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Internal-state dephasing of trapped ions
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The effect of random fields on the internal dynamics of trapped ions is studied analytically. General char-
acteristics of the dependence of the dephasing on the noise statistics are identified: the form of the initial decay
of the coherences is determined by the probability distribution; effects of noise color, in particular, collapses
and revivals rooted in spectral concentration of the fluctuations, are apparent in a transient regime; at large
times, exponential decay sets in for widely different noise properties. The study is particularized to magnetic-
field fluctuations: features distinctive of the linear and quadratic Zeeman shifts are traced. The scaling of the
dephasing with the number of ions is analyzed; the implications for the realization of decoherence-free states
are discussed.
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The applicability of trapped ions in quantum computati
depends crucially on the control of the sources of decoh
ence. The realization of quantum logic gates can indeed
affected by different, internal and external, decoher
mechanisms@1#. In particular, ambient fields can lead
dephasing of the ‘‘qubit’’ states. Recently, a scheme for p
tecting the logical information againstcollective dephasing,
i.e., dephasing with the same effects on each qubit, was
perimentally tested@2#. After encoding the logical data into
decoherence-free state, the resistance of the encoded qu
decoherence due to an ‘‘engineered’’ noisy environment w
checked. The effect of uncontrolled noise sources~mainly,
ambient magnetic fields! was also monitored. The result
which verify the validity of the scheme, provide valuab
information on general aspects of noise-induced dephas
Here, focusing on those results, we study, analytically,
dependence of the dephasing characteristics on the noise
tistics. Specifically, effects of noise color are investigat
we show how the initial decay of the coherences is de
mined by the noise distribution; the occurrence of collap
and revivals rooted in the spectral concentration is trac
Additionally, the role of non-Gaussian fluctuations and t
emergence of exponential decay at large times are elucida
Features specific to the linear and quadratic Zeeman s
are identified. Finally, the scaling of the dephasing with
number of ions and the implications of noncollective effe
are discussed. In addition to an understanding of these
damental questions, the study gives general clues to the c
acterization of the noise sources from experimental data

We describe the trapped ion as a two-level system~the
two electronic levelsug& andue& which form the qubit! with
an energy splitting stochastically varied by the effect of
random fields. In the absence of the laser fields that serv
implement the logic gates, the dynamics is characterized
the Hamiltonian@1#

H05
\

2
@v01dv0~ t !#sz , ~1!

where v0 is the mean frequency anddv0(t) is the shift
induced by the fluctuations. In the rotating frame defined
the unitary transformationU5exp(2iv0szt/2), the evolution
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for each stochastic realization is given byuc(t)&
5e2 if(t)sz/2uc(0)&, wheref(t) is a nonstationary stochasti
variable@3# defined by

f~ t !5E
0

t

dv0~ t8!dt8. ~2!

The reduced density matrix is obtained by averaging o
fluctuations@4#. The populations do not change; the coh
ences are given by

rg,e~ t !5rg,e~0!^eif(t)&, ~3!

where it is evident that the form of the decay is determin
by the statistics off(t).

Important characteristics of the dephasing can be an
pated from the following general arguments. First, we str
thatf(t) is the sum of elementary incrementsdv0dt, which,
for finite correlation timetc , are statistically dependen
When dv0 is a Gaussian variable,f(t) is also normally
distributed, and we obtain@5#

rg,e~ t !5rg,e~0!e2var[f(t)]/2ei ^f(t)&t, ~4!

which reflects exponential dependence on the phase-
variance var@f(t)#[^@f(t)2^f(t)&#2&. For a correlation
function with the standard form ^dv0(0)dv0(t)&
5var(dv0)k(t), since var@f(t)#}var(dv0), exponential
dependence ofrg,e(t) on var(dv0) is additionally found. On
the other hand, for non-Gaussiandv0, it is not trivial to
characterize the statistics off(t) and, consequently, the form
of the decay. Even so, analytical results valid for gene
dv0 can be found in the following limiting cases.

