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Robust quantum gates and a bus architecture for quantum computing
with rare-earth-ion-doped crystals

Janus Wesenberg* and Klaus Mo” lmer
QUANTOP, Danish Research Foundation Center for Quantum Optics, Department of Physics and Astronomy,

University of Aarhus, DK-8000 Århus C, Denmark
~Received 10 January 2003; published 22 July 2003!

We present a composite pulse controlled phase gate which, together with a bus architecture, improves the
feasibility of a recent quantum computing proposal based on rare-earth-ion-doped crystals. The proposed gate
operation is tolerant to variations between ions of coupling strengths, pulse lengths, and frequency shifts. In the
absence of decoherence effects, it achieves worst case fidelities above 0.999 with relative variations in coupling
strength as high as 10% and frequency shifts up to several percent of the resonant Rabi frequency of the laser
used to implement the gate. We outline an experiment to demonstrate the creation and detection of maximally
entangled states in the system.
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I. INTRODUCTION

Several proposals have been made for quantum com
ing systems based on rare-earth ions embedded in cryog
crystals and addressed by spectral hole burning techniq
This interest is motivated by several characteristics
crystal-embedded rare-earth ions that are highly desir
from the point of view of quantum information processin
@1,2#. First, the hyperfine sublevels of the ion ground st
serve as excellent quantum registers with a lifetime of ho
and decoherence times up to several milliseconds. Sec
the ions have large static dipole moments with interact
energies up to several gigahertz allowing controlled qu
interaction. In addition, optical transitions from the grou
state, with homogeneous line widths of the order of ki
hertz, are inhomogeneously broadened to several gigah
allowing us to address a large number of independent
quency channels.

In this paper we focus on the rare-earth quantum co
puter~REQC! proposal by Kro¨ll and co-workers@3,4#. A key
feature of this proposal is the use of an initialization proc
to select a macroscopic number of identicalinstancesof a
chosen quantum computer within the crystal. Each insta
has exactly one representative from every active freque
channelwithin the inhomogeneous profile of the optical tra
sition used to manipulate the ions. Furthermore, the dip
interaction strengths between the members of an instanc
required to be above a chosen threshold value.

Due to finite channel width, ions representing the sa
channel in different instances will have slightly different i
homogeneous shifts. Similarly, the ion-field and ion-ion co
pling strengths will differ between instances. Since ensem
quantum computing requires nearly identical evolution of
participating instances, we need to employ gate operat
that are insensitive to such differences. In this paper,
demonstrate how such gate operations can be impleme
by means of composite pulses and phase compensating
erations.

*Electronic address: jaw@phys.au.dk
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This paper is structured as follows. In Sec. II, we brie
outline aspects of the REQC proposal of relevance to
present paper. Section III presents our proposal for hi
fidelity gate operations based on composite pulses. Sec
IV discusses the possible benefits of replacing the clu
coupling topology assumed in the original REQC propo
with a bus based topology. Finally, Sec. V suggests a d
onstration experiment illustrating the central ideas of REQ

II. QUANTUM COMPUTING WITH RARE-EARTH IONS

In this section, we describe two central ideas of REQC
described in Ref.@3#: the dynamical architecture selectio
and the controlled phase gate.

A. Dynamical architecture selection

The architecture of the REQC system is selected at s
up by an initialization procedure. The desired end point
this process is a large number of independent instances o
chosen quantum computer, each instance being a grou
ions with one representative from each active channel
couplings between the ions as required by the chosen a
tecture.

The initialization proceeds in two steps: channel prepa
tion and identification of quantum computer instances.
both these steps, unwanted ions are deactivated by tran
ring them to off resonant, metastable states.

1. Channel preparation

A channel refers to a large number of ions distribut
throughout the crystal, all having the same inhomogene
shift and coupling strength within the inhomogeneou
broadened optical transition used to access the ions.
channel preparation aims to deactivate all dopant ions c
to resonance with a given channel and to transfer all me
bers of the channel itself to theiru0& state.

