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Combined effect of coherentZ exchange and the hyperfine interaction
in the atomic parity-nonconserving interaction
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The nuclear spin-dependent parity-nonconserving~PNC! interaction arising from a combination of the
hyperfine interaction and the coherent, spin-independent, PNC interaction fromZ exchange is evaluated using
many-body perturbation theory. For the 6s1/2-7s1/2 transition in 133Cs, we obtain a result that is about 40%
smaller than that found previously by Bouchiat and Piketty@Phys. Lett. B269, 195 ~1991!#. Applying this
result to 133Cs leads to an increase in the experimental value of nuclear anapole moment and exacerbates
differences between constraints on PNC meson coupling constants obtained from the Cs anapole moment and
those obtained from other nuclear parity violating experiments. Nuclear spin-dependent PNC dipole matrix
elements, including contributions from the combined weak-hyperfine interaction, are also given for the
7s1/2-8s1/2 transition in 211Fr and for transitions between ground-state hyperfine levels in K, Rb, Cs, Ba1, Au,
Tl, Fr, and Ra1.
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I. INTRODUCTION

The precise measurements of the 6s@F54#-7s@F53#
and 6s@F53#-7s@F54# parity-nonconserving~PNC! dipole
matrix elements in133Cs by Woodet al. @1# lead to a value
of the weak chargeQW

exp(133Cs)5272.73(46), which is in
agreement with the standard model valueQW

SM(133Cs)
5273.09(3) @2#. ~The experimental value includes a n
correction of21.1% to the theoretical PNC amplitude@3–5#
from the Breit interaction@6#, aZ vertex corrections@7,8#,
Coulomb-field vacuum polarization@9#, and nuclear skin ef-
fects @10,11#.! These measurements also lead to an exp
mental value of the much smaller contribution from t
nuclear spin-dependent PNC interaction that is accurat
about 15%. This spin-dependent contribution has three
tinct sources: the nuclear anapole moment@12,13#, theZ ex-
change interaction from nucleon axial-vector (AnVe) cur-
rents, and the combined action of the hyperfine interac
and the spin-independentZ exchange interaction from
nucleon vector (VnAe) currents@14,15#. Of these three, the
anapole contribution dominates. The contributions from
anapole and nuclear axial-vector current are

H ( i )5
G

A2
k ia•Ir~r !, ~1!
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where G is the universal weak coupling constant,I is the
nuclear spin, andr(r ) is a normalized nuclear density func
tion. The subscripti of the dimensionless constantsk i takes
the valuesi 5a for the anapole contribution andi 52 for the
axial-vector contribution. In Refs.@14,15#, the hyperfine-
vector current contribution was also reduced to the fo
given in Eq.~1! with a corresponding dimensionless consta
khf .

To extract the anapole contributionka from experiment, it
is necessary to know the corresponding spin-dependent P
amplitude calculated withka51, as well as the two contri-
butions from the axial-vector and weak-hyperfine interf
ence terms quantified byk2 and khf . The spin-dependen
PNC amplitude was calculated in various approximations
Refs. @3,16,17#. Nuclear shell-model values ofk2 for 133Cs
and 203Tl were obtained in recent calculations by Haxton
al. @18#. An analytical approximation forkhf was derived by
Flambaum and Khriplovich@14# and values ofkhf were later
determined for various cases of experimental interest
Bouchiat and Piketty@15#.

Recently, Haxton and Wieman@19# used the values ofk2
and khf determined as described above to extract values
ka from PNC measurements in133Cs @1#. ~In Ref. @19#, k2
and khf are designated bykZ0

and kQW
, respectively.! The

resulting anapole moments were, in turn, used to place c
straints on PNC meson coupling constants@20#. The con-
straints obtained from the Cs experiment were found to
inconsistent with constraints from other nuclear PNC m
surements, which favor a smaller value of the133Cs anapole
moment.
©2003 The American Physical Society06-1
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Motivated by this disagreement, we are led to reexam
the combined hyperfine-weak interaction. We find that
contribution of this term to the PNC dipole matrix element
the Dirac-Hartree-Fock~DHF! level can be approximated b
a spin-dependent interaction of the type given in Eq.~1!;
however, such an approximation is not justified in correla
calculations, since contributions from Eq.~1! are very sensi-
tive to correlations, whereas contributions from the co
bined hyperfine-weak interaction are relatively insensitive
correlation corrections. We do find, nevertheless, that eve
correlated calculations there is a rough proportionality
tween contributions from the combined interaction and th
from the interaction given in Eq.~1! that is independent o
hyperfine state, and we use this fact to define ‘‘effectiv
values of the coupling strengthkhf for cases of potentia
experimental interest. For the 6s-7s transition in Cs, our
effective value ofkhf is about 40% smaller than the valu
from Ref.@15#. Interestingly, for this case our final correlate
value ofkhf is quite close to the value predicted by the fo
mula derived in Ref.@14#. Other things being unchange
this decrease in the size ofkhf leads to an increase in the siz
of ka and, correspondingly, in the Cs anapole moment; c
sequently, increasing the inconsistencies between various
perimental constraints on PNC meson coupling constants
scribed in Ref.@19#.

