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Internal-state dephasing of trapped ions
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The effect of random fields on the internal dynamics of trapped ions is studied analytically. General char-
acteristics of the dependence of the dephasing on the noise statistics are identified: the form of the initial decay
of the coherences is determined by the probability distribution; effects of noise color, in particular, collapses
and revivals rooted in spectral concentration of the fluctuations, are apparent in a transient regime; at large
times, exponential decay sets in for widely different noise properties. The study is particularized to magnetic-
field fluctuations: features distinctive of the linear and quadratic Zeeman shifts are traced. The scaling of the
dephasing with the number of ions is analyzed; the implications for the realization of decoherence-free states
are discussed.
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The applicability of trapped ions in quantum computationfor each stochastic realization is given by (t))
depends crucially on the control of the sources of decoher=e~'#(V772(0)), whered(t) is a nonstationary stochastic
ence. The realization of quantum logic gates can indeed beariable[3] defined by
affected by different, internal and external, decohering t
mechanismg1]. In particular, ambient fields can lead to _ N et
dephasing of the “qubit” states. Recently, a scheme for pro- ¢(1)= fo Sw(t)dl’. @
tecting the logical information againsbllective dephasing
i.e., dephasing with the same effects on each qubit, was exrhe reduced density matrix is obtained by averaging over
perimentally testef2]. After encoding the logical data into a fluctuations[4]. The populations do not change; the coher-
decoherence-free state, the resistance of the encoded qubitapces are given by
decoherence due to an “engineered” noisy environment was e
checked. The effect of uncontrolled noise sour@asinly, Pg.e(t) = pg,e(0)(e'™), 3)

\?vr;]]itc):lr? n\}e??f;‘gt?]??/;;ggwoistﬁészc?;ggore?év-ighee Vraelilgéslé where it is evident that the form of the decay is determined
Y P y the statistics ofA(t).

information on general aspects of noise-induced dephasing: - . -
Here, focusing on those results, we study, analytically, the Important charactgrlsncs of the dephasing can be antici-
dependence of the dephasing characteristics on the noise sf -tfd ftroim tthhe fo:Lovv;n? ?nen:tril ?;gl:mrﬁngé Fértst\,er\]/ie r;c,tress
tistics. Specifically, effects of noise color are investigated: a ‘.b(.) S (h€ sum of elementary Incremers,dt, e,

we show how the initial decay of the coherences is deter]for finite cqrrelatlon t”.neTC' are stat|sf[|cally dependent.
mined by the noise distribution; the occurrence of collapseg\.ﬁfg ‘i“’do IS 3 Ga“ff;""?” variablap(t) is also normally
and revivals rooted in the spectral concentration is traceaf.jls ributed, and we obtaifb]

Additionally, the role of non-Gaussian fluctuations and the P o) = pa ol 0) ATHDIZGISO)T 4)
emergence of exponential decay at large times are elucidated. g€ g€ '

are identified. Finally, the scaling of the dephasing with the5riance v (t)1=([ b(t)—(p(1))]?). For a correlation
number of ions and the implications of noncollective effectsgynction  with the standard form (Swo(0)dwe(7))

are discussed. In addition to an understanding of these funivar(ﬁwo)k(r) since vafé(t)]=var(dwy), exponential

dame_ntaj guestions, the study gives general f:lues to the CheHépendence Qfg.o(t) ON var(Swy) is additionally found. On
acterization of the noise sources from experimental data. the other hand. for non-Gaussiahw,, it is not trivial to

We describe the trapped ion as a two-level systém .4 acterize the statistics ¢{t) and, consequently, the form
two electronic levelsg) and|e) which form the qubitwith o the decay. Even so, analytical results valid for generic
an energy splitting stochastically varied by the effect of thes, ~an be found in the following limiting cases.
random fields. In the absence of the laser fields that serve to (Oi) For t<r., the phase shift can be approximated as

c

implement the logic gates, the dynamics is characterized b}f)(t):&uo(O)t [3,6]. Then, the average in E3) is com-
the Hamiltonian 1] pletely determined by the probability distributioh( Swq),
ie.

h 1
Ho=5lwo+ dwg(t)]o, (1) '
poe0=p50) [ &4 W(s00)d(500).
where wq is the mean frequency anfwg(t) is the shift

induced by the fluctuations. In the rotating frame defined byln particular, for a Gaussian input with mean valugw,)
the unitary transformatiob) = exp(—iwyo,t/2), the evolution  and variance vagw,) we obtain[5]
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pg.e(t) e (V2Nareo) i (suo)t 6)  £r(t) defined by (& (t) Erw(t’))=(D/m) (i Q(t—t") I/t
—t')), which corresponds to the spectral densiy()
which corresponds to Gaussian decay withtithe 74 given  =2D for Q<. and S(Q)=0 for Q>0 [3]. Assuming

by 74=[var(dwo)/2] 2 that &;,,(t) describes the fluctuations in intensity, i.e., for
(i) For the description of the asymptotic behavior, it is e (t) o &,(t), we find

useful to write the phase shift asb(t)zfé‘&oodt
+[3 dwodt+ -+ -+ [{_1ypdwodt. Fort>r1e, an interval

