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Selective-field-ionization dynamics of a lithiummÄ2 Rydberg state: Landau-Zener model
versus quantal approach
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The selective-field-ionization~SFI! dynamics of a Rydberg state of lithium with magnetic quantum number
m52 is studied in detail based on two different theoretical models:~1! a close coupling integration of the
Schrödinger equation and~2! the multichannel~incoherent! Landau-Zener~MLZ ! model. Them52 states are
particularly interesting, since they define a border zone between fully adiabatic (m50,1) and fully diabatic
(m.2) ionization dynamics. Both sets of calculations are performed up to, and above, the classical ionization
limit. It is found that the MLZ model is excellent in the description of the fully diabatic dynamics while certain
discrepancies between the time dependent quantal amplitudes appear when the dynamics become involved.
Thus, in this region, the analysis of experimental SFI spectra should be performed with care.
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I. INTRODUCTION

The method of selective-field ionization~SFI! has been
studied thoroughly both theoretically and experimentally
several decades@1,2#. SFI methods are now mature and we
known experimental procedures to measure detailed qua
state-to-state dynamics. The method is in particular us
for characterization of the population distribution of high
excited states in atoms and molecules. Intrashell dynamic
hydrogenlike Rydberg atoms in weak electric and magn
fields @3,4#, collisions between slow ions and Rydberg ato
@5#, manipulation of quantum entanglement of atoms a
photons in a cavity@6#, and, more recently, observation o
cold antihydrogen@7# are examples where the SFI techniq
has been used to characterize the Rydberg level popula

The principle of SFI is simply to expose the Rydbe
atoms to a time-dependent increasing~ramped! electric field.
Depending on the specific state, atoms in different quan
states will ionize at different field strengths. The electro
are accelerated by the field and hit a detector, which prod
a signal. In this way a SFI spectrum as a function of the fi
~time! is plotted. In alkali Rydberg atoms, which are used
most experiments, the level crossings between low ang
momentum states show avoided crossings in the regio
inter-n mixing in contrast to the exact crossings in hydr
genic Rydberg atoms. With a typical ramping fie
(400–1000 V/cm/ms) one usually considersumu50,1 states
of lithium to traverse the avoided crossings adiabatica
whereasumu>2 states pass the crossings diabatically. T
SFI technique does usually not distinguish betweenm50
and m561 states since they for all practical purpos
traverse the avoided crossings adiabatically with the fi
ramps specified above, and field ionize at the classical
ization limit E;(16n4)21 a.u. This is sometimes referred
as adiabatic field ionization. But the technique clearly dist
guishes these states fromm.2 states, which traverse th
crossings plainly diabatically and field ionize at the hyd
1050-2947/2003/67~5!/053402~7!/$20.00 67 0534
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genic ionization limit~the nonclassical ionization limit!, at
much higher fields.

Recently, it has been pointed out thatumu52 states may
also have an adiabatic component@4,8#. A ‘‘mixed’’ dynam-
ics, as suggested here, will then require particular care in
analysis of the spectra and from a theoretical point of vi
the validity of simple models should be investigated in d
tail. Most theoretical attempts to study the SFI process h
been carried out in the extreme case where the evolu
becomes purely diabatic or adiabatic after a few avoid
crossings. However, a few more thorough theoretical wo
have been done on the system@2,8,9#, but they are all treated
within the multichannel Landau-Zener~MLZ ! approxima-
tion.

The main purpose of this paper is to carry out a fi
detailed study of the dynamics of variousm52 states of the
Li ( n525) Stark manifold when exposed to a realistic tim
dependent increasing electric field. The degree
adiabaticity/diabaticity of these states is studied in detail a
the results of the MLZ model are confronted withab initio
time-dependent quantal calculations. The behavior of suc
complex quantum system and its route from a localiz
bound state towards breakup is interesting in its own rig
However, in the present study the main motivation is to
vestigate the dynamics of the transition zone between f
diabatic and fully adiabatic field ionization in relation to th
interpretation of experiments@4#. Atomic units (\5e5me
51) are used throughout except where units are given
plicitly.

