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Decoherence of collective atomic spin states due to inhomogeneous coupling
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We investigate the decoherence of a superposition of symmetric collective internal states of an atomic
ensemble due to inhomogeneous coupling to external control fields. For asymptotically large system, we find
JN as the characteristic decoherence rate scale Mitleing the total number of atoms. Our results shed new
light on attempts for realizing quantum information processing and storage with atomic ensembles.
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Coherent quantum information encoding and processingxpectation of exciting developments to cof2é,22. Nev-
has recently emerged as a major goal for the physics conertheless, all ensemble based systems suffer from the re-
munity. Despite the seemingly insurmountable difficulties, aduced size of computational Hilbert space. In this case of
rich variety of implementations are being pursued in laborasymmetric collective internal states, the space used for quan-
tories across the globe. Among the early success is the apdm information is much less than the'=2" as forN two-
parent ability in simulating quantum operations with liquid level atomg[23]. In view of the recent experimental success
based nuclear magnetic resonaf®R) [1,2]. Recent the- in storage and recovery of light coherence in atomic gases
oretical efforts indicate, however, that in the pseudopure statg?4,25, a related question to address is the sensitivity to
approach using NMRguantum entanglemerd key element  errors when collective spin states are used as quantum
for powerful quantum information processing, was, in fact,memories.
not present[3,4. Room-temperature NMR technique, is  In this paper, we investigate the decoherence for a super-
therefore limited and cannot be explored fully to benefit fromposition of symmetric internal states of an atomic gas due to
an exponentially large Hilbert space of only polynominally its inhomogeneous coupling with external control fields. Our
scaled resources and contr¢f. Nevertheless, early NMR study is motivated by the simple observation that the sym-
based experiments have provided useful insight into the opmetric states of an atomic ensemble spans the computation
erations of genuine quantum computfs Recently, seven space only if atoms can be manipulated cooperatively.
effective qubits were used for a successful simulation of théNamely, the coupling of both the external manipulating field
Shor’s algorithm with NMR techniquE7]. and the environment surrounding the atomic ensemble

Over the last few years, using symmetric collective inter-should be homogeneous such that the collective motion of
nal states of an atomic ensemble has attracted much attentiéhe atomic ensemble can be described by the collective qua-
[8—12. The pros and cons of such an approach assisted witgispin operators. In essence, the effect of different spatial
cavity photon-atom interaction was recently discussed byositions for atoms 1,2.., andN, is ignored or absorbed
Fleischhaueret al. [10,11]. In normal cavity QED based into each single spin operators. In reality, an optically thick
quantum computing implementations, atomic qubits are enatomic ensemble suffers from inhomogeneous coupling to
tangled and logic operations performed through their interboth classical and quantum light fields, i.e., the coupling
action with the common cavity photon quantum field. Tostrength is position dependent. Such a situation arises natu-
maintain quantum coherence, it is important to reach the sgally for trapped ions due to its center-of-mass motion. In
called-strong coupling regime, when the single-photon cothis case, it is well known that the loss of quantum coherence
herent couplinggy> v, «, the atomic and cavity dissipation for a superposition of internal state occurs. In this study, we
or decoherence rates, respectivglg]. The symmetric col- refer to such decoherence effect as inhomogeneous decoher-
lective internal states can reach the strong-coupling regimence. We focus on introducing our technique and study the
without requiring a high finesse cavity gg> JN, with Nthe  simplest example of superpositions of collective atomic
total number of atomg14—16. When implemented with Dicke states in this paper. The consideration of dark state,
protocols insensitive to individual atomic dissipation- Polariton approach based proposgls] will be given in the
decoherence rate as in the dark state based adiabatic transféiure, as significant complications arise when the quantum
protocols[8,9,17, one can apparently gain an upper handcavity field is included.
over systems based on single atoms inside a cqtiyl1]. Our model is comprised of an ensemble of two-level at-
This is, in fact, not quite surprising, earlier cavity QED ex- 0ms described by the Hamiltonian
periments have relied on the enhanced dipole interaction of a N Ty 1
collection of many atom$14—16. In free space, the phe- _ T K Tk (K)
nomena of superfluorescence or super-radighdel8 con- H _g‘l 2%a 7z +2(go o tHe) @
stitutes another example of collective state dynamics. Recent
experimental success clearly demonstrates the power of sug¥here theo’s are the standard Pauli matrices<1), and
an atomic ensemble based system for entangling macrdhe different local couplingy{ (for the kth atom) may be
scopic object$19,20. Several new ideas have raised furtherdue to a cavity mode profile as common in tightly focused
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cavities or when atomic motional wave packet is insuffi-