At larger thanr., which guarantees that the different incre-
ments are practically uncorrelated, is compatible with a large
n. ¢(t) is then approximated by a sum of a large number ofwhere SiQ2.t)=/,* (sinZ2dz s the sine integral function
statistically independent variables, and, according to the cen7). sj(Q.t) presents a linear time increase followed by non-
tral limit theorem, presents an approximate normal distribusyponentially damped oscillations around2. Indeed, tak-
tion. Additionally, it is shown that vag(t)]=2Ks,t,  ing into account that SR t)~Q.t for t<Q;! and

whereK s, = [o(8wo(0)Swo(7))dr=var(dwe) [3]. Conse-  Si(Qct)~(7/2)— (1/Qt)cosLt for >0, the time de-

va|[¢(t)]oc2% Si(Qct)t+ Qic(cos_qct—l) ., (10

guently, the coherences can be approximated as pendence of the coherences, in agreement with our previous
_ general discussion, is found to be Gaussian at short times and
pg,e(t)oceKoule!(owo)t, (7)  exponential in the asymptotic regime. Qualitative differences

. ) _ ) with the behavior corresponding to standard colored noise
Hence, expgllwentlal decay with el/time scaling as7q e apparent in the intermediate regime: oscillations ®ith
<[var(éwo)] * becomes apparent. Note that the emergencgan pe observable depending on the relative magnitude of

OIt expotnentl?lt:ecay can bel ?'ntICpratE;.d, provuged that thsfzc 1 and the decoherence time. Here, it is worth recalling
attenuation of the noise correlation Tunction can beé assUmeey, ¢ the yalyes of) . and the noise strength can be controlled

|nd|eetg, thel partil;éular iﬂpectral cht?]racterlstlct:sf.% af.fect. in the experimentg2]. For ).—o, the results for white
only the value ol 5,,. Moreover, the asymplolic regime IS, 5ise are consistently recovered.

more rapidly reached as. decreases; in the white-noise  (c) Spectral concentration is a characteristic of important
limit (7.—0), the decay is exponential at any time. components of the ambient fielfs]. Useful insight into the

In contrast with the above analysis of the initial andimplications of this property can be obtained from the study
asymptotic behaviors, the characterization of the intermedipf g pure|y monochromatic SignaL Hence, we assume a har-
ate regime requires precise information on the noise spegnonic shift Swy(t) =A sin(Qqt+¢) with fixed amplitudeA
trum. This pOint is illustrated by the fOllOWing Study of dif- and uniform|y distributed initial phasaP’ ie., W((P)
ferent types of noise relevant to the system. =(1/2m). dwo(t) is then a stationary non-Gaussian variable.

(@) As a first approximation to the description of color For each ¢, one obtains ¢(t)=(A/Q)[cose—cosCt
dependent features, we consider standard colored f8jse +)]. The expansion 0&'*® in terms of the Bessel func-

.e., Gaussian noisg(t) defined by(&s(t))=0 and tions[5] and the subsequent average oyerleads to
(EdDésdt))=yDe Mt ® A Qg
. Pg,e(t):Pg,e(o)Jo Q_S|n7 ) (11
For Swq(t) «&s(t), we obtain[3] (¢(t))=0 and 0

where significant differences with the effect of Gaussian
) (99  noise are evident. From the oscillatory behavior of the argu-
ment of the Bessel function, a nontrivial evolution can be
Hence, a finite value of, =y~ * implies nonlinear time de- f'inticipated: recurrent complete collapses and reviyals appear
pendence of v@s(t)], and, therefore, nonexponential decay iIf Zeros and peaks alo(z) are reached. As there is no at-
of pge(t) [see Eq.(4)]. There is no sharp transition from tenuation of the correlaﬂqn function dwy(t), thgre is no
Gaussian to exponential decay, but an intermediate regim@mergence of exponential decay at large times. For
determined by the noise spectrum. This transient regime caff o > We find pgc(t)=pge(0)Jo(AD); then, if the
be analytically characterized for different types of Gaussiar@symptotic limit ofJo(At) is reached inside the considered
noise; its identification in the experimental data can serve téegime, at™*? dependence is eventually present. On the
define the color properties of the noise sources. In the whitesther hand, fort>Qg*, through a coarse graining over
noise limit (y—=), ¢(t) is described by a Wiener process 2/(},, one obtainsyg,e(t):pg,e(O)JS(A/QO) for the aver-
[3]; its variance is then linear time dependent and, as previage behavior. The effect of a high-frequency signal can,
ously stated, the decay is always exponential. therefore, be described as a “renormalization” of the coher-
(b) In recent experiment], a noisy reservoir was engi- ences, which is, in fact, irrelevant £/Qy<1. In the laser-
neered by applying an off-resonant laser with a randomlyinduced coupling of internal and motional modes needed to
varying intensity: through the Stark shift, a “controlled” ran- implement the logic gates, this effect leads to an effective
dom variation ofwy(t) was achieved. Since, in the experi- reduction of the Rabi frequendit].
ments, the stochastic signal was generated by filtering white Magnetic-field fluctuationsAmbient magnetic fields are
noise, it is of interest to explicitly consider a Gaussian inputexpected to be the main source of internal decoherence in the