II. METHOD

We write the spin-dependent PNC correction to the
duced electric-dipole matrix element^wFFizivFI& as the
sum of three terms:

^wFFizivFI&PNC
sd 5ka^wFFizivFI&

(a)1k2^wFFizivFI&
(2)

1^wFFizivFI&
(hf), ~2!

where indices (a), (2), and~hf! correspond to the anapole
axial-vector, and weak-hyperfine interference, respectiv
Since the anapole and axial-vector contributions both t
the form given in Eq. ~1!, we can introduce
^wFFizivFI&

(2,a)[^wFFizivFI&
(a)5^wFFizivFI&

(2). We
then definekhf as the ratio

khf5
^wFFizivFI&

(hf)

^wFFizivFI&
(2,a)

. ~3!

We expect, and indeed find, thatkhf depends on the initia
and final hyperfine levels. For cases considered here, h
ever, the dependence ofkhf on the hyperfine levelsFI and
FF is weak and we may treatkhf as constant to some level o
accuracy. We write the expression for the total sp
dependent PNC contribution to the electric-dipole matrix
ement^wFFizivFI& as

^wFFizivFI&PNC
sd 5~ka1k21khf!^wFFizivFI&

(2,a) ~4!

and define
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k5ka1k21khf . ~5!

In this work, we calculate botĥ wFFizivFI&
(hf) and

^wFFizivFI&
(2,a) and, therefore, determine the stat

dependent values ofkhf .
The hyperfine interaction Hamiltonian is written

H (hf)52eca•A, A~r!5
m0

4pE d3x
M~x!3~r2x!

ur2xu3
, ~6!

whereM(x) is the magnetization density, which is related
the nuclear momentmI by

mI5E d3xM~x!5gI ImN .

HeremN5ueu\/2M p is the nuclear magneton.
The dominant, spin-independent, part of the weak inter

tion is

H (1)5
G

2A2
QWg5r~r !, ~7!

where QW is the conserved weak charge of the nucle
given at tree level in terms of the neutron numberN, the
proton numberZ, and the Weinberg angleuW by QW5Z(1
24sin2uW)2N, andr(r ) is a nucleon distribution function
In our numerical calculations of the interference term, we u
radiatively corrected values ofQW inferred from Ref.@2#.
The nucleon distributionr(r ) is assumed to have the form

r~r !5
r0

11exp@~r 2C!/a#
, ~8!

where a50.523 fm ~corresponding to 90%–10% fallof
thickness t52.3 fm) and whereC is inferred from the
nuclear charge radii listed in Ref.@21#. In the exceptional
case of211Fr, we chooseC56.733 fm, corresponding to th
valueRrms55.566 fm given in Ref.@22#. We assume that the
radial dependence of the magnetization distribution is id
tical to that of the nucleon distribution.

As shown in Appendix A, the dipole matrix element co
responding to the weak-hyperfine interference is given by
third-order perturbation theory expression
6-2
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^wIFFMFuzuvIF IMI&
(hf)5 (

mÞw
nÞw

^wuH (1)un&^nuH (hf)um&^muzuv&
~Ew2Em!~Ew2En!

1 (
mÞw
nÞw

^wuH (hf)un&^nuH (1)um&^muzuv&
~Ew2Em!~Ew2En!

1 (
mÞw
nÞv

^wuH (1)um&^muzun&^nuH (hf)uv&
~Ew2Em!~Ev2En!

1 (
mÞw
nÞv

^wuH (hf)um&^muzun&^nuH (1)uv&
~Ew2Em!~Ev2En!

1 (
mÞv
nÞv

^wuzun&^nuH (1)um&^muH (hf)uv&
~Ev2Em!~Ev2En!

1 (
mÞv
nÞv

^wuzun&^nuH (hf)um&^muH (1)uv&
~Ev2Em!~Ev2En!

2^wuH (hf)uw& (
mÞw

^wuH (1)um&^muzuv&

~Ew2Em!2
2 (

nÞv

^wuzun&^nuH (1)uv&

~Ev2En!2
^vuH (hf)uv&, ~9!
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where we use designationsuw& and uv& on the right-hand
side for coupled hyperfine statesuwIFFMF& and uvIF IMI&,
respectively, and where we designate the energy of statei by
Ei . Note that the other matrix elemen
^wIFFMFuzuvIF IMI&

(2,a) in Eq. ~4! is obtained from a con-
siderably simpler second-order perturbation theo
calculation.