~i! For t!tc , the phase shift can be approximated
f(t).dv0(0)t @3,6#. Then, the average in Eq.~3! is com-
pletely determined by the probability distributionW(dv0),
i.e.,

rg,e~ t !5rg,e~0!E eidv0tW~dv0!d~dv0!. ~5!

In particular, for a Gaussian input with mean value^dv0&
and variance var(dv0) we obtain@5#
©2003 The American Physical Society11-1
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rg,e~ t !}e2(1/2)var(dv0)t2ei ^dv0&t, ~6!

which corresponds to Gaussian decay with 1/e time td given
by td5@var(dv0)/2#21/2.

~ii ! For the description of the asymptotic behavior, it
useful to write the phase shift asf(t)5*0

Dtdv0dt
1*Dt

2Dtdv0dt1•••1* (n21)Dt
t dv0dt. For t@tc , an interval

Dt larger thantc , which guarantees that the different incr
ments are practically uncorrelated, is compatible with a la
n. f(t) is then approximated by a sum of a large number
statistically independent variables, and, according to the c
tral limit theorem, presents an approximate normal distri
tion. Additionally, it is shown that var@f(t)#.2Kdv0

t,

whereKdv0
5*0

`^dv0(0)dv0(t)&dt}var(dv0) @3#. Conse-
quently, the coherences can be approximated as

rg,e~ t !}e2Kdv0
tei ^dv0&t. ~7!

Hence, exponential decay with 1/e time scaling astd
}@var(dv0)#21 becomes apparent. Note that the emerge
of exponential decay can be anticipated, provided that
attenuation of the noise correlation function can be assum
indeed, the particular spectral characteristics ofdv0 affect
only the value ofKdv0

. Moreover, the asymptotic regime

more rapidly reached astc decreases; in the white-nois
limit ( tc→0), the decay is exponential at any time.

In contrast with the above analysis of the initial a
asymptotic behaviors, the characterization of the interme
ate regime requires precise information on the noise sp
trum. This point is illustrated by the following study of dif
ferent types of noise relevant to the system.

~a! As a first approximation to the description of col
dependent features, we consider standard colored noise@3#,
i.e., Gaussian noisejsc(t) defined by^jsc(t)&50 and

^jsc~ t !jsc~ t8!&5gDe2gut2t8u. ~8!

For dv0(t)}jsc(t), we obtain@3# ^f(t)&50 and

var@f~ t !#}2DF t1
1

g
~e2gt21!G . ~9!

Hence, a finite value oftc5g21 implies nonlinear time de-
pendence of var@f(t)#, and, therefore, nonexponential dec
of rg,e(t) @see Eq.~4!#. There is no sharp transition from
Gaussian to exponential decay, but an intermediate reg
determined by the noise spectrum. This transient regime
be analytically characterized for different types of Gauss
noise; its identification in the experimental data can serve
define the color properties of the noise sources. In the wh
noise limit (g→`), f(t) is described by a Wiener proces
@3#; its variance is then linear time dependent and, as pr
ously stated, the decay is always exponential.

~b! In recent experiments@2#, a noisy reservoir was engi
neered by applying an off-resonant laser with a random
varying intensity: through the Stark shift, a ‘‘controlled’’ ran
dom variation ofv0(t) was achieved. Since, in the expe
ments, the stochastic signal was generated by filtering w
noise, it is of interest to explicitly consider a Gaussian inp
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j f w(t) defined by^j f w(t)j f w(t8)&5(D/p)„sin@Vc(t2t8)#/(t
2t8)…, which corresponds to the spectral densityS(V)
52D for V,Vc and S(V)50 for V.Vc @3#. Assuming
that j f w(t) describes the fluctuations in intensity, i.e., f
dv0(t)}j f w(t), we find

var@f~ t !#}2
D

p FSi~Vct !t1
1

Vc
~cosVct21!G , ~10!

