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Preparation of engineered two-photon entangled states for multidimensional quantum information
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We put forward an experimentally feasible technique to generate engineered entangled states in
d-dimensional Hilbert spaces in parametric down-conversion of photons. The scheme is based on the orbital
angular momentum of light and translates the classical, topological information imprinted in the light beam that
pumps the two-photon source into quantum information contained in the weights and phases of the quantum
entangled two-photon states.
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Entanglement of identical particles is one of the mostwhere the desired two-photon quantum state is generated.
genuine features of the quantum world, and it forms the cordhus, it can be readily employed in to generate arbitrary
of quantum cryptography, computing, and teleportationqudits in arbitrary Hilbert dimensions. o _
[1-6]. To date research has focused on quantum states be- SPontaneous parametric down-conversion is a reliable
longing to two-dimensional Hilbert spaces, or qubits. Multi- SOUrce for the generation of entangled photon pldigs14.
dimensional entangled states, or qudits, provide higher dil_:’alrs of down-converted photons entangled in polarization,

. ) . r spin angular momentum, were used, e.g., in the demon-
mensional alp_habets, thus enhancmg_ the p_otent|al %tration of guantum teleportatid8], and in the recent real-
quantum techniques. Fpr .exa.mple, by using qudits the S€Cation of a quantum universaloT gate[4]. However, the
rity of quantum key distribution cryptography can be im- 44n_converted photons can also be entangled in orbital an-
proved[7], and the efficiency of quantum communlpatlon gular momentum(OAM) [9], which belongs to an infinite
protocols can be enhancggl. However, the challenge is the gimensional Hilbert space and thus allows encoding qudits
implementation of thel-dimensional quantum channel. Here ith arbitrary d [15]. The quantum state of a photon is de-
we put forward a feasible technique to preparkitrary en-  scribed by a mode function. Any mode functidn(p, ¢,2)
gineered entangled statem any d-dimensional Hilbert with an arbitrary amplitude profile can be expanded into La-
space. The scheme is based on the entanglement of the @uerre Gaussiafl.G) modes,
bital angular momentum of lighH9] in the process of spon-
taneous parametric down-conversion, and translates topo- B |
logical information imprinted in the pump light into the \P(p’(P’Z)ﬂZw pgo AL Gplp,¢,2). @
amplitudes of the generated entangled quantum states. This
makes possib]e the proof-of-princip|e imp|ementa’[ion ofThe normalized Laguerre Gaussian mode at its beam waist

capacity-increased protocols based on qudits, and allows tH&=0) is given in cylindrical coordinates by

experimental exploration of_ dee_per guantum _features, 2p! 142 I 2,2
such as hyperentanglement in arbitrasp-demandHilbert LG'p(p,<p)= A/ : ( p) Al il

[ ©

dimensions. a([I[+p)twol wo | Pl w2

The key ingredient of the scheme put forward here is the - )
engineering of the quantum state by controlling the spatial Xexp(—pIwo)explil ¢), @
shape of the laser beam tha.‘t pumps the Cb"\m'co_m’ert%hereLI (p) are the associated Laguerre polynomials,
source. The approach bears similarities with the spatial ma- P
nipulation of pump beams for quantum imaging applications | P (1] +p)!
(see, e.g.[10,11)). This is in contrast to the direct manipu- LL'(P):mEO (_1)m(p—m)l(|l|+m)'m' p" (3

lation of the quantum state output of the crystal. In particular,
manipulation of the orbital angular momentum of the down-w, is the beam widthp is the number of nonaxial radial
converted photons by properly designed holograms modifiesodes of the mode, and the indexeferred to as the winding
the corresponding quantum state allowing, e.g., the generaumber, describes the helical structure of the wave front
tion of states that maximally violate multidimensional ver- around a phase dislocation. When the mode function is a
sions of Bell inequalities as demonstrated recently by Vaziripure LG mode with winding numbeéy the quantum state is
Weihs, and Zeilinger{12]. Such approach relies on the an eigenstate of the OAM operator with eigenvalfig 16].
multiple-step manipulation of thaformation imprinted on  State vectors, which are not represented by a p@eanode,

the quantum stateOn the contrary, our scheme relies on thecorrespond to photons in a superposition state, with the
single-step manipulation of thaformation imprinted on the weights of the quantum superposition dictated by the contri-
classical beanthat pumps the quadratically nonlinear crystal bution of thelth angular harmonics.
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When a thin quadratic nonlinear crystal of lendthis The technique put forward here is based on the use of a
illuminated by a quasimonochromatic laser pump beantoherent, engineerable superposition of modes as a pump
propagating in thez direction, with wave numbek, and  signal. More precisely, we suggest to encode such modes in
waist wg, the generated two-photon quantum state is giverihe form of N single-charge topological screw wave front

by [17] dislocations, or vortices, nested on a laser bdarg., by
properly designed computer generated holograms, or recon-
|\I,>:f drLCD(rL)aT(rL)a;‘(rL)|O,0), 4) figurable spatial light modulatorsSuch beam can be written
as[20]
wherer | is the radial coordinate in the transvepseY plane, N