II. THEORETICAL MODELS

A. Numerical model

The Hamiltonian of a pseudo-one-electron alkali-me
Rydberg atom in a homogeneous time-dependent ele
field is given by

H5H01Vc~r !1Fz~ t !z, ~1!
©2003 The American Physical Society02-1
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whereH052¹2/221/r and Vc(r ) are the unperturbed hy
drogenic Hamiltonian and the perturbation due to the co
respectively. Spin-orbit effects may safely be ignored for
lighter Rydberg atoms, i.e., for H, Li, and Na@1,10#.

The core potential is set up by the induced correction
the Coulomb potential resulting from the interaction betwe
the excited electron and the inner shell electrons. The pe
bation is assumed to be significant for low angular mom
tum states only, since high angular momentum states are
hibited from penetration into the core region. In the co
region the effect on the Rydberg electron is a more stron
attractive force, which mainly accounts for a positive pha
shift of the hydrogenic radial functions@11#. For highly ex-
cited states of the field free Hamiltonian the radial functio
outside the core are accurately described by the Ba
Damgaard-type quantum defect radial wave functions@12#.
These functions are basically hydrogenic wave functio
with the nodes phase shifted inward. The field free ene
levels are modified according to

Wnl52
1

2~n2dnl!
, ~2!

wherednl are the so-called quantum defects, which break
degeneracy of the energy levels. For highn values the quan-
tum defects become almost energy independent@1,13#, and
for the Rydberg states of lithium the nonvanishing quant
defects take the values@1# ds50.3995, dp50.0472, dd
50.0021, andd f50.0003.

Because of spherical symmetry of the core potential
wave function may be expanded in hydrogenlike wave fu
tions in the region outside the core@4,10,14#. In the present
work it is more suitable to choose an expansion in ordin
hydrogenic wave functions,

C~r ,t !5(
nlm

cnlm~ t !Rnl~r !Ylm~u,f!, ~3!

to take advantage of known procedures for analytic calc
tion of matrix elements@15#. The wave function expansion i
inserted into the Schro¨dinger equation i (]/]t)C(r ,t)
5HC(r ,t), leading to a first-order coupled matrix system
equations for the expansion coefficients,cnlm(t),

i
d

dt
cW 5M ~ t !cW . ~4!

Within the first-order perturbation theory the core induc
couplings@1,16#,

^nlmuVc~r !un8l 8m8&5
2d l

An3n83
d l l 8dmm8 , ~5!

between the hydrogennlm spherical states with the samel
andm quantum numbers. This approximation is excellent
the highly excited states of interest in the present work.

The nonvanishing matrix elements of thez operator fol-
low within the dipole approximation the selection rulesD l
561, Dm50. Sincez5r cosu5A(4p/3)rY10, the angular
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part of the matrix element is straightforward calculated
using the Wigner-Eckart theorem for spherical harmon
@17#, with the well-known result,

^ lmucosuu l 21m&5S l 22m2

~2l 11!~2l 21! D
1/2

. ~6!

The radial part of the dipole matrix elements,^nlur un8l
21&, is either found by direct numerical integration or
given in terms of the hypergeometric functionF(a,b,c,d)
@18#,

^nlur un8l 21&5
~21!n82 l

4~2l 21!!
A~n11!! ~n81 l 21!!

~n2 l 21!! ~n82 l !!

3
~4nn8! l 11~n2n8!n1n822l 22

~n1n8!n1n8

3FFS 2n1 l 11,2n81 l ,2l ,2
4nn8

~n2n8!2D
2S n2n8

n1n8
D 2

FS 2n1 l 21,2n81 l ,2l ,

2
4nn8

~n2n8!2D G . ~7!

The formula is valid fornÞn8. Within one principal shell
the expression is in particular simple,

^nlur unl21&52 3
2 nAn22 l 2. ~8!

Since the core potential exclusively couples states of equm
quantum numbers due to the spherical symmetry of the
tential, and since thez operator obeys theDm50 selection
rule, it is sufficient to expand the Schro¨dinger equation on a
basis set consisting only ofm states identical to the initialm
values.