This can be achieved by means of spectral hole burn
techniques, and widths of the final channel structure as
as 50 kHz have been obtained experimentally for mater
similar to those considered for use in REQC@2#.
©2003 The American Physical Society20-1
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2. Instance identification

After a successful initialization, each ion will only be in
teracting with ions from other channels, allowing us to
nore ‘‘excitation hopping’’ transitions@1#, as these will not
be energy conserving. As a consequence, we can mode
dipole coupling as simple couplings between the exci
states:

Vdipole5
1

2 (
mÞn

gmn~ ue&^eu!m ^ ~ ue&^eu!n , ~1!

where the sum is over all pairs of ions. To be precise ab
the objectives of the instance identification process, we
consider ionsm andn to be coupled ifgmn exceeds a thresh
old gt determined by the chosen implementation of the g
operation.

The goal of the instance identification procedure is
transfer ions, which are in an active channel but are
members of a valid instance, to their auxiliary stateuaux&.
One way to achieve this is to go through the following pr
cedure for each pair (i , j ) of channels required to be couple

By applying ap pulse to ions in channeli, we transfer the
u0& population to theue& state, thus shifting the excited sta
energy of all ions coupled to a channeli ion. By means of a
frequency sweep or a comb ofp rotations, all channelj ions
which are shifted less thangt are now transferred to thei
excited stateue&, after which the channeli ions are returned
to u0&. We now wait for the excited channelj ions to decay,
which will transfer a part of the ions to the inactiveuaux&
state.

Through repeated application of the pulse sequence
scribed above, we can deactivate an arbitrarily high fract
of the channelj ions which are not coupled to a channei
ion. After this has been achieved, we repeat the process
the roles of channelsi and j interchanged, and afterwar
proceed to apply the same procedure to all other edges o
coupling graph to finally arrive at the desired initialize
REQC system.

B. Gate operation

In general, the coupling strengthsgmn will differ between
instances, requiring us to use gate operations that do
depend on the precise magnitude of the coupling streng

One gate operation with this quality is the controll
phase shift based on the dipole blockade effect@5#. Assuming
all ions not participating in the operation to be in their qu
statesu0& andu1& and thus decoupled from the operation, w
can implement a controlled phase shift in its simplest fo
by the following pulse sequence:

P0e
( i )~p,p!P1e

( j )~0,2p!P0e
( i )~0,p!, ~2!

with Pab
( i )(f,u) representing the effect of a resonant pulse

areau and phasef applied on theua&-ub& transition of ions
in channeli.

For two coupled ionsm andn, residing in channelsi and
j, respectively, the effect of performing the pulse seque
~2! would be the following. If ionm is initially in the u0&m
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state, theP0e
( i )(0,p) pulse transfers the ion to the excited sta

ue&m and thus shifts theP1e
( j )(0,2p) pulse out of the reso-

nance, causing the system to return to the initial state a
the lastp pulse. If, on the other hand, ionm is initially in the
u1&m state, it is not transferred to the excited stateue&m and
thus the 2p pulse is resonant and causes ap phase shift on
the u1&n state. The effect of the full gate operation on t
qubit space is consequently ap phase shift on theu11& state:
UCPS5122u11&^11u.

III. HIGH-FIDELITY GATE OPERATIONS

Gate operations for the REQC system face a numbe
challenges due to the fact that they operate simultaneo
on a number of not quite identical instances of a quant
computer. Due to the finite channel width, ionm will, in
general, be detuned by a small amountd (m) from the central
channel frequency. Furthermore, the experienced Rabi
quencyV0

(m) will differ slightly from the average Rabi fre-
quency V0 due to laser field inhomogeneities and loc
variations in dipole moments.

In this section, we will show that by taking advantage
the fact thatd (m) andV0

(m)/V0 are constant in time for eac
ion, we can design pulse sequences that perform almos
same operation on each instance.

A. Composite rotations

The pulse Pie(f,u) is driven by a HamiltonianH̃1
5 1

2 V•s( ie) with s( ie) signifying the Pauli matrices in the

$u i &,ue&% basis andV5V0n̂f , wheren̂f is a unit vector in
the x-y plane with azimuthal anglef.

