R
the adaptive NAG-LIB(DO1FCH routine. All calculations
were performed on a PC Pentium-Ill 800 MHz. where P, is the second Legendre polynomial. In principle,
the polarizability of the H atom by the proton,,, can de-
V. RESULTS pend on the magnetic field, but we are not aware of such a

study. Using these two terms in EG.0) in order to describe
We carry out a variational study of tippe system with  the behavior of the potential curves in Figs. 2—-5, one can
infinitely heavy protons in the range of magnetic fields Oextract information abouta(B). At small inclinations
<B<4.414x 10" G, inclinations 0°—90°, for a wide range P,(cos#) is positive, the total energy is negative, thus cor-
of interproton distances. For magnetic fieBs:10'! G the  responding to attraction between the quadrupole and the
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—04 . : . . . . . T T T T T
*  (Wille'8, 6=90°) I
I | 420 B=10"%G 1
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E Ry | ]
Ep(Ry) | ]
08 1 ] a2t 1
-1 1 | L | | L 408 N .
0 4 8 12 16 0 1 2 3
R(a.u.) R (a.u.)

FIG. 2. Total energyE+ in rydbergs of the(ppe system as a FIG. 4. Total energyEy in rydbergs of the(ppe system as a
function of interproton distanc® for different inclinations a3~ function of interproton distanc® for different inclinations at3
=2.3505¢10° G (1 a.u.). =10 G. The result of Wille[15] is shown by a bulletsee text

angleéd,,, such that ford< 6., the situation remains similar

charge. Therefore, the total-energy_ cu_rve_approaches_ 0 tf{g that given above—each potential curve is characterized by
asymptotics from below. For large inclinatiorf,(cosd) is 5 well-pronounced minimum at finite. With increase of the

negative and the total energy is positive. Thus, this Corrfai'nclination, at6= 6., the minimum in the total energy first

Becomes very shallow with>E,; and ceases to exist at all.
SWe were unable to localize with confidence the domaiRin
which corresponds to a shallow minimum which leads to the

plies an existence of maximum of the total energy for larg
interproton distanceBR>R,,. We observe the maximum in

all Figs. 2-5. It is worth mentioning that in the calculations possible dissociation 41 —H+ p that was predicted in Ref.

[15,17 for B=1 a.u. andd=90° (and other inclinationsthe . . :
maximum was not observed in contradiction to our predic-[lz] as well as in our previous worl26]. We consider that

tions (see Fig. 2 and also below Fig).9 ooking at Fig. 2 it the prediction of dissociation for large inclinations emerged
. L 2 2 as an artifact of an improper choice of the gauge fixi

is interesting to compare a rate with which potential CUVes, . discussion abO\)reApdeFt)ailed study of thg tragnsiti)gf\@go-
are approaching to the asymptotic total energy at ldge

. : . g
This asymptotic energy is equal to the total energy of th ain (existence-nonexistenceof H, ™ is beyond the scope
hydrogen atomE, = — 0.6623 Ry, whileE?~*"(R=8 a.u.) of the present paper. In any case, such a study requires much
06647 (fron? belo'v\b E(’:“’5°(R—8Ta )= —0 657.6 more accurate quantitative techniques as well as a sophisti-
e 4= 90° C T I ' cated qualitative analysis. Schematically the situation is il-
(from above, E; " (R=8 a.u.)- —0.6620 (from above. lustrated in Fig. 6.

Thus, any deviation does not exceed 1%. There exists a |t is quite interesting to explore the variation of the vector
different manner of viewing these results. It can be treated aSotential (2) for 6+0°, in particular the position of the

a demonstration of the quality of our trial functi¢®) but for ’

the calculation of the total energy of the atom. 4245 —— -
However, the situation is drastically different fd3 k« 0=9(°
>10" G, see Figs. 4 and 5. There exists a certain critical " B=10"%G
40 ; . ; . ; ; ; 42351
E(Ry)
390 T
t
o=(°
2l 4225}
ET(R)’)
37t
w6l 07 08 1z 1§ = 2
R(au.)
5 FIG. 5. Total energyE; in rydbergs of the(ppe system as
0 ' ] ' 2 ' 3 ' 4 a function of interproton distancR for different inclinations at
R (au.) B=10"%G. Plots for §=45°, 60°, 90° consist of two partsi)