B. Analytical multichannel Landau-Zener model

The dynamics will be compared with an incoherent ML
model@19#. Let PW (t)5@P1(t),P2(t), . . . ,Pn(t), . . . # be the
probability distributions on the eigenstates at each timet. As
a bookkeeping device the probability corresponding to e
state is chosen to be ordered with increasing energy inPW ,
i.e., the state with lowest energy always comes first in
vector. We use the hydrogenic parabolic states$unn1n2m&%
as a basis set and calculate the couplings by formula@1#,

^nn1n2muVc~r !un8n18n28m&5(
l

^nn1n2munlm&

3
2d l

An3n83
^n8lmun8n18n28m&.

~9!
2-2
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The crossing timest i ~i.e., the times where the diabatic e
ergy curves cross! for each Landau-Zener crossing, and t
information about which two states that cross at eacht i , are
found from the expression for the eigenenergies wit
second-order perturbation theory in the electric field@18#,

W~n,n1 ,n2 ,m!52
1

2n2
1

3

2
n~n12n2!gt2

1

16
n4g2t2

3@17n223~n12n2!229m2119#,

~10!

whereg is the slew rate~slope! of the electric field. LetPi

(Pj ) andPi8 (Pj8) be the population probability of the adia
batic statei ~j! before and after the crossing point is pass
respectively. The Landau-Zener model then gives

S Pi8

Pj8
D 5S 12PLZ PLZ

PLZ 12PLZ
D S Pi

Pj
D , ~11!

where PLZ is the two-state Landau-Zener probability for
diabatic passage~nonadiabatic transition! through the cross-
ing points. The two-state probability is given by@20#,

PLZ5e22p(d2/a), ~12!

wherea is the absolute difference in slope of the two diaba
eigenenergy curves at the crossing@calculated from the de
rivative of Eq. ~10!#, and d is the coupling from Eq.~9!.
Within the first-order perturbation theory in the field botha
andd are constant, i.e., an almost ideal situation for appli
tion of the Landau-Zener model.

C. Ionization probability

Since our basis set only includes bound states, the num
cal solution of the Schro¨dinger equation does not automa
cally give any information about the field strength needed
ionize the states. To obtain an estimate of the ionizat
probability we use the semiempirical formula for the ioniz
tion rate of hydrogen derived by Damburg and Kolosov@21#,

G5
~4R!2n21m11

n3n2! ~n21m!!
expF2

2

3
R2

1

4
n3 FS 34n2

2134n2m

146n217m2123m1
53

3 D G , ~13!

whereR5(22W)3/2/F andF is the electric field. The Stark
energyW is calculated by a perturbation expansion up
fourth order in the field@22#. They claim that this formula is
correct within a precision of a few percent for the thresh
field for ionization of the different states. This accuracy
more than sufficient for the present analysis. We have te
the formula on the data in Fig. 4 of Robicheaux, Wesdr
and Noordam@2#, and it successfully reproduced the positi
of all the peaks in the SFI spectrum calculated in that wo

Assuming a one way exponential decay into the c
tinuum the survival probability takes the form
05340
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Psurv5expS 2E
t0

t

G~ t8!dt8D . ~14!

III. RESULTS

The electric field is ramped linearly from an initial field

F~ t !5F01gt, ~15!

where F0 is chosen arbitrarily but weak enough to avo
intershell mixing, i.e.,F0!1/3n5. For the present field ramp
the spin-orbit effects at zero field are ignorable@1#, henceF0
can likely be put to zero. Four different values of the ram
g5100,421,1000, and 10,000 V/cm/ms, have been tried
These values correspond to relatively slow to ultraf
switching with respect to experimental applicable rang
For field strengths less than 1000 V/cm and with the init
population distribution within then525 manifold, the en-
ergy spectrum of the system appears to be sufficiently c
verged for a basis set including the manifolds fromn521 to
n540. It may seem strange and even wrong to solve
huge and complex system numerically by using a basis
only including bound hydrogenic states since the eigenst
that decrease in energy with increasing field, in fact, are c
tinuum states immediately after the field is turned on. W
saves us is that, despite being continuum states, they be
as bound states all the way up to the classical ioniza
limit, i.e., in the energy region@23#,

W<22AF1umuF3/41
3

16
m2F. ~16!