To apply the pulsePie(f,u), we engage the field for a
period u/V0, so that an ideal reference ionj with d (j)50
and V0

(j)5V0 will be rotated by an angleu aroundn̂f as
desired. In general, however, the ions will react differently
the pulse due to their different detunings and coupl
strengths.

The problem of taking all the ions through the same e
lution when they react differently to the pulses has been s
ied in great detail in the magnetic resonance community@6#.
Inspired by the discussion in Ref.@7#, we have used the BB1
pulse sequence to replace a single pulseP(0,u) with the
following sequence of pulses:

PBB1~0,u!

5P~0,u/2!P~fc ,p!P~3fc,2p!P~fc ,p!P~0,u/2!. ~3!

For our reference ionj, the unitary evolutionjPBB1(f,u)
caused by thePBB1(f,u) composite pulse is seen to be e
actly identical to the evolution caused byP(f,u). The use
of five pulses for this simple task is justified, however, if w
instead consider evolutionmPBB1 of a general ion subject to
the Hamiltonian

H1
(m)52d (m)ue&^eu1 1

2 V0
(m)n̂f•s( ie). ~4!
0-2
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FIG. 1. Calculated worst case fidelities~6! of two implementations of the controlled phase shift:~a! the simple implementation~2! and
~b! the PCPS pulse sequence~5!. The fidelity is plotted as a function ofd (1)5d (2) and V0

(1)5V0
(2) , both relative toV0, and with g12

5100V0. Note the difference between theV-axis limits of the two plots. It is clear from the plots thatPCPS achieves a high fidelity over
a much larger parameter space. In particular,PCPSis much less sensitive to variations inV, while the sensitivity to variations ind does not
seem to be significantly improved.
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In this case, we find that with the optimal valuefc5
6 cos21(2u/4p), mPBB1(f,u) is almost constant over
large range of values ofd (m)/V0 and V (m)/V0, while
mP(f,u) changes quite rapidly.

B. Robust gate operation

For the two-level Rabi problem, there is a global pha
factor depending on the detuning which plays no observa
role. In our three-level system, however, this phase will le
to a dephasing between the qubit levelu i & coupled toue& and
the other qubit level. To compensate this, we must sym
trize the desired pulse sequence in a suitable way, to a
both levels to pick up the same, unknown, phase contr
tions.

In the case of the controlled phase shift~2!, we have
arrived at the following symmetrized version:

PCPS
( i , j )5P1e

( i )~p,p!

3P0e
( j )~p,p!P0e

( j )~0,p!P1e
( j )~p,p!P1e

( j )~0,p!

3P1e
( i )~0,p!P0e

( i )~p,p!

3P0e
( j )~p,p!P0e

( j )~0,p!P1e
( j )~0,p!P1e

( j )~0,p!

3P0e
( i )~0,p!. ~5!

For the reference ionj, the PCPS
( i , j ) pulse sequence is seen

be equivalent toP0e
( i )(p,p) P1e

( j )(0,2p) P0e
( i )(0,p), which is

exactly the basic controlled phase-shift operation~2!, but we
expect it to perform better for a general ion.

Implementing all the pulses ofPCPS
( i , j ) by composite BB1

pulses~3!, we do indeed obtain a very robust implementati
of the controlled phase shift as illustrated in Fig. 1. To ass
the gate performance, we have compared the effect of
gate to the desired gate operationUCPSin terms of the worst
case fidelity, defined as the minimal overlap between
actual outcome of the pulse sequence and the desired
come of the gate operation:

F~UCPS,mP!5 min
uc&PH

u^cuUCPS
† mPuc&u2. ~6!
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Since we know that the starting point of the gate operat
will be a superposition of the ground hyperfine states,
have not minimized the expression~6! over the full Hilbert
space, but rather restrictedH to the qubit space. Note tha
this modification ensures that any population in the exci
state after the gate operation is counted as a loss of fidelit
it should be. The computation of the fidelity is discussed
more detail in the Appendix.