In Ref. @15#, terms on the second and fourth lines of E
~9! were ignored and partial sums on the first and third lin
such as

(
nÞv

H (1)un&^nuH (hf)

En2Ev
,

were carried out using free-particle Green’s functions a
reduced to an effective interaction

H (eff)5
G

A2
khfa•Ir~r !

of the form given in Eq.~1!. A similar reduction was made in
Ref. @14#. Here, we evaluate all of the terms in Eq.~9! nu-
merically. One important advantage of this direct numeri
evaluation is that correlation corrections
^wIFFizivIF I&

(hf) can be determined using standard man
body methods. Indeed, we find that Eq.~9! is insensitive to
correlations at the random-phase approximation~RPA! level
for most of the cases considered here, whereas calcula
based on the contracted approximation above are very s
tive to correlation corrections. A reduction of Eqs.~4! and~9!
to reduced matrix elements suitable for numerical evalua
is given in Appendix B.

III. NUMERICAL RESULTS

We evaluate the reduced dipole matrix eleme
^wFFizivFI&

(hf) given in Eq.~B14! and the reduced matrix
element^wFFizivFI&

(2,a) given in Eq.~B15!, and we find
that their ratio is approximately independent of the angu
momentum quantum numbersFI andFF for transitions be-
tween hyperfine levels.

Let us consider the 6s-7s transition in Cs. We first evalu
06210
-

.
,

d

l

-

ns
si-

n

t

r-

ate the reduced matrix elements in Eqs.~B15! and ~B14! at
the DHF level of approximation. We solve the DHF equ
tions in a finiteB-spline basis using the methods described
Ref. @23# and use the resulting basis functions to evalu
matrix elements and carry out sums over intermediate sta
For the case Cs, our basis set consists of 100 splines of o
15 for each angular-momentum state. The basis orbitals
constrained to a cavity of radius 45 a.u.; the cavity radius
modified in other atoms to accommodate the initial and fi
valence orbitals. As a check, we carried out the Cs calc
tions using a cavity of radius 75 a.u. to verify that the resu
are stable against changes in the cavity radius. Results o
DHF calculations for the transitions between the possi
hyperfine levels are presented in the upper four rows of Ta
I. We find that the ratiokhf of the ^wFFizivFI&

(hf) to
^wFFizivFI&

(2,a) matrix element changes from level to lev
by only 2% in the DHF approximation.

The DHF treatment of PNC in cesium is known to be

TABLE I. We list values ofkhf for transitions between hyperfin
levels 6s@FI #-7s@FF# in Cs determined in DHF and RPA approx
mations. The atomic number isA5133, the nuclear spin isI
57/2, the nuclear magnetic moment ism I52.5826, the weak
charge~including radiative corrections! is QW5273.09(3), and
the 50% falloff radius isC55.675 fm for both the nuclearr(r ) and
magnetizationM (r ) distributions; the 10%–90% falloff distance i
2.3 fm. The PNC reduced dipole matrix elements^wFFizivFI&

(2,a)

are given together with the weak-hyperfine interference correc
to dipole matrix elementŝwFFuuzuuvFI&

(hf); their ratio is khf .
Numbers in square brackets represent powers of 10.

FF-FI ^7sFFuuzuu6sFI&
(2,a) ^7sFFuuzuu6sFI&

(hf) khf

Dirac-Hartree-Fock
3-3 1.908@212# 1.193@214# 6.251@203#

3-4 5.481@212# 3.480@214# 6.349@203#

4-3 4.746@212# 3.020@214# 6.364@203#

4-4 2.173@212# 1.358@214# 6.251@203#

Random-phase approximation
3-3 2.249@212# 1.141@214# 5.076@203#

3-4 7.299@212# 3.579@214# 4.903@203#

4-3 6.432@212# 3.139@214# 4.880@203#

4-4 2.560@212# 1.300@214# 5.076@203#
6-3
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rather poor approximation, giving a value for the domina
part of the PNC dipole matrix element that is 20% sma
than the final correlated value. To obtain a reliable value
the PNC matrix element, one must go beyond the DHF
proximation and treat correlation corrections. The domin
correlation corrections, those associated with core shield
are obtained in the random-phase approximation. Includ
RPA corrections to both weak-interaction and dipole ma
elements gives a value for the dominant PNC dipole ma
element in Cs that is within 2% of the final correlated valu

The RPA matrix elements are calculated as describe
Ref. @24#, with the value ofv in the RPA equations set t
zero. In the last four rows of Table I, we give values
^7sFFuuzuu6sFI&