(solid line), d kept fixed,d=0 (gauge center coincides with the
FIG. 3. Total energyEt in rydbergs of the(ppe system as a midpoint between the protohshich displays a minimum; andi)
function of interproton distanc® for different inclinations atB the dotted line is the result of minimization when the parameisr
=101 G. released.
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10° T 1 1 =— .
B=1a.u.
() -— o
30° - Existence 6=60"— 6=30
4051 g200° || |~——] 06=45° |
0 s50° 1 1
0 1
70° } I I I L L
0 4 8 12
R (a.u.)
900 I8/1/14. 1 1
10" 10" 10" 10" 4.4 x10" —
0=60°
B (Gauss) 09 | 0=900 / =450 B=lau. |
FIG. 6. H,* ion: domains of existeneenonexistence for thegl s o
state. The region filled by hatch marks illustrates the domain where - =—6=30 .
the energy of the lowest rovibrational level is above the barrier
and/or above the H p asymptotic energy. 07 | .
gauge center as a function of interproton distaftand | i
magnetic field40]. In Figs. 1a) and 7b) for B=1 a.u. and
Figs. §a) and 8b) for 10'?> G, correspondingly, both thé 05 | l
andd dependences are presentsde Eq(2) and discussion . . . . . . .

in Sec. lll]. This dependence is very similar for all magnetic 0 4 8 2
fields studied. It is worth emphasizing that for all the poten- R(au.)

tial curves given, the minimurtin other words, the equilib- o
rium position at R=Rg, somehow corresponds to a gauge  FIG. 7. (a) The dependence afvs RatB=1 a.u. for different
close to the symmetric gaugé=1/2 [41] andY=Z=0(d inclinations, 8+ 0°. (b) The dependence &fvsRatB=1 a.u. for
=0). A similar situation holds for small interproton dis- different inclinations,##0°.

tances,R<R.y. However, for largeR, R>R. the param-
eter ¢ grows smoothly, reaching a maximum near the maxi
mum of the potential curve which we denote B¢ R, . It
then falls sharply to the valué~1/2. In turn, parameted

with the growth ofd. When inclination tends to zerg,,,y
grows, corresponding eventually to the absence of a maxi-
mum atfd=0°. Similar behavior oR,, is observed for all
remains equal to O up tR=R,, (which means the gauge Studied magnetic fields. It is worth mentioning that Bt
center coincides with the midpoint between proforteen =_1 a.u. for almost all mclmatlo.nﬁecr pract_lcally comuqles
sharply jumps to Igauge center coincides with the position Wl.th Rmax- _We do not have a reliable physical explanation of
of a proton), displaying a behavior similar to a phase transi-this behavior.

tion. It is indeed a type ophase-transitiorbehavior stem- The total-energy dependence ofH(at R=Reg) as a
ming from symmetry breaking: from the domaR<R,, f_unction of the inclination angle? for different magnetic
where the permutation symmetry of the protons holds andields is shown in Fig. 11. The dotted line corresponds to the
where the protons are indistinguishable, to the donfin H-atom total energy in the corresponding magnetic field. For
>R,,, where this symmetry does not exist and the electrorfveéak magnetic fields the hydrogen-atom total energy is al-
is attached to one particular proton. Such a type of “phas&vays higher than that of the fi ion. However, forB=2
transitions” is typical in chemistry and is called a “chemical X 10! G the situation changes—a minimum of the Hotal
reaction.” Hence the paramet®;, characterizes a distance energy for angles)> 6., does not exist any more. Surpris-
at which the chemical reaction ,i—H+p starts. Some- ingly, 6, corresponds approximately to the moment when
what similar behavior of the gauge parameters has appeard@e total energy of the H atom becomes equal to the total
in the study of the exotic 5?* ion [8]. energy of the H" ion. If the form of the vector potentidP)