where Si(Vct)[*0
Vct(sinz/z)dz is the sine integral function

@7#. Si(Vct) presents a linear time increase followed by no
exponentially damped oscillations aroundp/2. Indeed, tak-
ing into account that Si(Vct);Vct for t!Vc

21 and
Si(Vct);(p/2)2(1/Vct)cosVct for t@Vc

21 , the time de-
pendence of the coherences, in agreement with our prev
general discussion, is found to be Gaussian at short times
exponential in the asymptotic regime. Qualitative differenc
with the behavior corresponding to standard colored no
are apparent in the intermediate regime: oscillations withVc
can be observable depending on the relative magnitud
Vc

21 and the decoherence time. Here, it is worth recall
that the values ofVc and the noise strength can be controll
in the experiments@2#. For Vc→`, the results for white
noise are consistently recovered.

~c! Spectral concentration is a characteristic of import
components of the ambient fields@1#. Useful insight into the
implications of this property can be obtained from the stu
of a purely monochromatic signal. Hence, we assume a
monic shift dv0(t)5A sin(V0t1w) with fixed amplitudeA
and uniformly distributed initial phasew, i.e., W(w)
5(1/2p). dv0(t) is then a stationary non-Gaussian variab
For each w, one obtainsf(t)5(A/V0)@cosw2cos(V0t
1w)#. The expansion ofeif(t) in terms of the Bessel func
tions @5# and the subsequent average overw, leads to

rg,e~ t !5rg,e~0!J0S 2A

V0
sin

V0t

2 D , ~11!

where significant differences with the effect of Gauss
noise are evident. From the oscillatory behavior of the ar
ment of the Bessel function, a nontrivial evolution can
anticipated: recurrent complete collapses and revivals ap
if zeros and peaks ofJ0(z) are reached. As there is no a
tenuation of the correlation function ofdv0(t), there is no
emergence of exponential decay at large times. Fot
!V0

21, we find rg,e(t).rg,e(0)J0(At); then, if the
asymptotic limit ofJ0(At) is reached inside the considere
regime, a t21/2 dependence is eventually present. On t
other hand, fort@V0

21, through a coarse graining ove
2p/V0, one obtainsrg,e(t)5rg,e(0)J0

2(A/V0) for the aver-
age behavior. The effect of a high-frequency signal c
therefore, be described as a ‘‘renormalization’’ of the coh
ences, which is, in fact, irrelevant ifA/V0!1. In the laser-
induced coupling of internal and motional modes needed
implement the logic gates, this effect leads to an effect
reduction of the Rabi frequency@1#.

Magnetic-field fluctuations. Ambient magnetic fields are
expected to be the main source of internal decoherence in
1-2
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INTERNAL-STATE DEPHASING OF TRAPPED IONS PHYSICAL REVIEW A68, 012311 ~2003!
usual experimental arrangements. Hence, it is worth desc
ing this dephasing mechanism in detail. The frequency s
induced by magnetic-field fluctuations can be approxima
as @1#

dv0~ t !5F]v

]BG
B0

~B2B0!1
1

2 F ]2v

]B2G
B0

~B2B0!2, ~12!

whereB0 is the average field andj[B2B0 represents the
random increment. In standard conditions, the major con
bution to magnetic noise comes from ac power line no
and, therefore, is concentrated primarily at the correspond
fundamental frequency and at its harmonics. Accordingly,
consider line noise defined byj l(t)5A(t)sin@V0t1w(t)# with
A(t) andw(t) varying much more slowly thanV0t. In time
scales much smaller than the characteristic times ofA(t) and
w(t), j l(t) can be described as a purely harmonic signal w
time independentA and w. Actually, this is the regime rel-
evant to the experiments: the measured decoherence t
are much smaller than the ac line-noise period@2#. For sim-
plicity, a fixed amplitude and a uniformly distributed initia
phase will be assumed. Moreover, we consider that the n
input has also a broadband component. Specifically,
model the magnetic fluctuations asj5jsc(t)1j l(t) with
jsc(t) defined by Eq.~8!. We concentrate now on two case
of practical interest, which illustrate how qualitatively diffe
ent behaviors can emerge depending on the relative im
tance of the linear and quadratic Zeeman shifts.