(2,a) that include RPA corrections to both d
pole and weak-interaction operators, and values
^7sFFuuzuu6sFI&

(hf) that include RPA corrections to the d
pole, weak-interaction, and hyperfine operators. While
RPA values of̂ 7sFFuuzuu6sFI&

(2,a) are 15–25 % larger than
the DHF values, the RPA and DHF values
^7sFFuuzuu6sFI&

(hf) differ by only 3–5 %. Thus, by contras
to PNC dipole matrix elements induced by the domin
spin-independent interaction and by the spin-dependent in
actions given in Eq.~1!, which are very sensitive to correla
tion corrections, the third-order matrix elements for the co
bined interaction are relatively insensitive to correlations
the 6s-7s transition in Cs. It should be emphasized that t
contraction of operators introduced in Ref.@15# is a useful
approximation at the independent-particle DHF level of a
proximation; however, when correlation corrections are
cluded, although an approximate proportionality still obtai
the proportionalityconstantdepends on correlations; this is
reflection of the fact that there is no effective Hamiltonian
form Eq. ~1! for the combined interaction.

We include negative-energy contributions@25# when
evaluating sums over intermediate states in Eqs.~B14! and
~B15! and when calculating RPA matrix elements. We fi
almost no negative-energy correction
^7sFFuuzuu6sFI&

(2,a). However, the negative-energy corre
tions to^7sFFuuzuu6sFI&

(hf) were found to be large, 22–23 %
at both the DHF and RPA levels of approximation. Sin
negative-energy contributions are important for accurate
culation of ^7sFFuuzuu6sFI&

(hf), they are, therefore, impor
tant in the evaluation ofkhf . Omission of negative-energ
contributions leads to values ofkhf50.0049 in the DHF ap-
proximation, andkhf50.0038 in the RPA approximation
which are about 20% smaller than our final values listed
Table I. We note that our final correlated value fortuitous
coincides with the DHF value without negative-energy co
tributions; the correlation correction decreases the value
khf and the negative-energy contribution increaseskhf by ap-
proximately the same amount. We stress again that these
effects contribute, in fact, to different quantities, negat
energies contribute only tô7sFFuuzuu6sFI&

(hf), and correla-
tion primarily to ^7sFFuuzuu6sFI&

(2,a).
We also found that sums in the interference matrix e

ment given in Eq.~B14! must include the entire set of bas
orbitals, in contrast to the sums in Eq.~B15!, where omitting
high-energy orbitals from the basis has very little effect.
other words, the completeness of the basis is very impor
06210
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for calculation of the sums in Eq.~B14!.
Results of our RPA calculations for the 7s-8s transitions

in Fr are presented in Table II. The state dependence ofkhf
increases to 6–7 % in Fr in comparison to Cs, where diff
ences inkhf for different transitions were 3–4 % in the RP
approximation. As in the case of Cs, the largest differen
occur between transitions withFI5FF and those withFF
ÞFI ; there is only 0.7% difference inkhf between the 4–5
and 5–4 transitions.

For the 4-3 and 3-4 hyperfine transitions in Cs measu
by Wood et al. @1#, an effective valuekhf50.0049 can be
extracted from the RPA values listed in Table I. This value
about 40% smaller than the valuekhf50.0078 from Ref.@15#
but agrees exactly with the value obtained earlier by Fla
baum and Khriplovich@14#. We use our value ofkhf to ex-
tract a value ofka from the Cs PNC experiment of Woo
et al. @1#,

DF Im~EPNC!

b G
34-43

520.07760.011 mV/cm, ~10!

whereb is the vector polarizability of the transition, whic
has been measured in Ref.@26# with high accuracyb
527.02(8)a0

3. The subscripts 34 and 43 in Eq.~10! corre-
spond toFF FI .

The spin-independent PNC amplitudeEPNC
(1) in alkali-

metal atoms (j F5 j I51/2) is customarily defined as

EPNC
(1) 5^ j F1/2uzu j I1/2&, ~11!

leading to the following relation between spin-depend
PNC amplitude and the corresponding spin-dependent
duced matrix elements:

EPNC
(sd)5

k

A ^wFFizivFI&
(2,a), ~12!

where thek is defined by Eq.~5! andA is an angular coef-
ficient,

TABLE II. We list values ofkhf for transitions between hyper
fine levels 8s@FF#-7s@FI # in Fr determined in RPA-type calcula
tions. Here, the atomic numberA5211, the nuclear spin isI
59/2, the nuclear magnetic moment ism I54.00, the weak charge
~including radiative corrections! is QW52116.23, and the 50%
falloff radius isC56.7325 fm for both the nuclearr(r ) and mag-
netizationM (r ) distributions; the 10%–90% falloff distance is 2.
fm. The PNC reduced dipole matrix elements^wFFizivFI&

(2,a) are
given together with the weak-hyperfine interference correction
dipole matrix elementŝwFFuuzuuvFI&

(hf); their ratio iskhf . Num-
bers in square brackets represent powers of 10.