As we see from Fig. 1, the pulse sequencePCPS obtains
high fidelities over a much larger parameter space than
simple gate operation described by Eq.~2!. This is highly
desirable, as the minimal fidelity among the included
stances determines the scale up needed to perform the
correction@8#. Not too surprisingly, the sensitivity to varia
tions in V is improved the most, as this is the type of err
best dealt with by the BB1 pulse sequence. For realistic
rameters of the REQC system, a reduced sensitivity tod
variation would be more useful; whether this can be achie
by means of composite pulses is a point of further study

IV. THE BUS ARCHITECTURE

One of the exciting features of REQC is that the size a
coupling topology of the quantum computer is not defined
the crystal, but rather chosen in an initialization stage at e
start up of the system. The choice of architecture determ
the number of instances available in a given crystal, and t
ultimately the scaling properties of the system. The fu
interconnected ‘‘cluster’’ architecture suggested in the ori
nal REQC proposal, of course, has the minimal topologi
distance between qubits. On the other hand, a star topo
with one central qubit coupled to then21 remaining qubits,
as illustrated in Fig. 2, would reduce the number of requi
couplings fromn(n21)/2 ton21, thus increasing the num
ber of available instances in a given crystal, while still ma
taining a topological distance of only 2.

FIG. 2. Two possible coupling topologies for REQC system
~a! cluster topology and~b! star topology.
0-3
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Since the outer qubits in the star topology are not direc
coupled, two-qubit gates between those must be mediate
the central qubit acting as abus. To be specific, a bus
mediated controlledNOT could be constructed from con
trolled phase gates and Hadamard operations as illustrat
Fig. 3.

In addition to the better scaling properties of the bus
chitecture, its main advantage is that the bus qubit is a
ticipant of all multiqubit gates. This fact can be used to e
or improve the implementation of such gates. As an exam
four times as many pulses are needed on channelj as on
channeli with the proposed implementation of the controll
phase shift~5!. If channelj is chosen as the bus channel,
dedicated laser system can speed up the application of t
pulses as compared to a tunable laser system able to ad
any channel.

V. PREPARATION AND DETECTION OF MAXIMALLY
ENTANGLED STATES

To demonstrate the viability of the REQC concept, and
particular, the bus architecture, we propose to perform
experimental preparation and detection of a maximally
tangled state.

We will use an REQC system with the star topology: o
central qubit coupled ton21 outer qubits. Starting with alln
qubits in theiru0& state, we apply a composite pulse Ha
amard operation to the central qubit followed by controlle
not operations on all the outer qubits controlled by the c
tral qubit, thus transferring the system to the maxima
entangled state

uC0&5~1/A2!~ u0&n1u1&n), ~7!

which corresponds to a superposition of the total pseudo
pointing straight up and straight down.

The following algorithm for detecting a population of th
stateuC0& is very similar to the method used by the group
Wineland to detect a maximally entangled state of four io
in a linear Paul trap@9#: By rotating the stateuC0& through
an anglef around theẑ axis, we accumulate different phas
on the pseudospin components:uC1&5(1/A2)(u0&n

1e2 ifnu1&n). An additional rotation byp/2 around they
axis now yields a stateuC2& with an expected parityP
5P i(sz) i given by

^C2uPuC2&5cos~nf!,

the detection of thenf dependency thus signifying that th
maximally entangled state has been populated@10#.

In a single-instance quantum computing system, such
the ion trap setup used in Ref.@9#, we could measure the
expectation value of the parity as a statistical average o

FIG. 3. A bus-mediated controlled-NOT gate based on controlle
phase gates~vertical lines! and Hadamard operationsH.
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many repetitions of the procedure described above: a
each run, we could simply measure the state of each qu
and subsequently compute the parity. Since measuremen
the REQC system yield an ensemble average, this appro
would not be applicable here; we cannot find the expecta
value of the parity from the ensemble averages of the sin
qubit parities^(sz) i&, which are 0 as the inspection show

Instead we let the bus qubit acquire the parity unitarily:
sequentially applying controlled-NOT operations from each
outer qubit to the central qubit, we make the central qu
end up in theu1& state in the case of odd parity and in theu0&
state in the case of even parity. After this, the ensemble
erage of the bus qubit population yields the expectation va
of the parity.