First, to focus on the linear Zeeman effect, we conside
regime in which the quadratic term in Eq.~12! can be ne-
glected. Because of the non-Gaussian monochromatic co
bution,dv0(t) is not normally distributed. Even so, an an
lytical characterization of the coherences can be given. Aw
is statistically independent ofjsc(t), we can proceed by ob
taining first the evolution at fixedw and then averaging th
phase. The frequency shift for eachw, dv0

(w)(t), is a Gauss-
ian variable defined bŷ dv0

(w)(t)&5@]v/]B#B0
A sin(V0t

1w) and var@dv0
(w)(t)#5@]v/]B#B0

2 gD. The coherences fo

a fixedw, rg,e
(w)(t), are straightforwardly obtained; the subs

quent phase averaging leads to

rg,e~ t !}J0@z~ t !#e2var[f(w)(t)]/2, ~13!

where z(t)5@]v/]B#B0
(2A/V0)sin(V0t/2) and

var@f (w)(t)#52@]v/]B#B0

2 D@ t1(1/g)(e2gt21)#. Actually,

as t!V0
21 in the experiments, we can writez(t)

.@]v/]B#B0
At. Here, the decay corresponding to broa

band fluctuations, initially Gaussian and asymptotically e
ponential, appears modulated by the effect of line noise.
smalltc , as the asymptotic regime rapidly sets in, the init
transient is hardly observable. A probability distribution f
the amplitude can be easily incorporated into our approa
the additional average overA implies an attenuation of the
features linked to the modulation factorJ0@z(t)#. These re-
sults can account for the roughly exponential decay foun
the experiments@2#, yet higher resolution is needed for
01231
b-
ift
d

i-
e
g

e

h

es

sy
e

r-

a

tri-

-

-
-
or
l

h:

in

more quantitative analysis which can reveal the actual
evance of the different elements of our model.

To discuss effects specific to the quadratic Zeeman s
we assume now an average fieldB0 that makes the
@]v/]B#B0

term vanish. This regime is especially interes
ing, given its probable use in practical ion-trap quantu
computers@2#. Here,dv0

(w)(t), given by a nonlinear trans
formation of a normal variable, has non-Gaussian charac
~Problems involvingGaussian quadratic noisehave been
tackled in different contexts@6,8,9#!. Consequently, non-
trivial dependence ofrg,e

(w)(t) on var@f (w)(t)# can be ex-
pected. In particular, non-Gaussian initial decay can be p
dicted. Additionally, the nonzero mean value ofjsc

2 induces
an oscillation of the coherences withL[(1/2)
3@]2v/]B2#B0

gD, added to that associated to the mean f

quencyv0. The complex evolution ofrg,e
(w)(t) simplifies con-

siderably for smalltc : exponential decay with a rate propo
tional to the variance ofdv0

(w)(t) becomes rapidly apparen
Again, a modulation of this behavior results from the av
aging over phase and amplitude.

Dephasing of multiple-ion states. The generalization of
the study to a system ofN ions is straightforward. Working
with the product statesuK&[ ^ j 51

N ub j
(K)& ( j labels the ion

and the two possible values ofb j
(K) , 0 and 1, stand, respec

tively, for g ande), we find

rK,K8~ t !5rK,K8~0!K expF2 i (
j 51

N

~b j
(K)2b j

(K8)!f j~ t !G L ,

~14!

where the individual phase shiftsf j (t) contain the effect of
nonuniform fields.