FF-FI ^8sFFuuzuu7sFI&
(2,a) ^8sFFuuzuu7sFI&

(hf) khf

4-4 3.092@211# 3.472@213# 1.123@202#

4-5 1.016@210# 1.069@212# 1.053@202#

5-4 9.224@211# 9.645@213# 1.046@202#

5-5 3.426@211# 3.846@213# 1.123@202#
6-4
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TABLE III. Comparison of contributions to spin-dependent PNC in133Cs obtained by different groups
All results are presented in terms of the coefficientska , k2 , khf , and their sumk, used in the present pape

Group k k2 khf ka

Present 0.117~16! 0.0140a 0.0049 0.098~16!

Haxtonet al. @18,19,27# 0.112~16!b 0.0140 0.0078c 0.090~16!

Flambaum and Murray@28# 0.112~16!d 0.0111e 0.0071f 0.092~16!g

Bouchiat and Piketty@15,29# 0.0084 0.0078

aReferences@18,19,27#.
bReference@28#.
cReference@15#.
dThe spin-dependent matrix elements from Refs.@16,17# are used.
eShell-model value with sin2uW50.23.
fThis value was obtained by scaling the analytical result from Ref.@14#, khf50.0049, by a factor 1.5.
gContains a 1.6% correction for finite nuclear size; the raw value is 0.094~16!.
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A5~21! j F1FI1I 11A6@FI #@FF#H FF FI 1

j I j F I J , ~13!

where@F#52F11. For the two transitions considered he
A4352A34, so we may write

DF Im~EPNC!

b G
34-43

52
k

A43b
@^7sFFizi6sFI&34

(2,a)

1^7sFFizi6sFI&43
(2,a)#

e

4pe0a0
2

.

~14!
Combining the experimental results fo

D@ Im(EPNC)/b#34-43 and b with our values for the spin-
dependent matrix elements from Table I, we obtaink
50.117(16). The uncertainty comes from the uncertainty
the experimental value on the left side of Eq.~14!; the un-
certainty in b is negligibly small. In Ref. @28#, k
50.112(16) was obtained by combining the same exp
mental data@1,26# with spin-dependent matrix elements fro
Refs. @16,17#. This value is also used in Refs.@18,19,27#.
Differences with our value ofk come only from differences
in ^7sFFizi6sFI&

(2,a).
Combining the effective value forkhf with the valuek2

50.0140 from Ref.@18# and the valuek50.117(16) ob-
tained above leads toka50.098(16), which is 8% large
than the valueka50.090(16) obtained by Haxton and Wie
man @19# and 6% larger than the valueka50.092(16) from
Flambaum and Murray@28#. To clarify the sources of thes
differences, we compare our results with those from R
@15,18,19,27–29# in Table III. We scaled the constants give
in @15,28,29# to represent them in terms of the coefficientsk,
ka , k2 , khf used here.

The revised value ofkhf and^7sFFizi6sFI&
(2,a) obtained

in this work increases the value of the133Cs anapole mo-
ment, and thereby slightly increases the differences betw
various experimental constraints on PNC meson coup
constants discussed in Ref.@19#. Since correlation correc
tions to^7sFFizi6sFI&

(2,a) are large, 25% at the RPA leve
further accurate calculations are clearly desirable.
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Measuring the PNC electric-dipole transition betwe
ground-state hyperfine levels is a potentially fruitful meth
for obtaining experimental anapole moments for atoms ot
than Cs. Schemes have been proposed to carry out such
surements and calculations have been carried out for var
atoms in Refs.@30–34#. The contribution of the spin-
independent interaction fromZ exchange, which dominate
the PNC dipole matrix element between different atomic le
els, vanishes for the microwave transitions between hyp
fine states of the same level.

As an aid to the analysis of these microwave experime
we give reduced matrix elements^FFuuzuuFI&

(2,a) induced by
the spin-dependent interaction of Eq.~1! together with values
of the third-order dipole matrix element^FFuuzuuFI&

(hf) for
atoms of potential experimental interest in Table IV. T
corresponding calculations were carried out at the RPA le
of approximation. The ratio of matrix elements again giv
khf . The ground-state configurations of the atoms listed
the table arens1/2 or np1/2, and the hyperfine levels hav
angular momentumF5I 61/2. For some of the atoms con
sidered in Table IV, RPA correlation corrections to the wea
hyperfine interference matrix element are no longer sm
they contribute 20% and 34% tôFFuuzuuFI&

(hf) for Au and
Ra1, respectively.