Thus, one should be aware that the calculations may be
accurate in the region close to the classical ionization lim
For further details on the discussion of the applicability
using a truncated basis set see Ref.@10#.

Figure 1 shows the quantum dynamics of the parab
states unn1n2m&5u25 23 0 1& and unn1n2m&5u25 21 0 3&
for a 421 V/cm/ms field ramp. It is clearly seen that th
m53 state follows a completely diabatic developme
whereas the time development of them51 state is plainly
adiabatic. In the latter case the population spreads out
band of states. The formation of a narrow band can be
derstood from the Landau-Zener model asPLZ rapidly falls
to zero in the region outside the adiabatic state in the ce
of the band. All states in the band will ionize near the cla
sical ionization limit, whereas the stateu25 21 0 3& ionizes at
the hydrogenic ionization limit at very strong fields.

Now turning to them52 case we display in Fig. 2 the
time development of the initialu25 22 0 2& state for the same
parameters as in Fig. 1. Here, a mixed evolution, which
neither diabatic nor adiabatic, is observed. The first cross
with the states belonging to the principal shell above a
however, traversed completely diabatically. As new red sta
from above are reachedd increases, whereasa decreases,
i.e., PLZ decreases and the dynamics become more and m
adiabatic. At crossings with the stateu26 8 15 2&, the adia-
batic leakage becomes visible~as green! in the figure. As the
n527 levels enter the dynamics, giving the first triple cros
2-3
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M. FO”RRE AND J. P. HANSEN PHYSICAL REVIEW A67, 053402 ~2003!
ings, there is a significant sharing of probabilities betwe
the adiabatic and diabatic directions for each new cross
~shown in red!. The time the various paths reach their io
ization limit varies and as a result an experimental SFI sp
trum may contain a broad distribution.

We use the notation of Refs.@1,18# and define the state
where the electron is most likely located on the side of
atom away from the saddle point as blue states, and the s
with the electron located adjacent to the saddle point as
states. Blue and red states are characterized by the eige
ergy curves in the Stark spectrum going upward and do
ward, respectively. Roughly speaking one expects the
states to ionize near the classical ionization limit, wher
the blue states ionize at much higher field. But, in gene
this subdivision into two groups is not satisfactory, as
decay rate function, Eq.~13!, is a continuous function onn2 .

FIG. 1. ~Color! The SFI dynamics of two initial parabolic state
u25 23 0 1& ~upper! andu25 21 0 3& ~lower! for a 421 V/cm/ms field
ramp in the lithiumumu51 and umu53 Stark energy spectrums
respectively. In both cases the part of the eigenenergy spect
which corresponds to states with significant population probabi
i.e., probability greater than 0.5 percent, is marked. The class
ionization limit is shown as a blue line.
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FIG. 2. ~Color! The SFI dynamics of the parabolic sta
u25 22 0 2& in a 421 V/cm/ms field ramp. The part of the eigen
energy spectrum, which corresponds to states with population p
ability P.1%, is plotted in red, whereas states with 0.5%<P
<1% are shown in green. The classical ionization limit is shown
a blue line.

FIG. 3. A plot of Pblue , Pred , and Pdiabatic for the parabolic
stateu25 22 0 2& in a 421 V/cm/ms field ramp.
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Let Pblue and Pred be the total population in blue and re
states, respectively. Define alsoPdiabatic to be the probability
for the initial state to traverse all the avoided crossings co
pletely diabatically.Pblue , Pred , andPdiabatic are plotted in
Fig. 3 for the initial stateu25 22 0 2&. The uppermost Stark
state in then525 manifold is the state with the highest d
abatic component. Figure 3 shows that more than 25% of
initial blue state has been transferred to other channels a
classical ionization limit (;850 V/cm), about 15% to red
states and the rest to other blue states. Formula~14! esti-
mates a probability more than 15% for this blue state
ionize within 1ms. For the lower lying states in the manifo
the ionization probability is even higher. This prediction
ionization probability for theu25 22 0 2& state is sufficient to
explain the observed discrepancies between the experim
and calculated data in Ref.@4#.