In Figs. 9 and 10 the behavior of the equilibrium distanceis kept fixed with§=1/2 andY=2Z=0 (d=0), then a spu-
Req. the position of the maximunRn,y in the potential rious minimum appears; its position is displayed by the dot-
curves(see, for example, Figs. 2%.@ndR,, (see Figs. 7 and ted curve. However, if the gauge center parameters are re-
8) vs inclination atB=1 a.u. and 15 G are displayed. leased this minimum disappeaisee the discussion abgve
The calculations were performed for inclinations 0°, 5°, 15°,This was the underlying reason for the erroneous statement
30°, 45°, 60°, 75°, 85, and 90°. For both magnetic fields theabout the existence of the unstablg 'Hon in this domain
behavior ofR. vs # demonstrates almost no dependence omwith a possible dissociationH—H+ p (see Ref[26]). For
0 in contrast to bottR,,, and R., which sharply decrease all magnetic fields studied the total energy is minimaldat
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IS 3L B=1012G |
e=\9\0/ . B=10'%6 | Y ]
-— 6=30
i 0=45° 1 27\ 1
d 05 - 0=45 R(au) | ]
L R i
6=60 7t |
0t i
0 I 1 1 1 1 1 1 1
I — ' . l ' l ' 1 0° 10° 30° 50° 70° 90°
0 04 0.8 12 16 6
R(au) FIG. 10. The dependence Bf,;; and the position of the maxi-
1 i i i : i : : : mum Ry, compared to the equilibrium positioR,, at B
0=60° b =10"2 G for different inclinationsg.
09 ra o0/ 6=45° B=10""G | _ : .
=90"" field strength studied. Thus we can draw the conclusion that
08 & \ i the molecular ion becomes less and less stable monotonically
’ ~— =300 as a function of the inclination angle. This confirms the state-
3 07 | ment made in Refg10,12,15,17 that the highest molecular
’ stability of the 1, state of H* occurs for the parallel con-
06 t i figuration. Thus, the K~ molecular ion is the most stable in
parallel configuration.
05 B S i We extend the validity of this statement to magnetic-field
. . . . . . . . strengths 1H<B=<4.414< 10" G. It is worth emphasizing
0 04 0.8 1.2 16 that the rate of increase of binding enefgywith magnetic-
R (a.u) field growth depends on the inclination—it slows down with

increasing inclination. This effect implies that thg Hion in

FIG. 8. (a) The dependence afvs R atB=10" G for different ~ the parallel configuration becomes more and more stable
inclinations,#+0°. (b) The dependence ¢fvsRatB=10? G for ~ against rotations—the energy of the lowest rotational state
different inclinations,0+ 0°. increases rapidly with magnetic fieldee Table V below and
the discussion theje

=0° (parallel configurationand then increases monotoni-  Regarding the interproton equilibrium distarig,, one

cally with inclination in complete agreement with the state-Would naively expect that it would always decrease with in-

ments of other authorf€0,12,15,17. clination (see Fig. 12 Indeed, for all the magnetic fields
In a similar way the binding energg,=B—E;, as well  Studied we observe th& at 6=0° is larger than for any

as the dissociation energgffinity to a hydrogen atoimg, 67 0° (see below, Tables I-)ll This can be explained as a

—E,—E; as a function ofd always decreases when chang- natural consequence of the much more drastic shrinking of

ing from the parallel to the perpendicular configuratisee  the electronic cloud in the direction transverse to the mag-

Fig. 11). Such behavior holds for all values of the magnetic-netic field than in the longitudinal direction. Actually, for
magnetic fieldsB=<10" G the equilibrium distanc®, de-

creases monotonically with inclination growth until it

reachesd.,, as seen in Fig. 12. As mentioned above, if the
30 r B=lau. parameters of the vector potenti@) are kept fixed£=1/2
. } andY=Z=0(d=0), a spurious minimum appears and gen-
erates anomalougspurious Req behavior for 6> 6, (see
20 1 1 Ref.[26]).
R(au.)| | In Tables I, I, and Il the numerical results for the total
Rmax energyEr, binding energyE,,, and equilibrium distancRe
10 ¢ Rer I are displayed fop=0°, 45°, and 90°, respectively. As seen
. Req \\, in Table I, our results fo¥=0° lead to the largest binding
> energies forB>10' G in comparison with previous calcu-
O T T T e o lations. ForB=10" G, our binding energies for the parallel
0" 10 30 0 50 70 90 configuration appear to be very clogef the order of