IV. SUMMARY

We have considered the PNC dipole matrix elements
duced by the combined hyperfine-weak interaction and fo
that they are, at the few percent level of accuracy, prop
tional to the PNC dipole matrix elements induced by t
spin-dependent interaction of Eq.~1!, independent ofFI and
FF , for transitionsFI-FF between hyperfine levels. The pro
portionality is not the result of an operator identity, but
similar angular-momentum structures for the respective m
trix elements. By carrying out calculations at the RPA lev
of approximation, which are expected to be accurate to a
percent, we are able to extract effective coupling consta
khf from the calculations. Although the dominant matrix e
ement^wIFFizivIF I&

(2,a) is sensitive to correlation correc
tions, increasing by 10–30 % in Cs and Fr when correlat
corrections are included, the matrix element
6-5
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TABLE IV. We list values ofkhf for microwave transitions between ground-state hyperfine levelsFF-FI in atoms of potential experi-
mental interest. In this table,A is the atomic number,I is the nuclear spin,m I is the nuclear moment,QW is the weak charge~including
radiative corrections!, C is the 50% falloff radius of both the nuclearr(r ) and magnetizationM (r ) distributions~the 10%–90% falloff
distance is taken as 2.3 fm!. The ground-state configurations of the atoms considered here arens1/2 or np1/2 and the hyperfine levels hav
angular momentumF5I 61/2. The PNC reduced dipole matrix elements induced by the spin-dependent Hamiltonian of E~1!,
^FFuuzuuFI&

(2,a), are given together with the third-order dipole matrix elements^FFuuzuuFI&
(hf); their ratio giveskhf . These calculations are

carried out at the RPA level of approximation. Numbers in square brackets represent powers of 10.

Atom A I m I QW C(fm) nl FI-FF ^FFuuzuuFI&
(2,a) ^FFuuzuuFI&

(hf) khf

K 39 3/2 0.39149 218.39 3.611 4s 1-2 22.222@213# 21.113@216# 5.01@204#

K 41 3/2 0.21448 220.36 3.611 4s 1-2 22.222@213# 26.753@217# 3.04@204#

Rb 85 5/2 1.3534 244.75 4.871 5s 2-3 22.550@212# 25.432@215# 2.13@203#

Rb 87 3/2 2.7515 246.73 4.871 5s 1-2 21.363@212# 21.027@214# 7.54@203#

Cs 133 7/2 2.5826 273.09 5.675 6s 3-4 21.724@211# 27.791@214# 4.52@203#

Ba1 135 3/2 0.83863 274.01 5.721 6s 1-2 26.169@212# 22.217@214# 3.59@203#

Ba1 137 3/2 0.93735 275.98 5.721 6s 1-2 26.169@212# 22.544@214# 4.12@203#

Au 197 3/2 0.14816 2110.88 6.554 6s 1-2 21.601@211# 21.912@214# 1.19@203#

Tl 203 1/2 1.6222 2114.69 6.618 6p1/2 0-1 23.000@211# 23.437@213# 1.15@202#

Tl 205 1/2 1.6382 2116.66 6.618 6p1/2 0-1 23.000@211# 23.531@213# 1.18@202#

Fr 211 9/2 4.00 2116.23 6.733 7s 4-5 22.379@210# 22.223@212# 9.34@203#

Fr 223 3/2 1.17 2128.08 6.834 7s 1-2 25.820@211# 25.187@213# 8.91@203#

Ra1 223 3/2 0.2705 2127.02 6.866 7s 1-2 25.987@211# 21.258@213# 2.10@203#
y

-
p

a
ac
c
t
d

.J.
on
o

d

ate
-

is
^wIFFizivIF I&
(hf) is correlation insensitive, changing b

less than 6% for these cases.
For the case of133Cs, the value ofkhf is about 40%

smaller than that obtained in an earlier calculation@15# and
slightly increases the size of the anapole moment of133Cs
inferred from experiment@1,19#. Values ofkhf are also pre-
sented for the 7s-8s transition in Fr and for microwave tran
sitions between ground-state hyperfine levels in atoms of
tential experimental interest.
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APPENDIX A: THIRD-ORDER PERTURBATION THEORY

We introduce a perturbationVI5H (1)1H (hf) into the
many-body HamiltonianH0 describing an atom and expan
the many-body wave functionC of the bound statev in
powers ofVI ,

C5Cv1Cv
(1)1Cv

(2)1•••,

to find
06210
o-

l
-
e
o

-
n-

Cv
(1)5 (

nÞv

un&^nuVI uv&
Ev2En

, ~A1!

Cv
(2)52

1

2 (
nÞv

^vuVI un&^nuVI uv&

~Ev2En!2
cv

2Ev
(1) (

mÞv

um&^muVI uv&

~Ev2Em!2

1 (
mÞv
nÞv

um&^muVI un&^nuVI uv&
~Ev2Em!~Ev2En!