ciently localized[26]. 0{=¢{—w,_is the difference be- |¢(0)>:M<N%MNN culJ.M), 4
tween atomic energyg) and the near resonant laser fre- '
quencyw| . For convenience, we further abstract ED.into  the overlap
the compact formH=3}_,B®.s® with real parameters
B(. This Hamiltonian represents the most general form for [{o()] d())2={H0)|UL(HU(1)] p(0))|?
manipulating collective spin based quantum states using
classical control fields. _ *
= Cy COmrm(t) =1, 5
The symmetric collective spin spade® of dimension EM: %" mrCMOmu () ®
2J+1<2N (J=N/2) is spanned by the collective angular _
momentum states{|J,M),M=-1J, ... J—-1J} of J, becomes the focus of our study with
=§leag>/2 satisfying[J,,,J,1=i€,,.J; and J3+J7+J2 -
=J?=J(J+1). €,,, is the symmetric permutation tensor. Omrm(D)=(3,M'[Ug(t)U(1)[J,M)
The|J,M) space can be generated from the ladder operator N
J.=J,*iJ, according to Ref{27], — (M| H o®|J,M), 6)
k=1
(J=M)! 5w 0= RO+ [0 . g
— S — OW=RW 4.5 and
|3,M) (J+M)!(2J)!J+ |3,—3J), 2

_ _ R =cosBt cosBMt+ (n-n®)sinBt sinBMt,
except we note that an arbitrary unimodular phasor can be

self-consistently included with). =3} ,e*%s®/2 and N N N -
19,-3)=11,1 y 1). skt - 1 =nsinBt cosBMt+n®cosBt sinBMt+(n
For any realistic system, an inhomogeneous distribution

of the parameteB() makes it impossible to constrain the
system dynamics within the subspaxé. To facilitate fur- We have defined=B/B andn®=B1/B0

ther discussion, denotd=Hq+H; with Hy=3}_;B-¢® When timet is small, a perturbative analysis of E@)

and H;=3} ,b®.¢0  where BW=B+b® with B  can be carried out analytically. In this limit, we find that
=>,BW/N. H, constitutes the intended coupling betweenOw'm(t) decays with a time constant,/N. In general, how-
the symmetric collective spin states, whitg represents a €Vver, the evaluation of Eq6) is difficult as state[J,M)
source of inhomogeneous decoherence. It causes decoh#volves a symmetric permutation of all atoms so thatlihe
ence as it provides a direct coupling from the subspateo  factor cannot be pulled outside the inner product. Further-
its complementV© in V. A quantitative measure for the more, II;_;0®) expands into ¥ separate terms, involving
unwanted couplingd is in terms of the leakage parameter. asymmetric products af®) of up to powers oN. A similar
Suppose initially the system is prepared in a superposition gbroduct structure was found to be responsible for decoher-
collective spin state$(0)) e VS, The intended dynamics ence in quantum measurement mod@8], where the deco-
governed byUO(t)=e‘“H0=H',2‘:1e‘“B"’ ) leads to the re- herence factotthe overlaps of the final states of detector or

sultant state| b(t))o=U(t)|(0)), still within the same @ environmenjt suppresses the off-diagonal element of its
subspace. The actual final statd ¢g(t))=U(t)| $(0)) with _reduced density matux. In mathematical terms, fqr a factor-
ut)=tp_,e 8" \which will generally span more 'ZedN staﬁ)e |f>:Hk=1|f(k)>-N thf (?(;/er'af integral
thanV'S. The leakage can therefore be defined as (FIIR Wi I f) - becomes TR (FOIWEP [£0), which
approaches zero in the limit of macroscopi@s each factor
(FOW | 1£09) has a norm less than unity. To make a simi-
lar argument for the present problem, we need to find an
) oo expression such that the collective stpteM) becomes fac-
¢=0 corresponds to no leakage, whife-1 indicates a (qrized. Since we are interested in obtaining the asymptoti-
complete loss of tzh_e system coherence and population. Weyiy valid results in the limit of largeN, a short-time ap-
note|(po(t)| #(t))|* is closely related to the usual definition yimation(smallt) cannot be simply adopted. Following

of fidelity for a given quantum state operation. Our investi—eaﬂy discussions on atomic coherent std&@31, we in-
gation of the model system decoherence behavior with thigqqyce

definition is motivated by recent interests in quantum infor-

x n®)sinB sinBMt. 7)

E=1—[(do(t)|p(1))]2. (3)

mation applications of using such collective staf8s-12]. N 0 1
Benedict and Czirja have considered previously the deco- |6)= H 1+ e_o_(k)) )= P R ~3, ®
herence of the so-called Schrodinger cat state of a similar k=12 2 7 2N”2 ’ ’
system[28].