FIG. 4. ~Color! The MLZ results for the SFI dynamics of th
parabolic stateu25 22 0 2& in a 421 V/cm/ms field ramp. Notation
as in Fig. 2.

FIG. 5. ~Color! Same as Fig. 2 for an initial stateu25 11 11 2&,
with green and red color corresponding to 0.5%<P<3% andP
.3%, respectively.
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FIG. 6. Same as Fig. 3 for an initial stateu25 11 11 2&.

FIG. 7. ~Color! The MLZ results for the SFI dynamics of th
parabolic stateu25 11 11 2& in a 421 V/cm/ms field ramp. Notation
as in Fig. 5.
2-5
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For comparison, the MLZ calculations are also shown
Fig. 3. The MLZ behavior of the red and blue populati
dynamics is seen to be in good agreement with the qua
calculations. The dramatic spikes of the initial state, ho
ever, are time dependent in their origin and related to ph
development and therefore clearly not reproduced in the
coherent MLZ approach. For the special situation with o
single initial state selected in the uppermost~or lowermost!
part of then525 manifold, the probability of remaining in
the initial diabatic state is completely independent of
phases of different paths, because the diabatic energy lev
most crosses the same adiabatic energy level once. This
plains the agreement between the numerical and the M
calculations in Fig. 3.

In Fig. 4 we plot the corresponding MLZ dynamics
Fig. 2. At this level certain discrepancies become evide
Some of the channels are less populated, especially in
adiabatic ‘‘direction,’’ whereas others are more populat
Thus, even if the total population in ‘‘blue’’ and ‘‘red’’ state
is the same in both models, the time of ionization will diff
and create different ‘‘theoretical SFI spectra.’’ The observ
deviations for higher fields (F.500 V/cm) are believed to
originate from higher-order corrections to the energy that
neglected in the Landau-Zener model. Phase interferenc
fects, and also a possible breakdown in the validity of
Landau-Zener model as the level crossings become
dense, can also play a role. To avoid confusion note that
basis set for the Landau-Zener calculations is truncated f
less extensive basis set than for the fully numerical calc
tions. This only affects the number of visible eigenene
curves above the classical ionization limit, and not the
namics. The degree of agreement in Figs. 2–4 raises
question whether the state-to-state dynamics is accurately
scribed by the MLZ model. However, one should be aw
of the fact that in this example only very few states hav
population probability greater than 1 percent throughout
dynamics. Hence, from the beginning phase interference
fects are expected to play a minor role.

Figure 5 gives an example of an initial state in the mid
of the manifold. For this case the adiabaticity of the cro
ings becomes significantly higher, and the population
spread more efficiently out on the other states in the ene
spectrum. Hence, in contrast to the dynamics of the first c
phase interference effects are expected to play a stro
role. There are two immediate differences between the s
tra in Figs. 2 and 5: First, the crossings start later for
latter case, i.e., at the fieldF;350 V/cm instead ofF
;180 V/cm. Second, the multiple number of avoided cro
ings between the initial~diabatic! u25 11 11 2& state and the
same adiabatic neighbor state both above and below thi
abatic state, respectively, opens the possibility of influen
from the dynamical phase not only in the network of stat
but also in the fully diabatic development of the initi
u25 11 11 2& state.

In Fig. 6 the red/blue probabilities are again shown a
compared with the MLZ model. At first sight a fairly goo
agreement is still present, which is surprising since the ph
is expected to play a significant role in the population d
namics. There are, however, important differences at
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crossings forF.500 V/cm. The figure shows that in th
regions F;525 V/cm, F;560 V/cm, F;640 V/cm, and
F.700 V/cm, there are clear discrepancies in the strengt
the population jumps. It is interesting to note that these
gions coalesce with the regions of the energy spectr
where three or more states are crossing. This indicates
phase effects are in action. Despite that the MLZ result
viates significantly in certain regions, the overall picture
that the MLZ result is not diverging from the exact quantu
calculations. Thus the present calculations strengthen the
sumption made by the authors of Ref.@2#: The phase accu
mulation on the different paths cancel because of the v
large number of ways for the population to choose up to
ionization limit. This is confirmed in Fig. 7, where the MLZ
network dynamics is shown. The degree of spreading
rather similar with the quantal calculation in Fig. 5. Som
differences in the relative population strength of vario
paths are, however, still present. As in the case of the in
u25 22 0 2& dynamics, it is therefore fair to conclude that th
may lead to different final spectra.