<10 %-10° in relative deviatiohto the variational results
FIG. 9. The dependence &.,;; and the position of the maxi- of Wille [15], which are the most accurate so far in this

mum R, compared to the equilibrium positidR.q at B=1 a.u.  region of magnetic-field strengtfid2]. His results are based

for different inclinationse. on the use of a trial function in the form of a linear superpo-
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-1.136 T T T T T T T T 416

-1.14
Er (Ry)
-1.144

414

Er(Ry) T
412

-1.148 410

_1.152 1 1 1 1 1 1 1 1 408
0° 10° 30° 50° 70° 90°
0 0
. . . . . . . . 4245 . ; . . . . . :
135 s 1
_---"" B=10"G
4235 | - -
125 £ R <
Er(Ry) | T®) | )
4225 1
115
]'05 4215 1 1 1 1 1 1 1 1
0° 10° 30° 50° 70° 90°
0
37 T T T T T T B ‘uﬂ—______. ________
18760 | 1
36.6 - B=4.414 x10°G |
18750 + -
£, (R Er (Ry) :
T 18740 ]
358 |
354 18730 1
35 18720 1 1 1 1 1 1 1 1
0° 0° 10° 30° 50° 70° 90°

FIG. 11. H,* total energyE for the ground stateglat equilibriumR= R, as a function of the inclination anglefor different magnetic
fields. The dotted lines correspond to the H-atom total energy taken fromiZ2&fThe dashed lines describe a total energy corresponding
to a spurious minimungsee discussion in the tgxt

sition of ~500 Hylleraas-type functions. It is quite striking corresponding to the functiofl5] reproduces correctly the
that our simple trial functior8) with ten variational param- original potential near Coulomb singularities but fails to re-
eters gives comparablgor B<10'* G) or even betteffor ~ produce~ p? growth at large distances. This implies a zero
B>10" G) accuracy. It is important to discuss the reasonradius of convergence of the perturbation theory for which
why the trial function[15] fails to be increasingly inaccurate the variational energy represents the first two tefsee the
with magnetic-field growth foB>10' G. An explanation discussion in Ref{27]).

of this inaccuracy is related to the fact that in they) The results ford=45° are shown in Table Il, where a
directions the exact wave function decays asymptotically agradual shortening of the equilibrium distance is accompa-
a Gaussian function, unlike the Hylleraas functions that denied by an increase of total and binding energies with mag-
cay as the exponential of a linear function. The potentiainetic field. It is worth noting that parametérevolves from
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1925 : : - - 0.29 : . . . . . .
1915 B=10°G 027 | B=10'%G
1905 025 | J
Req (au)| Req(a.u.) L i
1895 023 + ]
1885 021 | .
1.875 ' L ' ' T 0.19 ---7T .
0° 10° 30° 50° 70° 0° 70° 90°
. . . . . 0.15 . ;
124 |
| B=10"G
0.13 i
116 |
R, (a.u. ]
Reg(au) | eq (@)
12 F 011 /,/’_
108 | -7 _
104 . . . . . 0.09 . . . . . . .
0° 10 30 50 70° 0° 10 30° 50° 70° 90°
0 0
0.6 T T T T 0.105 T T T T T T T
056 | B=10“G 0.095 B=4.4141013G/ -
Reglan.) Reglan) | 1
052 t 0.085 1
048 0.075 ]
044 : : : : 0.065 .
0° 10° 30° 50° 70° 90°
0 0

FIG. 12. H,* equilibrium distance as a function of the inclination angléor the 1, state. The dashed lines describe the position of a
spurious minimum(see discussion in the text and Fig)11

about 0.5 to 0.93 with magnetic-field growth, thus changingn the form of a superposition of Hylleraas type functions
from the symmetric gauge for weak fields to an almost asymbecomes smaller as the inclination grows. The results re-
metric one for strong ones. This phenomenon occurs for aported by Larser12] and by Kappes and SchmelcHéi7]
orientations @< #< 6., becoming more and more pro- are slightly worse than ours, although the difference is very
nounced with increasing inclination anglsee below. We small. The evolution of the gauge parameters follows a simi-
are unaware of any other calculations for 45° to compare lar trend, as was observed @+ 45°. In particular¢ varies
ours with. from 0.64 to 0.98 with magnetic-field growth frorB

For the perpendicular configuratiofi=90°, the results =10° G to B~2x10" G [43]. We should emphasize that
are presented in Table IIl. Similar to the parallel configura-the results of Larsefil2] and Wille [15] for B>10" G do
tion case(see above our results are again slightly less ac- not seem relevant because of loss of accuracy, since the H
curate than those of Willg15] for B<10'° G, but become ion does not exist in this region.
the most accurate results for stronger fields. In particular, this In order to characterize the electronic distribution gf'H
indicates that the domain of applicability of a trial function for different orientations we have calculated the expectation
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TABLE I. Total energyEy, binding energyE,, and equilibrium distanc®, for the state { in the
parallel configurationg=0°.