, ~A2!

where

Ev
(1)5^vuVI uv&[^vuH (hf)uv& ~A3!

is the first-order correction to the energy. The approxim
wave functionCv1Cv

(1)1Cv
(2) is normalized to second or

der.
The third-order matrix element of the dipole operator

given by

^wuzuv& (3)5^Cw
(2)uzuCv&1^Cw

(1)uzuCv
(1)&1^CwuzuCv

(2)&.
~A4!

Expanding this expression, we obtain
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^wuzuv& (3)52
1

2 (
mÞw

^wuVI um&^muVI uw&

~Ew2Em!2
^wuzuv&2Ew

(1) (
mÞw

^wuVI um&^muzuv&

~Ew2Em!2
1 (

mÞw
nÞw

^wuVI un&^nuVI um&^muzuv&
~Ew2Em!~Ew2En!

1 (
mÞw
nÞv

^wuVI um&^muzun&^nuVI uv&
~Ew2Em!~Ev2En!

2
1

2 (
nÞv

^vuVI un&^nuVI uv&

~Ev2En!2
^wuzuv&2Ev

(1)(
nÞv

^wuzun&^nuVI uv&

~Ev2En!2

1 (
mÞv
nÞv

^wuzun&^nuVI um&^muVI uv&
~Ev2Em!~Ev2En!

. ~A5!
r

.

o

el

av
-
m

l

ty

r

p-

a-
n.
tic-

e

SettingVI5H (1)1H (hf) and retaining only those terms linea
in H (1), we obtain the expression given in Eq.~9!. It should
be noted that the two terms above proportional to^wuzuv& do
not contribute when the statesv andw have the same parity

APPENDIX B: ANGULAR DECOMPOSITION

The matrix element of the spin-independent operatorH (1)

between single-particle statesu i & and u j & is

^ i uH (1)u j &5 i
G

2A2
QWdk i2k j

dmimj
E

0

`

dr@Fi~r !Gj~r !

2Gi~r !F j~r !#r~r !. ~B1!

Here, (k i ,mi) are angular-momentum quantum numbers
the stateu i & @k i57( j i11/2), for j i5 l i61/2], l i and j i be-
ing the orbital and the total angular momentum, respectiv
of the stateu i &. The functionsGi(r ) andFi(r ) are the large
and small radial components, respectively, of the Dirac w
function for the stateu i &. We definethe reduced matrix ele
ment of H (1) as the coefficient of the angular-momentu
deltas in Eq.~B1!. Using this ~somewhat unconventiona!
definition, it follows that

^ i iH (1)i j &5 i
G

2A2
QWE

0

`

dr@Fi~r !Gj~r !

2Gi~r !F j~r !#r~r !. ~B2!

We decompose the spin-dependent operators of the
H (k), with k5(a,2) in a spherical basis as

H (k)5(
m

~21!mI 2mKm
(k) .

~In this equation, we omit the multiplicative factorska and
k2 defined in Sec. I to avoid confusion with the angula
momentum quantum numbersk i introduced in the previous
paragraph.! The matrix element of the purely electronic o
eratorKm

(k) between single-particle statesu i & and u j & is
06210
f

y,

e

pe

-

^ i uKm
(k)u j &5 i

G

A2
E

0

`

drr~r !@^2k imi usmuk jmj&Fi~r !Gj~r !

2^k imi usmu2k jmj&Gi~r !F j~r !#. ~B3!

From this, it follows

^ i iK (k)i j &5 i
G

A2
E

0

`

drr~r !@^2k i isik j&Fi~r !Gj~r !

2^k i isi2k j&Gi~r !F j~r !#. ~B4!

Reduced matrix elements of the operators are given by

^2k i isik j&5~21! j i1 l̄ i21/2A6@ j i #@ j j #d l̄ i l jH j j j i 1

1/2 1/2 l̄ i
J ,

~B5!

^k i isi2k j&5~21! j i1 l i21/2A6@ j i #@ j j #d l i l̄ j H j j j i 1

1/2 1/2 l 2
J .

~B6!

In the above, we have used the notationl̄ 5 l (2k) and @ j #
52 j 11.

The hyperfine operator is decomposed as

H (hf)5(
l

~21!ltlm2l ,

whereml5gImNI l is the nuclear magnetic-moment oper
tor, andtl is the electronic part of the hyperfine interactio
We may write the reduced matrix element of the magne
moment operator in the nuclear ground state as

^I imi I &5AI ~ I 11!~2I 11!gImN . ~B7!