In the case of collective dephasing, i.e., if the ions can
assumed to experience the same field@f j (t)5f(t) for all j ],

one obtainsrK,K8(t)5rK,K8(0)^e2 iG
K,K8
(N)

f(t)&, whereGK,K8
(N)

[( j 51
N (b j

(K)2b j
(K8))<N. Now our previous results can b

applied to analyze the scaling of decoherence withN. In
particular, whenf(t) presents a zero-mean normal distrib
tion, we find@5#

rK,K8~ t !5rK,K8~0!exp@2~GK,K8
(N)

!2var@f~ t !#/2#. ~15!

As the characteristic timestd
(N) vary with form of the decay,

the different regimes must be explicitly taken into accou
Namely, for the initial Gaussian form, one obtainstd

(N)

5(GK,K8
(N) )21td>td /N. On the other hand, for the

asymptotic exponential decay, we havetd
(N)5(GK,K8

(N) )22td

>td /N2. These results reflect a quite favourable situat
for practical applications. Furthermore, conditionGK,K8

(N)
50

guarantees the coherence of a superposition ofuK& anduK8&
against all forms of collective dephasing. In particular, sta
uc1&5(uge&1 i ueg&)/A2 anduc2&5(uge&2 i ueg&)/A2 span
a decoherence-free subspace for a system of two ions@2#.

In the experiments with engineered reservoirs@2#, a
scheme for protecting the logical information against colle
tive noise, based on encoding the bare stateucbare&5ug&
1-3
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^(eiaug&1ue&)/A2 into the decoherence-free stateucDFS&
5(uc2&1eiauc1&)/A2, was tested (a denotes a rotation
previous to the encoding!. The results indicate a roughly un
form effect of all the relevant noise sources, in particular,
ambient magnetic fields. Let us analyze how departures f
collective decoherence affect the applicability of the sche
A simple discussion of this issue can be made from
evaluation of the fidelity, defined as F uc&(t)
[^u^c(0)uc(t)&u2& f @4# ~the average over fluctuations is d
noted here bŷ •••& f to distinguish it from the quantum av
erage!. When nonuniformity in the fields is considered, w
have

F ucDFS&~ t !5
1

2
@11cos2a1~12cos2a!^cosDf~ t !& f #,

~16!

whereDf(t)5f1(t)2f2(t). Hence, the decay of the fide
ity is determined bŷ cosDf(t)&f and therefore, by the statis
tics of Df(t). For a comparison, we recall thatF ucbare&

(t)

5(1/2)@11^cosf2(t)&f#. Given the variety of experimenta
conditions that can be relevant to the problem, it is wo
analyzing different possible situations.

~a! We first consider differential dephasing rooted in
spatial variation in the intensity of the fields. This may
applicable to the experiments where residual decoherenc
stateucDFS& was linked to departures from equal illumin
tion by the applied random fields@2#. In this case,Df(t) has
D
t.

.

6/
f

e
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the same statistics asf j (t) ( j 51,2). Therefore, for zero-
mean Gaussian variables, we obtain@5#

^cosDf~ t !& f5e2var[Df(t)]/2. ~17!

As var@Df(t)# can be much smaller than var@f j (t)#, an
effective reduction of the dephasing can be achieved work
with ucDFS&. Moreover, features distinctive of noise colo
can be more apparent in the larger times of decay that ca
reached.

~b! A different behavior occurs when there is spatial lo
of correlation, namely, when sources of microscopic unc
related noise are present. In particular, if variablesf1(t) and
f2(t) are uncorrelated, i.e., if̂f1(t)f2(t8)&50, we have
var@Df(t)#5var@f1(t)#1var@f2(t)#, which makes the in-
tended protection of coherence ineffective. Additionally, sp
tial variations in the spectrum off(t) can induce significant
differences between the color dependent transient
F ucDFS&(t) and that ofF ucbare&

(t).
The actual relevance of the different scenarios must

clarified by further experimental work.
As a final remark, we stress the generality of our resu

and their potential applicability to the characterization of t
noise sources.
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