B ET (RY) Eb (RY) Req (a.u)
B=0 —1.20525 1.20525 1.9971 Present
—1.20527 1.997 Willd15]
10° G —1.15070 1.57623 1.924 Present
—1.15072 1.57625 1.924 WillgL5]
1au —0.94991 1.94991 1.752 Present
1.9498 1.752 Larsefil2]
—0.94642 1.94642 1.76 Kappes and Schmel¢h&}
10° G 1.09044 3.16488 1.246 Present
1.09031 3.16502 1.246 WillgL5]
10 a.u. 5.65024 4.34976 0.957 Present
4.35 0.950 Wille[15]
4.35 0.958 Larsepl2]
4.3346 0.950 Vincke and Bayé3]
101 G 35.0434 7.50975 0.593 Present
35.0428 7.5104 0.593 Willg15]
7.34559 0.61 Lakt al. [22]
100 a.u. 89.7090 10.2904 0.448 Present
10.2892 0.446 Willd15]
10.1577 0.455 Wunnezt al. [25]
10.270 0.448 LarsefiL2]
10.2778 0.446 Vincke and Bayé3]
102 G 408.3894 17.1425 0.283 Present
17.0588 0.28 Lakt al. [22]
408.566 16.966 0.278 WillEL5]
1000 a.u 977.2219 22.7781 0.220 Present
21.6688 0.219 Willd15]
22.7069 0.221 Wunneet al. [25]
22.67 0.222 Larsepl2]
22.7694 0.219 Vincke and Bayé3]
108G 4219.565 35.7539 0.147 Present
4231.82 23.52 0.125 Willg15]
35.74 0.15 Laket al. [22]
4414108 G 18728.48 54.4992 0.101 Present

8This value is taken from Ref24], where the variational method with the same trial function was used.

TABLE II. Total energyE, binding energyE,, and equilib-
rium distanceR, for the 1, state at9=45°. The optimal value of
the gauge parametéris given andd=0 is assumedsee text

B ET (RY) Eb (Ry) Req (a.u) f
10° G —1.14248 1.56801 1.891 0.5806
1a.u. —0.918494 1.918494 1.667 0.5855
10° G 1.26195 2.99337 1.103 0.5958
10 a.u. 6.02330 3.97670 0.812 0.6044
10" G 36.15633 6.39686 0.466 0.6252
100 a.u. 91.70480 8.29520 0.337 0.6424
102 G 413.2987 12.2332 0.198 0.6890
1000 a.u. 985.1956 14.8044 0.147 0.7151

values of the transversg) and longitudinalk|z|) sizes of
the electronic cloudsee Table IV. Their ratio is always
limited,

(p)
W< 1,

and quickly decreases with magnetic-field growth, especially
for small inclination angles. This reflects the fact that the
electronic cloud has a more and more pronounced needlelike
form oriented along the magnetic line, as was predicted in
the classical papef4,2]. The behavior of p) itself does not
display any unusual properties, smoothly decreasing with
magnetic field, quickly approaching the cyclotron radius for
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TABLE lll. Total energyEy, binding energye,,, and the equilibrium distandg, for the 1, state in the
perpendicular configuratiorj=90°. The optimal value of the gauge parameites presented and is kept
fixed, d=0 (see text We emphasize that the calculations carried out in Réfs] and[12] for magnetic
fields 10t G and 1000 a.u., correspondingly, make no sense since the bound statépgahgystem does
exist (see discussion in the tgxt