Denote | 4(0)) e VS as a normalized state expanded ina phase coherent state that can be expanded according to the
terms of|J,M), number of excitations
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FIG. 1. M andJ dependence dffor J=500 andB,=1.
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where Ajy=V(3+M)I(J-M)12N/(23)!. The inverse
transformation gives
Ny (27 .
|J,M>:ﬂf e '0TM9 | p)de, (10)
21 0

which helps to evaluate E@6) as Oy ry=NjmuNim Om'm
with the reduced overlap

1 27 27 . . o
OM’M:me dafo dale—l(.]-i-M)f)el(.H-M )6

N

Xkl:ll GM(6,0") (11)
in a simple factorized form and
1 e s
GRW=Z(Il| 1+e7 T)O(k) 1+e'07+)|l>k-
IGW|<1 as both (¥e’c™M2)1)/v2 and (1

+e oaﬂ‘)/Z)H)k/\/E are normalized. This points to a strong
physical argument against rapid decoherence of collectiv
spin state qubits. The question to answer is now clear: ho
doesOyy approach 0 due to inhomogeneous coupling. If

the coupling coefficientg(()k) and wgk) were constant§inde-
pendent of atom lab&d), Oy = Sym: -

We now investigate the above question for several model
cases of interest. First, we look at inhomogeneous broade
ing whenB{ =B} =0 andB{ satisfies a normal distribu-

tion (with respect tok) with meanB=B,z=(B{)z and
varianceo?. We find Oy (t)< dyw With the coefficient
being a constant unity fofM|=J but decays with a time
constantT 1,5 1/(\/Na,) for [M|<J. Define Ty,=1/(fo),
we find f is essentially independent obtr, for o,
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FIG. 2. Periodic behavior fdiOyy(t)|2. The solid line denotes
M=4 andN=10 with respect to the lower time axis, while the
dashed line denotad =2 andN=2; B{ =k is taken forN= 10 to
assure the appearance of revival,i§ dimensionless For N=2,
revival, occurs for arbitrary random values Bf .

dependencdfor M=0) is also shown in the same figure.
Based on our extensive numerical study, we find to a high
level of accuracy

1
TyAI,M,0,)= , (12)
1/2( z) KO’Z\/j /—1_M2/J2
with « (=~1.2), essentially independent d8, for B,

e[10 2,1(7].

This result is to be expected based on the collapse and
revival of a quantum wave packigd2], since each individual
atom collapses with a time constantl/o,, the collective
states of a Guassian ensemble should collapse with a time
constant<1/(N o) as the net variance simply adds. This is
indeed what we find foM =0 or, in general, folM|<J.
Equation(12) also indicates that significantly reduced deco-
herence does occur in this case fbt|~J, a regime where
collective spin states are mostly useff@-11,21,22. In fact,
for a single qubit quantum memory involving the two-state
superposition oM=—J and —J+ 1, one can easily check
that the decoherence rate is just that of a single dtbbh
We caution, however, this corresponds to the special case of
a coupling withB,=B,=0, which is of limited use as it
does not allow for a general processing of collective spin
superposition states. For small valuesNyfwhen ratios of
different coupling strengtlng) match ratios of integers, we
fhdeed were able to find the expected revival as shown in

Vifig. 2. This, of course, will not happen for an ensemble with

a macroscopid\.

Next we consider the case of inhomogeneous Rabi cou-
pling with B{Y, being Gaussian distributions with me&y
=B,=B, and variancer;=o;=07, andB=0. Similar
"% the previous case, we find the diagonal t&dm,,(t) (in-
cluding M ==*J) decays with a time constaft,,=1/fo, .
The J dependence of y, is in, fact, almost identical, i.e.,
fu—o=k1JY2 with k;~0.76 whenB,=10. TheM depen-
dence, on the other hand, is more complicated as shown in
Fig. 3. Obviously,f does not depend okl linearly as now
|Ouwm(t)| seems to decay faster for larger valueg M.

e[10 7,10 11B,. It contains an apparent dependence on The off-diagonal elemer®y, ..y (t) grows to significant

J2—M? as shown in Fig. 1 for a gived andB,. The J

nonzero values, as shown by the typical sampling of
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FIG. 4. Typical sampling 0Oy (t) for J=100, M=J—-1,
andM’'=M -1 (solid line andM — 2 (dashed ling Different fig-
ures correspond to different random number sets.

FIG. 3. TheM dependence of for J=200 andB,=10. The
smooth curve is a fit given by-4.064 83<10 /|M|3+2.033 93
X 10 *M2+0.006 97M|+10.621 88.