0,0 is the vacuum state araf anda are creation opera-  ®(p,¢)=Aol] [pexp(ie)—p; explie;)lexp(—p2/w)),
tors for the signal and idler modes. Habdr | ) is the spatial =1 ©)
distribution of the pump beam at the input faced of the crys-
tal. A photon state described by a pure LG mode can behere ;,¢;) are the radial and azimuthal positions of the
written as jth vortex,w, is the beam width and, is a constant. Pro-
jection of the vortex-pancak@) onto LG modes yield§20]

||p>=f dr, LGy(r,)a'(r,)[0). ©)

N
Wo
D(p,p)=Agym >, (DN —=
Using I =3,/Ip)(Ip|, one can express the gquantum state (P.e) 0\/—26( )

I+1
ﬁ)
| W) using the eigenstates of the orbital angular momentum
operator as X T (I+1)By_LGp(p. @), (10

where

wy=2> > C N |2 ||1 P1:l2,P2), (6)

I1.p1 12.P2

:JZ 12 JE ll;[ cexplig)), (11

where (1,p;1) correspond to the signal mode anld,p»)

correspond to the idler mode. The expression of the probabil-
ity amplitudeC'*'2 is given by[18,19 with jye[1N], andj;<j,,;. Using Egs.(7) and (10) one
P1:P2 finds that the spatial field distribution given by E§) can

only generate down-converted entangled photons in a quan-

1 §~J drLCD(ri)[LG'pll(ri)]*[LG'pzz(ri)]*. (7)  tum superposition of states with<d;+1,<N, with

l1+1,+1
The pump beand®(r,) can be expanded into spiral harmon- —A —1)N=11-1p Wo T +1.+1)
ics to get a,+1,(p) oVm(—1) 72 (I3 +15+1)

o

I+1p
D(p,p)= > a(plexpile). (8) XBn-1,-1,Up  “(p), (12
|=—c

where

Therefore, the quantum probability am Iltud}:l 12 ge- .
q P Y ampiti®s, v, uh(p)=LGl(p,e)expl —il ¢). (13
pends only on the radial profile of thdlﬁlz)th angular

harmonic of the pump beam. Thus, such harmonic content ofhis expression is a direct consequence of the conservation
the pump beam translates to the complex probability ampliof the OAM in spontaneous down-conversion in collinear
tude of the quantum states with+1,=m. The weights of phase-matching geometries as those considered here, where a
the quantum superposition are given b)P'pl"g pump beam with azimuthal quantum numbgrcan only
generate down-converted photons, which yiele-1,=1,.

l1.12 12
|C | /5, which gives the value of the joint detection Whenp, = p,=0, substitution of Eq(12) into Eq.(7) yields

probablhty for finding one photon in the signal mode (p;)
and one photon in the idler modé,(p,). The two-photon 201l +lizhrzp it
state produced in the down-conversion process is a coherent ' '2 ~(—1)N"li7l2 o
superposition of an infinite number of states of the form
|I1,pl,I2,p2 so that using eigenstates with index
.d= >1 produces qudits of arbitray; We thus con- D[yt +lp[12+1)
S|der a detection scheme that projects the OAM two-photon VLI [+ D1, +1)
state intod-dimensional Hilbert subspaces, deno&&d 7 is
a normalization constant that depends on the particular Hilfor O<I,+1,<N. The value of constar, depends solely
bert subspace that is considered. For illustrative purposeen the location of the vortices. Thus, through the manipula-
here we consider only states with;=p,=0, denoted tion of the position of the vortices one can control the phase

[11,15). and weight of the probability amplitudésgfé'z. This can be

3t tflg+]1a))2

Boi,- 1, (14
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0.5 —@ @ @ @ FIG. 2. Diagrams sketching the locations of the topological
screw dislocations of the pump beam that generates the six vectors

Vo, and¥,, (n=0,1,2). The transverse coordinates are normal-
ized to the beam widthwv,. The “clocks” show the phase of the

amplitude of the corresponding statgs0), |1,1), and|2,2) for

(@—(c), and for the state$0,1), |1,2), and|2,0) in (d)—(f). (@)

0.0 [Woo, (B) [Wo), () [Wog), (d) [W1g), (€) [W11), and(f) [¥1,). For
00> [11> 22> [|33> (@—(0): p1=pp=ps=p4=(16/27)"* and for (d)—(f): p1=2/3, p,