B Er (Ry) Ep (Ry) Req (a.u) &
10° G —1.137342 1.56287 1.875 0.6380 Present
1.56384 1.879 Willg 15]
1 a.u. —0.89911 1.89911 1.635 0.6455 Present
1.8988 1.634 LarsefiL2]
—0.89774 1.8977 1.65 Kappes and Schmel¢h&t
10° G 1.36207 2.89324 1.059 0.6621 Present
2.8992 1.067 Willg 15]
10 a.u. 6.23170 3.76830 0.772 0.6752 Present
3.7620 0.772 Larsefl2]
101 G 36.7687 5.78445 0.442 0.7063 Present
5.6818 0.428 Willg 15]
100 a.u. 92.7346 7.26543 0.320 0.7329 Present
7.229 0.320 Larsefl2]
10?2 G Present
4.558 0.148 Willg[15]
1000 a.u. Present
11.58 0.1578 Larsefl2]

small inclinations and large magnetic fields. In tutig|) mum of the potential surfack(6,R) at §=0°,R=Rq is
monotonically decreases with inclination growth. approximated by a quadratic potential, and hence we arrive
As already mentioned, the results of our analysis of theat a two-dimensional harmonic-oscillator problem in the

parallel configuration of 5" turned out to be optimal for all (R, 6) plane. Corresponding curvatures near the minimum
magnetic fields studied, being characterized by the smallesfefine the vibrational and rotational energiger precise
total energy. Therefore, it makes sense to study the lowestefinitions and discussion see, for example, R&2]). We
vibrational and also the lowest rotational stegee Table Y. did not carry out a detailed numerical analysis, making only
In order to do this we separate the nuclear motion along thggygh estimates of the order of 20%. For exampleBat
molecular axis near equilibrium in the parallel configuration_ 1012 G we obtain E,;,=0.276 Ry in comparison with
(vibrational motion and deviation in¥ of the molecular axis E,i,=0.259 Ry given in Ref[7], where a detailed varia-

from 6=0° (rotational motion. The vicinity of the mini-  yona1 analysis of the potential electronic curves was per-
formed. Our estimates for the enerBy;, of the lowest vi-
TABLE IV. The 1, state: expectation values of the transverseprational state are in reasonable agreement with previous
(p) and longitudinak|z|) sizes of the electron distribution for the stydies. In particular, we confirm a general trend of a consid-
H," ion in au. at different orientations and magnetic-field graple increase of vibrational frequency with the growtiBof
tsr:reeZg::rl]jt.rﬁr?r:a?jiu?zfe;peeg:gtorzxalu<q}> almost coincides With . gicated for the first time by Larseii2]. The dependence
Y ) of the energy on magnetic field is much more pronounced for
B (o) (12) the Iqwest rotatio_nal state—.it grows much fastelr than 'the
0° 45° 90° 0° 45° 90° vibrational one with magnetic field increase. This implies
that the B ion in the parallel configuration becomes more

10°G 0.909 1.002 1.084 1666 1.440 1.180 stable for larger magnetic fieldsee the discussion abgve
lau. 0.801 0.866 0.929 1534 1313 1.090 From a quantitative point of view, the results obtained by
10°G 0.511 0538 0.569 1.144 0.972 0.848 different authors are not in good agreement. It is worth men-
10 a.u. 0.359 0.375 0.396 0.918 0.787 0.708 tioning that our results agree for large magnetic fields
101 G 0.185 0.193 0.205 0.624 0.542 0.514 =10 a.u. with the results of Le Guillou and Zinn-Judtir],
100 a.u. 0.123 0.129 0.139 0.499 0.443 0.431 obtained in the framework of the so-called “improved static
102G 0.060 0.065 0.351 0.324 approximation,” but deviate drastically &=1 a.u., being
1000 a.u. 0.039 0.043 0.289 0.275 quite close to the results of Lars¢b2] and Wille [14]. As
108G 0.019 0.215 for the energy of the lowest rotational state, our results are in
4.414< 10" G 0.009 0.164 good agreement with those obtained by other autlises
Table V).
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TABLE V. Energies of the lowest vibrationaE(;,) and rotational E,,;) electronic states associated with
the 1, state at/=0°. The indices in Le Guillou and Zinn-Jus{ih6] are assigned to the “improved adiabatic
approximation”(a) and to the “improved static approximatiorgb).