P . in our model to slow down the rapid decoherence. According
[Omm:()|* in Fig. 4 whenN is not too large. Overall, we 1, yho celebrated physical picture of echo experimésds,
find the dependence on the random number sampling ign inhomogeneous broadened two-level ensemble can re-
strong only wherM —M’=*1, so we focus oM —M'= " coyer its coherence if its dynamics can be reversed. The
+2 here. Defin€l yay as the time fof O/ (1)| to reach its  ossibility of echo, or recoherence, is due to the fact that an
first maximum and ., the value of the maximum. We find  individual atom retains its own resonance frequency, with the
that similar to the diagonald,,a=1/fo,, with f a function  ensemple distribution of which being the inhomogeneous
of J,M,M’, andB,, althoughO,,, seems to be largely in- proadening. In the model considered here, a different type of
dependent otr, . To study the] dependence dfandOa,  inhomogeneous distribution is involved. The coherent cou-
we consider the limiting case dM|~J when collective  pling for each atom now becomes different. Since any in-
states are usually proposed to work. The rebuli*?is once  tended quantum operatigdue to the coupling fieldcan be
again as expected. In this case, we also find quite accurateljewed as a tipping of an atomic dipole to a different direc-
Omax*d ™. tion on the Bloch sphere, an inhomogeneous distribution of
A naive conclusion from our investigation would be that control field strength tips individual atomic dipoles to differ-
when quantum state processing is attempted on a generght directions on the Bloch sphere. In contrast, individual
coherent superposition state of collective sgifyi1,)), the  dipoles are guaranteed to fall on the same equator of the
process is subject to enhance decoherence due to the inhBtoch spherd 33,34 in typical photon-echo arrangements.
mogeneous couplings with each individual atoms. In recenie thus conclude no simple schemes for recoherence in
years, a special type of collective spin state, the so-callegerms of a echolike mechanism is apparent.
spin squeezed stat&SS, has attracted considerable atten-  To summarize, we find within our model, the apparent
tion [31]. Being a particular superposition of collective spin decoherence or dissipation rate for superpositions of collec-
state|J,M,), we expect much of our analysis also applies totive spin states scales ad\. This evidence clearly demon-
quantum information processing with SSS. Another relatedstrates that asymptotically there is no advantage of using
topic of considerable recent interest is the quantum continucollective spin states for quantum information processing.
ous variable representation of the collective spin for anrpe \/N enhanced coherent dynamics is simply being com-

atomic ensemblg19-21. The decoherence of such systemspensated by thelN enhanced decoherence when inhomoge-
constitutes an entirely different class of problem and is thug,qq,s coupling arises. In the future, we will focus on apply-

best addressed elsewhere. _ . ing the techniques as developed here to concrete quantum
Before concluding, let us briefly compare our studies withjnformation processing protocols for superposition states of
those of Ref[28]. With the use of the Wigner function rep- cqjiective spins. To this end, we are unaware of any active

resentation, Refl.28] elucidated the decoherence and dissi-gyperimental plan for quantum information processing based
pation effects on maximum entangled Sdinger cat states. n collective spin states of an atomic ensemble.
The effect of decoherence was assumed to be due to a weak jng)|ly, we note that our result also applies to the case of

coupling with an external bath that consists of harmonic 0Sgnangled states between the collective spins of two separate
cillators[28]. The use of the usual Born-Markov approxima- gnsembles. For instance, for two ensemilemdB, a state
tion then allowed for a compact analytic expression for de~ c 194 Mp)alJs. Mg)s can always be ex-

Ma .MgCM, Mplda s Maralde . Mp) Yy

coherence and dissipation in terms of a superoperator on the .
system density matrix. In this study, however, we have in_pressed as C‘?h?rel‘t suaperp_osmor? of the tota_l angula.r mo-
vestigated the decoherence effect of collective states involye€ntum basis J=J,+Jg, i.e, into collective basis
ing a small number of excitation@s opposed ti excita-  |Ja:Js:d,M=Ma+Mpg) with J=Ja+Jg=(Na+Np)/2.
tions in Ref[28]). Furthermore, our model of decoherence is
due to inhomogeneous coupling rather than that of an exter- We thank Mr. Yueheng Lan for some helpful discussions.
nal bath. Our results are obtained from rigorous numerical his work was supported by a grant from NSA, ARDA, and
studies since we cannot use the Born-Markov approximatiolDARPA under ARO Contract No. DAAD19-01-1-0667, and

It is also interesting to address the question whether thby a grant from the NSF under Grant No. PHY-0113831.
powerful technique of “photon echd’33,34] can be adopted Partial support from the NSF of China is also acknowledged.
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