varf ¢(t)]<2D|t+ %(e"t—l)
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usual experimental arrangements. Hence, it is worth describmore quantitative analysis which can reveal the actual rel-

ing this dephasing mechanism in detail. The frequency shifevance of the different elements of our model.

induced by magnetic-field fluctuations can be approximated To discuss effects specific to the quadratic Zeeman shift,

as[1] we assume now an average fieBl, that makes the
[&w/ﬁB]Bo term vanish. This regime is especially interest-

5 ing, given its probable use in practical ion-trap quantum
(B=Bo)", (120 computerg2]. Here, 5w (t), given by a nonlinear trans-
Bo formation of a normal variable, has non-Gaussian character.
(Problems involvingGaussian quadratic noiséave been
whereB; is the average field ang=B— B, represents the tackled in different context$6,8,9). Consequently, non-
random increment. In standard conditions, the major contritrivial dependence ob(g“’g(t) on vaf (¥)(t)] can be ex-
bution to magnetic noise comes from ac power line noisgyected. In particular, non-Gaussian initial decay can be pre-
and, therefore, is concentrated primarily at the correspondingcted. Additionally, the nonzero mean value &, induces
fundamental frequency and at its harmonics. Accordingly, We;,  oscillation of the coherences withA = (1/2)
consider line noise defined ky(t) = A(t)sinQot+ (O] with [ 524/9B2]; yD, added to that associated to the mean fre-
A(t) and¢(t) varying much more slowly thaft. In time Tf? | luti @)1y simplifi i
scales much smaller than the characteristic times(bf and quencyaw,. The comp exevolution Obg’e(t) SIMPITIes con
(1), &(t) can be described as a purely harmonic signal Withs.Iderably for Sm.a”TC‘ expcgn)ennal decay with a rate propor-
tional to the variance ofwy® (t) becomes rapidly apparent.

time independenf and ¢. Actually, this is the regime rel- ; . C .

evant to the experiments: the measured decoherence tim@gain, a modulation of thls'behawor results from the aver-
are much smaller than the ac line-noise pefidt For sim- aging over phase and. amplltude. L

plicity, a fixed amplitude and a uniformly distributed initial __ D€Phasing of multiple-ion stateThe generalization of
phase will be assumed. Moreover, we consider that the noisi!® Study to a system di ions is str(aK|)ghtf.orward. Working
input has also a broadband component. Specifically, w&ith the product .stateQ<)E®-El|,81 ) (i labels the ion
model the magnetic fluctuations as= £(t)+ & (t) with ~ and the two possible values ﬂ# ', 0 and 1, stand, respec-
£s(t) defined by Eq(8). We concentrate now on two cases tively, for g ande), we find

of practical interest, which illustrate how qualitatively differ- N
ent behaviors can emerge depending on the relative impor- ) ,
pr.k (1) =pkk(0) ex _Ij§=:1 (BO=BEN (0] ),

2

9B?

Jw 1
5(00('[):[— (B—BO)—i—E
Bo

tance of the linear and quadratic Zeeman shifts.

First, to focus on the linear Zeeman effect, we consider a (14)
regime in which the quadratic term in E(L2) can be ne-
glected. Because of the non-Gaussian monochromatic contfjyhere the individual phase shifts; (t) contain the effect of
bution, dwg(t) is not normally distributed. Even so, an ana- nonuniform fields.
lytical characterization of the coherences can be givenpAs  |n the case of collective dephasing, i.e., if the ions can be

is statistically independent @f(t), we can proceed by ob- assumed to experience the same fies(t) = ¢(t) for all j],
taining first the evolution at fixe¢ and then averaging the (N)

: _ —ic™ ()
phase. The frequency shift for eagh () (t), is a Gauss- OneNObtal(rSpK'K(;((,t)) Pk (0)(e ik _ ), WhereGy .,
ian variable defined by(sw$?)(t))=[dw/dBlg Asin@gt =~ >1-1(B;" ~B;" J=N. Now our previous results can be