B Er (Ry) Euib (Ry) Erot (Ry)
10° G —1.15070 0.013 0.0053 Present
0.011 0.0038 Willg 14]
1 a.u. —0.94991 0.015 0.0110 Present
0.0086 Wille[14]
0.014 0.0091 Larseft2]
0.013 Le Guillou and Zinn-Justita) [16]
0.014 0.0238 Le Guillou and Zinn-Justih) [16]
10°G 1.09044 0.028 0.0408 Present
0.026 0.0308 Willg 14]
10 a.u. 5.65024 0.045 0.0790 Present
0.040 0.133 Larsehl2]
0.039 Le Guillou and Zinn-Justifa) [16]
0.040 0.0844 Le Guillou and Zinn-Justih) [16]
101 G 35.0434 0.087 0.2151 Present
100 a.u. 89.7096 0.133 0.4128 Present
0.141 0.365 Larsefl2]
0.13 Wunneret al. [25]
0.128 Le Guillou and Zinn-Justifa) [16]
0.132 0.410 Le Guillou and Zinn-Justib) [16]
102G 408.389 0.276 1.0926 Present
0.198 1.0375 KhersonsKijL1]
1000 a.u. 977.222 0.402 1.9273 Present
0.38 1.77 Larsef12]
0.39 Wunneret al. [25]
0.366 Le Guillou and Zinn-Justita) [16]
0.388 1.916 Le Guillou and Zinn-Justib) [16]
101G 4219.565 0.717 4.875 Present
0.592 6.890 KhersonskjjL1]
4.414< 10" G 18728.48 1.249 12.065 Present

In Fig. 13 we show the electronic distributions of the magnetic fields are chosen to illustrate in the most
fdyly(x,y,z)|? for magnetic fields 1910° 10,102 G  explicit way the situation. In all figures a similar picture is
and different orientations for H in the equilibrium configu- ~ seen: namely, at not very large magnetic fieBls 10 G
ration, R=R.q. It was already found explicitly24] that at and for all inclinations, the electronic distribution at small
9=0° with magnetic field increase there is a change fromR<Rcr IS permutationally symmetric and evolves with in-
ionic (two-peak electronic distributiorto covalent coupling ©€asé oR from a one-peak to a two-peak picture with more
(one-peak distribution We find that a similar phenomenon @nd more clearly pronounced separated peaks. Thew for
holds for all inclinations. If foB=10° G, all electronic dis- _ Rer this symmetry is broken and the electron randomly
tributions are characterized by two peaks for all incIinations,Chooses one of protons ar)d prefers to stay in its vicinity. For
then forB=10' G all distributions have a single sharp peak. R>R., the electronic distribution becomes totally asymmet-

« » . o ."ric, the electron looses its memory of the second proton. This
The “sharpness” of the peak grows with magnetic field. I:'g'signals that the chemical reaction H—H+ p has happened.
ure 13 also demonstrates how the change of the type of co:C, larger magnetic field8=10" G for R<R,, the elec-
pllng appears.flor different inclinations—for larger inclina- tronic distribution is always single-peaked, a transition from
tions a transition(two peaks—(one peak appears for

o a one-peak to a two-peak picture occurs Ror R, where
smaller magnetic fields. It seems natural that for the Perpene electronic distribution is already asymmetric.

dicular configuratiord=90°, where the equilibrium distance g complete the study of the,Xstate, we show in Fig. 19

is the smallest, this change appears for even smaller maghe behavior of the variational parameters of the trial func-

netic field. tion (9) as a function of the magnetic-field strength for the
In Figs. 14-18 we present the evolution of the electronicoptimal (paralle) configuration,§=0°. In general, the be-

distributions as a function of interproton distarRefor in-  havior of the parameters is rather smooth ady slowly

clinations0°,45° atB=1 a.u. and 1& G together with the changing, even though the magnetic field changes by several

R dependence for the inclination 90°B#=1 a.u. The values orders of magnitude. This is in sharp contrast with the results
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6 = 90°

FIG. 13. Electronic distributiongdy|#(x,y,z)|? (normalized to ongfor the 1, state of H* (equilibrium configuratiop for different
magnetic fields and inclinations.