As this section illustrates, readout from an ensem
quantum computer is conceptually somewhat more com
cated than readout from a single quantum computer. I
worth noting, however, that unlike many other ensem
quantum computing proposals, REQC instances all star
the same pure state; if we successfully employ error cor
tion during a computation, all instances will end up in t
same pure state, allowing us to read out the ensemble a
ages with high signal to noise ratio. Perhaps surprisingly,
readout can almost always be performed by tricks simila
those employed to detect the maximally entangled state;
semble quantum computing is almost as powerful as gen
quantum computing. In particular, all problems, which m
be expressed in terms of the hidden subgroup problem~such
as Shor’s factoring algorithm!, can be solved using an en
semble quantum computer@11#.

VI. CONCLUSIONS AND OUTLOOK

In conclusion, we have shown that, in the absence of
cay and decoherence, it is possible to implement robust h
fidelity gates for the REQC system. Specifically, the pha
compensated controlled phase gate based on comp
pulses~5! achieves worst case gate fidelities above 0.9
even with the coupling strength varying up to 10% betwe
instances and channel widths of several percent of the R
frequency of the field used to manipulate the system. F
thermore, we have pointed out that using a bus based a
tecture will simplify implementation by allowing the use o
an asymmetric laser setup.

The number of instances of a bus based REQC sys
scales aspn wheren is the number of qubits per instance an
p is the probability of a random ion being coupled to a me
ber of a given channel. In the regime currently being inv
tigated experimentally,p is several orders of magnitude les
than 1. The value ofp is affected bygt and channel width,
which is why we have to use robust gates rather than nar
channels and high threshold coupling strengths. Higher
ues of p could be obtained by increasing the ion densi
which would, however, cause a decrease in coherence tim
By using structured doping techniques, it might be possi
to obtain a higher effectivep without this adverse effect
Another approach to obtaining higher effectivep would be to
use multiple channels for each qubit by guaranteeing e
instance to have exactly one member ion from a group
channels assigned to each qubit.
0-4
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The instance identification protocol described in Sec
could be made much more efficient; since the system s
in a pure state~all ions in the channels in theiru0& state!, and
also ends in a pure state~all instance members in theiru0&
state, and all the other ions from the initial channel popu
tions in theiruaux& state!, the selection could theoretically b
performed unitarily.
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APPENDIX: FIDELITY OF UNITARY OPERATIONS

We wish to compare unitary operatorsU andU0, by de-
termining how closelyU0

†U resembles the identity on th
Hilbert spaceH. This can be expressed in terms of the wo
case fidelity:

F~U0 ,U !5 min
uc&PH

u^cuU0
†Uuc&u2. ~A1!

The fidelity can be computed as follows:U0
†U is unitary and

can consequently be formally diagonalized with eigenval
eif j , j 51, . . . ,n so that 0<f1<•••<fn<2p. Introducing
the maximal eigenvalue phase distanceDfmax5max($fj
2fj21%j52, . . . ,nø$2p1f12fn%), the fidelity over H is
given as
S
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F~U0 ,U !5H cos2~Dfmax/2! if Dfmax>p,

0 otherwise.
~A2!

To see this, we expand the state vectoruc& on the eigen-
basis$u j &% of U0

†U: uc&5( j cj u j &. The fidelity then takes the
form

F~U0 ,U !5min
pj

U(
j

pje
if jU2

, ~A3!

with the minimum taken over all non-negativepj5ucj u2, so
that ( j pj51.

Equation~A3! allows us to interpret the fidelity geometr
cally in the complex plane, as the set of poin
$( j pjexp(ifj)% forms a convex polygon with vertices in th
eigenvalues$eif j% on the unit circle. The fidelity correspond
to the square of the minimal distance from 0 to this polygo
If the polygon is constrained to one half plane, this will b
ueif1ei (f1Dfmax)u2/45cos2(Dfmax/2). If the polygon is not
restricted to one half plane, it will cover the origin, and t
fidelity will be 0.

Note that this method relies on the minimization bei
performed on the whole Hilbert space. If this is not the ca
the method is not applicable, and in Sec. III B where t
minimization is carried out over a subspace of the full H
bert space, we have resorted to a numerical search.
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