(@) (117 — 2 applied to analyze the scaling of decoherence wthin
+¢) and vaf dwg” (1) ] [ﬁw/aB]BoyD' The coherences for particular, wheng(t) presents a zero-mean normal distribu-
afixedg, p{f)(t), are straightforwardly obtained; the subse-tion, we find[5]

guent phase averaging leads to
Pk (D= pi ko (0)exid — (GE k) Avar ¢(1)]/2]. (15)

pg.e(D) do[ 2(1) e~V 02, (13
As the characteristic timeéjN) vary with form of the decay,
where z(t):[ﬁw/aB]BO(ZA/QO)sin(QOtIZ) and the different regimes must be explicitly taken into account.
vaf ¢'¥)(t)]=2[ dw/9B]% D[t+ (1/y)(e "—1)]. Actually, ~Namely, for the initial Gaussian form, one obtain§"
0 —(c(N) y-1
as t<Qg' in the experiments, we can write(t) ~—(Ckk) “7a=7a/N. On the other hand, for the

=[JwlIB]g At. Here, the decay corresponding to broad-asymptotic exponential decay, we havg) = (G /) ~27q

band fluctuations, initially Gaussian and asymptotically ex-=7a/N?. These resuits reflect a quite favourablg situation
ponential, appears modulated by the effect of line noise. Fotor practical applications. Furthermore, conditi@‘k) =0
small ., as the asymptotic regime rapidly sets in, the initialguarantees the coherence of a superpositidikpfand |K ")
transient is hardly observable. A probability distribution for against all forms of collective dephasing. In particular, states
the amplitude can be easily incorporated into our approacH. )= (|ge)+ileg))/\2 and|¢_)=(|ge)—i|eg))/\2 span
the additional average ovéx implies an attenuation of the a decoherence-free subspace for a system of two[®@lns
features linked to the modulation factdg[ z(t)]. These re- In the experiments with engineered reservadid, a
sults can account for the roughly exponential decay found ischeme for protecting the logical information against collec-
the experimentg2], yet higher resolution is needed for a tive noise, based on encoding the bare statg,.)=|9)
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®(€°lg)+|e)/\2 into the decoherence-free statgprs)  the same statistics a;(t) (j=1,2). Therefore, for zero-
=(lg_)+€ . ))\2, was tested ¢ denotes a rotation Mmean Gaussian variables, we obtgsi
previous to the encodingThe results indicate a roughly uni-
form effect of all the relevant noise sources, in particular, of (cosA¢(t));=e vatladmliz, 17
ambient magnetic fields. Let us analyze how departures from
collective decoherence affect the applicability of the schemeAs vafA¢(t)] can be much smaller than ya#i(t)], an
A simple discussion of this issue can be made from theeffective reduction of the dephasing can be achieved working
evaluation of the fidelity, defined asF,(t) with |#pes). Moreover, features distinctive of noise color
=(|(y(0)|(t))|?) [4] (the average over fluctuations is de- can be more apparent in the larger times of decay that can be
noted here by(- - - ); to distinguish it from the quantum av- reached.
erag@. When nonuniformity in the fields is considered, we (b) A different behavior occurs when there is spatial loss
have of correlation, namely, when sources of microscopic uncor-
L related noise are present. In particular, if variakigét) and
_ ¢,(t) are uncorrelated, i.e., ifd1(t) po(t'))=0, we have
Flupeg(t) = 5[ 1+cosa+(1-coSa)(cosA ¢(1))], vai A ¢(t)]=var ¢, (t)]+var gz(t)], whicr? makes the in-
(16)  tended protection of coherence ineffective. Additionally, spa-
, tial variations in the spectrum @f(t) can induce significant
whereA ¢(t) = ¢1(t) — #(t). Hence, the decay of the fidel- irarences between the color dependent transient of
ity is determined by(cosA¢(t)); and therefore, by the statis- s>(t) and that Oﬂ:"//bare>(t)'

. ; lipE
tics of A¢(t). For a comparison, we recall thEWbare?(t) The actual relevance of the different scenarios must be

=(1/_2_)[1+<cos¢2(t)>f]. Given the variety of expe_rir_nental clarified by further experimental work.
conditions that can be relevant to the problem, it is worth  aq 3 final remark, we stress the generality of our results

analyzing different possible situations. _ _and their potential applicability to the characterization of the
(@ We first consider differential dephasing rooted in ansise sources.

spatial variation in the intensity of the fields. This may be

applicable to the experiments where residual decoherence in One of the authoréS.B.) wants to thank the Ministerio de
state|¥pes) Was linked to departures from equal illumina- Ciencia y Tecnologia of SpaifGrant No. BFM 2001-3349
tion by the applied random field2]. In this caseA ¢(t) has  for financial support.
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