of Kappes and Schmelchgt8] (see Fig. 1 in this papgrin V. CONCLUSION
our opinion such behavior of the parameters of our trial func-
tion (9) reflects the level of adequadyr, in other words, We have carried out an accurate, nonrelativistic calcula-

indicates the qualityof the trial function. In practice, the tion in the Born-Oppenheimer approximation for the lowest
parameters can be approximated by the spline method arsfate of the H" molecular ion for different orientations of
then can be used to study magnetic-field strengths other thanagnetic field with respect to the molecular axis. We studied
those presented here. constant uniform magnetic fields ranging frds=10° G to

012504-14



H,” MOLECULAR ION IN A STRONG MAGNETIC . .. PHYSICAL REVIEW A 68, 012504 (2003

4

FIG. 14. Evolution of the electronic distributions FIG. 15. Evolution of the electronic distributions
Jdy|#(x,y,2)|? (normalized to ongand their contours for thegl  [dy]| W(x,y,2)|? (normalized to oneand their contours for thegl
state of the(ppe system with interproton distance f&=1 a.u., state of the(ppe system with interproton distance f&=1 a.u.,
6=0°. 0=45°.
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FIG. 16. Evolution of the electronic distributions FIG. 17. Evolution of the electronic distributions
Jdy|#(x,y,2)|? (normalized to ongand their contours for thegl  [dy|#(x,y,2)|? (normalized to oneand their contours for theyl
state of the(ppe system with interproton distance f&=1 a.u., state of the(ppe system with interproton distance fé&=10 G,
6=90°. 0=0°.
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R =0.35a.u.

electronic  distributions

the
fdy|#(x,y,2)|? (normalized to oneand their contours for theyl
state of the(ppe system with interproton distance f&=10'? G,
6=45°.

FIG. 18. Evolution of

PHYSICAL REVIEW A 68, 012504 (2003
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FIG. 19. Variational parameters of the trial functi¢® as a
function of the magnetic-field strengt® for the 1, state in the
parallel configuration=0°. In this caseB,= B14/2= B1,/2, B,
= Boxl2=B,y2, B3=Bsx/2= B3,/2 [see Egs(5), (6), and(8), cf.
Ref.[24]]. The parameteA; is fixed to be 1, and=1/2d=0 (see
text). The error bars correspond to the relative deviation in the
variational energy in the regioAE;=E1/E,,, <10 °.
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B=4.414<10" G, where nonrelativistic considerations tons for any inclination. This implies a physically different
hold, although our method can be naturally applied to studytructure for the ground state—for weak fields the ground
the domainB<10° G. state can be modeled as a “superposition” of the hydrogen
For all magnetic fields studied there exists a region ofitom and proton, while for strong fields such modeling is not
inclinations for which a well-pronounced minimum in the appropriate.
total energy surface for theylstate of the(ppe system is Unlike standard potential curves for molecular systems in
found. This shows the existence of thg'Hmolecular ion for ~ the field-free case, we observe f@r0° that each curve has
magnetic field8=0-4.414< 10" G. The smallest total en- & maximum and approaches the asymptoteR-at from
ergy is always found to correspond to the parallel Conﬁguraabove. The electronic distribution evolves wiRliirom a one-
tion, #=0°, where the protons are situated along the magPeak form at smalR to a two-peak one at largR. There
netic line. The total energy increases, while the bindingEXiSts a certain critica., at which one of the peaks starts to
energy decreases monotonically as the inclination angliminish, manifesting a breaking of permutation symmetry
grows. The rate of total-energy increase as well as bindingoetween the protons and simultaneously the beginning of the
energy decrease is always seen to be maximal for the parallehemical reaction K" —H+p.
configuration. The equilibrium distance exhibits quite natural Combining all the above-mentioned observations, we
behavior as a function of the orientation angle-for fixed ~ conclude that for magnetic fields of the order of magnitude
magnetic field, shorter equilibrium distance always correB~10"" G some qualitative changes in the behavior of the
sponds to largep. H," ion take place. The behavior of the variational param-
Confirming the qualitative observations made by Kher-eters also favors this conclusion. This hints at the appearance
sonskij[10] for the 14 state in contrast to statements in Refs.of a new scale in the problem.
[12,15, we accurately demonstrate that thg'Hon does not
exist in a certain range of orientations for magnetic fields
B=2x10" G. As the magnetic field increases, the region of - The authors wish to thank B. I. Iviev and M. 1. Eides for

inclinations where H" does not exist is seen to broaden, yseful conversations and interest in the subject. We thank
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