In the following, the factormN is absorbed into the hyperfin
interaction energy scale factor:
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Whf5
ueu

4pe0

ueu\
2M p

1

ca0
2

51.987 13131026 a.u.

The electronic part of the hyperfine interaction for a po
nucleus in these units is given by

tl52 iA2
a•C1l

(0)~ r̂ !

r 2
, ~B8!

where C1l
(0)( r̂ ) is a normalized vector spherical harmon

@@35#, p. 210#. For a distributed nuclear magnetizationM(r ),
Eq. ~B8! becomes

tl52 iA2
a•C1l

(0)~ r̂ !

r 2
m~r !, ~B9!

where the functionm(r ) is given by

m~r !5
4p

m E
0

r

dss2M ~s!5E
0

r

dss2M ~s!/E
0

`

dss2M ~s!.

For the Fermi-type distribution given in Eq.~8!, we find

m~r ,r ,C!5
1

N F r 3

C3
23

ar2

C3
S1S C2r

a D16
a2r

C3
S2S C2r

a D
26

a3

C3
S3S C2r

a D16
a3

C3
S3S C

a D G ~B10!

and

m~r ,r .C!512
1

N F3
ar2

C3
S1S r 2C

a D16
a2r

C3
S2S r 2C

a D
16

a3

C3
S3S r 2C

a D G , ~B11!
06210
t

whereN is

N5F11
a2

C2
p216

a3

C3
S3S C

a D G .

In the previous three equations,

Sk~x!5(
1

`
~21!n21

nk
e2nx.

The reduced matrix element of the hyperfine operatort is

^ j i ti i &5~k j1k i !^2k j iC1ik i&E
0

` dr

r 2
@Gj~r !Fi~r !

1F j~r !Gi~r !#m~r !, ~B12!

where Ckq( r̂ ) is a normalized spherical harmonic. Finall
we note that the reduced matrix element of the dipole ope
tor z is

^ j izi i &5^k j iC1ik i&E
0

`

drr @Gj~r !Gi~r !1F j~r !Fi~r !#.

~B13!

With the aid of the above expressions, the reduced th
order matrix element corresponding to Eq.~9! is found to be
^wIFwizivIF v&
(hf)5gIAI ~ I 11!~2I 11!@Fv#@Fw#S (

j Þv
~21! j v2 j w11H Fw Fv 1

j j j w I J H I I 1

j j j v Fv
J

3F(
i

^wiH (1)i i &^ i izi j &^ j i tiv&
~e j2ev!~e i2ew!

1(
i

^wizi i &^ i iH (1)i j &^ j i tiv&
~e j2ev!~e i2ev!

1(
i

^wizi j &^ j i ti i &^ i iH (1)iv&
~e j2ev!~e i2ev!

2
^wizi j &^ j iH (1)iv&

~e j2ev!2
^vi tiv&G1 (

j Þw
~21!Fv2Fw11H Fw Fv 1

j v j j I J H I I 1

j j j w Fw
J

3F(
i

^wi ti j &^ j izi i &^ i iH (1)iv&
~e i2ev!~e j2ew!

1(
i

^wiH (1)i i &^ i i ti j &^ j iziv&
~e j2ew!~e i2ew!

1(
i

^wi ti j &^ j iH (1)i i &^ i iziv&
~e j2ew!~e i2ew!

2^wi tiw&
^wiH (1)i j &^ j iziv&

~e j2ew!2 G D . ~B14!
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It is interesting to compare the interference term with
second-order reduced matrix element of the dipole oper
associated with the spin-dependent termsH (k), k52,a,

^wIFwizivIF v&
(2,a)5AI ~ I 11!~2I 11!@Fv#@Fw#

3(
j Þv

F ~21! j v2 j w11H Fw Fv 1

j j j w I J
3H I I 1

j j j v Fv
J ^wizi j &^ j iK (k)iv&

ev2e j

1~21!Fv2Fw11H Fw Fv 1

v j I J
3H I I 1

j w Fw
J ^wiK (k)i j &^ j iziv&

ew2e j
G .

~B15!

We find that the first term in this expression goes over to
first term in the interference term under the replacement
ob

.

A

. D

ett

s.

l.

ev

06210
e
or

e

^wizi j &^ j iK (k)iv&→gIF(
i

^wiH (1)i i &^ i izi j &^ j i tiv&
~ew2e i !

1(
i

^wizi i &^ i iH (1)i j &^ j i tiv&
~ev2e i !

1(
i

^wizi j &^ j i ti i &^ i iH (1)iv&
~ev2e i !

2
^wizi j &^ j iH (1)iv&

~ev2e j !
^vi tiv&G ,

~B16!

and that a similar correspondence can be made for the se
term. The completely different dependence on the interme
ate statej on the two sides of the above expression expla
the state dependence of the coefficientkhf .
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