Let t i ( i 51,2, . . . ) define the times@calculated from Eq.
~10!# when the hydrogenic energy level of a given initi
stateunn1n2m& crosses with the other parabolic energy lev
in the energy spectrum. The corresponding couplings in
duced when lithium is considered are found from Eq.~9! in
terms of Clebsch-Gordan coefficients. Then the total pr
ability of remaining in the initial state, i.e., the probability o
traversing the avoided crossings completely diabatica
may be estimated by the simple formula

P5)
t i

pi , ~17!

wherepi5exp(22pdi
2/ai) is the Landau-Zener probability o

diabatic passage through each Landau-Zener crossing at
t i . Now a criteria for diabatic evolution with time become

FIG. 8. The probabilityPdiabatic of traversing all the avoided
crossings completely diabatically for the parabolic stateu25 22 0 2&
for four different electric field ramps: 100 V/cm/ms, 421 V/cm/ms,
1000 V/cm/ms, and 10 000 V/cm/ms. The thin lines give the cor-
responding results from the MLZ model.
2-6
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SELECTIVE-FIELD-IONIZATION DYNAMICS OF A . . . PHYSICAL REVIEW A67, 053402 ~2003!
P;1. Formula~17! is expected to be less accurate for eige
states in the middle of the manifold because of coheren
as discussed above.

Figure 8 shows the probability of remaining in the initi
extreme Stark stateu25 22 0 2& as a function of time for dif-
ferent electric field ramps. It shows that a ramp of the or
of 10 000 V/cm/ms is needed in order to make this sta
traverse the crossings plainly diabatically. For the lower
ing states in the manifold the adiabatic component will
even more significant. Surprisingly the curves represen
different field ramps are more or less linear as a function
the electric field. And the slope seems to depend on
single parameter only, i.e., the slew rate of the ramp. T
may be understood from the MLZ model. Define the slo
between the crossings at field strengthsFi 21 andFi by

l[
P~Fi !2P~Fi 21!

Fi2Fi 21
. ~18!

Assume that pi ( i 51,2, . . . ) is small, i.e., pi.1
22pdi

2/ai . Harmin showed that the Clebsch-Gordan co
ficients in the coupling can be written as@24#
^nn1n2munlm&5A2/n(21)l Plm„(n12n2)/n…, wherePlm is
the normalized associated Legendre polynomial@18#. From
this we find thatd is a very slowly decreasing function o
(n182n28)

2 for un182n28u!n8 ~marked variables always refe
to the states which the population couples to!. We consider
only transitions to states in the manifold above. These
anyhow the most important for the adiabatic behavior. Th
for un182n28u!n8 Eq. ~18! can be approximated,

l.K
1

g
, ~19!
,
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whereK is a constant, i.e.,l21 is approximately proportiona
to g for intermediate values of the field strength. This is
complete agreement with the result of Fig. 8.

IV. CONCLUSION

In the present paper we have carried out large basis c
coupling calculations as well as multichannel Landau-Ze
calculations on the ionization mechanism of a Li (n525)
atom when exposed to an electric field. All in all a hig
degree of agreement between the results of a direct prop
tion of the time-dependent Schro¨dinger equation and the
MLZ model is achieved, in contrast to what one very oft
observes in collision physics@19#. The calculations confirm
that initial m52 states behave neither diabatic nor adiaba
but ionize along a complex path resulting in a broad S
spectrum. A detailed state-to-state comparison between
quantal and the MLZ dynamics have shown certain discr
ancies. This suggests that corresponding detailed experim
tal interpretation must be performed with care, and m
preferably in parallel with quantal calculations. Our calcu
tions have also documented that the ramp speed of the e
trical field has to be very fast if a full diabatic ionizatio
shall occur. Further work based on a numerical grid solut
of the Schro¨dinger equation, to accurately evolve the syste
from the classical field ionization limit up to where the ato
is fully ionized, is in progress.
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