=ps=(/813)"2 p,=0. The angles ar¢a) ¢,=75°, ¢,=105°,

FIG. 1. Intensity profile of the pump beam that generates the?s~ 1057 €= —75%, (D) ¢1=—165°, p,= —1357, 5=15",
maximally entangled qu-quart W= 1/2 —|00) + exp( 6)|11) ‘P4i45 ,o(c) f1:°135 ,_902=]°.65 ’ ‘P3_:_45°’ (p4_:_15°’ d
+exp( 6,)|22)+|33)]. (a) Intensity profile,(b) the generated quan- ‘flfggo : ‘Prg(j ' $37 —?0 : (oe) ‘P1:_69 » ¢2=~150°% @3
tum state. In(a), the transverse coordinates are normalized to the 20 - and(f) ¢1=60°, ;= —30% ¢3=150°.
beam widthwy. In (b), the bars show the weight distribution and 5 .
the clocks show the phase distribution of the quantum state. The 1here ared” maximally entangled states that form an or-
phases ar@,=—111° and§,=84°. Locations of the vortexp, thonormal base for the space of two entangled qubits. The
=0.65Vvy, p,=1.85ny, p3=1.06ng, p,=0.54n,, ps=1.53w,, explicit form of one base is
ps=1.24n,, andg;=im/3 fori=1,6. o1
employed to generate, e.g., qu-quarts. For example, Fajy. 1 Wy =—= 2 expli2ain/d)}j,(j+M)moga), (17
shows the intensity profile of the pump beam that generates Jd =0

the maximally entangled qu-quart
wherem andn run from 0 tod—1. Ford=2, they corre-

|W)=3[—1]0,0)+exp(i61)|1,1) +exp(i 6,)|2,2 +|3,3)], spond to the usual Bell states for qubits. The corresponding
(15 base, but for qutrits, can be generated by a pump beam with

_ N=4, which corresponds to four vortices nested off axis.

in the subspaceS,={|0,0),|1,1),|2,2),[3,3)}. The corre- Tpq diagrams of Fig. 2 sketch the location of the vortices

sponding quantum amplitudes and phases are shown in Figeeded to generate the six vectors corresponding to the bases

1(b). Additional qu-quarts can be generated by simple topqu,0n> and [¥,,,) with n=0,1,2. The maximally entangled

logical transformations. For example, a global rotation of theg;4tag |Wo,) describe a base of the subspacs

pump by an angl® generates the new maximally entangled =1{]0,0,,]1,1),|2,2}, while |¥,,) is the corresponding base

qu-quart for S;={|0,1),|1,2),|2,0)}. The probability amplitudes of
WY = 1T — exp(i66)|0,0)+ exp(i 6, +i46)[ 1.1 states|l,l,) and|l,,l,) are always found to be equal, thus
|W)=3[—exp(i66)[0,0)+exp(ifd; +i46)[1,1) the same topology of the pump beam can generate the quan-
+expi0,+i26)|2,2+3,3)]. (16)  tum states|¥q,) and|¥,,). Figures 3a-3(c) show the
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FIG. 4. Generation of nine quantum vectors for three mutually
|_‘ unbiased bases. The transverse coordinates are normalized to the
beam widthw,. The clocks show the phase of the amplitude of the
[00> 11> 22> [00> |11> 22> corresponding statg®,1), |1,2), and|2,0). In all casesp; =2,

p2=p3=[2+2/3]"% andes=g,+ 7. () ¢1=180°, ¢,=90°, (b)
FIG. 3. Generation of selected quantum superposition st@es. ¢1=60°, ¢,=150°, (c) ¢;=—60°, ¢,=30°, (d) ¢;=180°, ¢,

W0, (B) [Woy), (€) [Fop), (d) [¥)=1/V3[]0,00+]2,2], (e |¥)  =150°, (6) ¢1=—60° ¢,=90° (f) ¢1=60°, =30, (9) ¢1
=1\3[—[0,0+|2,2], and (f) |¥)=1/V2+97[|0,00+]1,2  =180° ¢,=30°, (h) ¢;=60°, ¢,=90°, and(i) ¢;=-60°, ¢,

+]2,2] with y=(/11—3)/2. The bars show the weight of the =150°.
projections into pure modes and the clocks show the phases of the
quantum states. =15°, the state is still a maximally entangled state, but now
with a quantum phase reversal imposed to the SthtB.
weights and quantum phases of the three sfalfgs), all of  When A=45°, the contribution of the statd,1) is sup-
which are maximally entangled. pressed, and by rotating the whole configurationéyyone
We next illustrate with two examples how the scheme cartan generate quantum states with an arbitrary phase delay
be employed to generate engineered quantum states for Opetween|0,0) and|2,2). Two important concrete examples
timal quantum protocols. Consider a pump topology withare shown in Figs. @) and 3e).
four off-axis vortices equiseparated from the beam axis, at a Direct applications of the possibilities open by E48)
distancep; = p,=p3=p4=(16/27)"%, and with angular lo- occur in all d-dimensional quantum communication proto-
cations given bye;=0+A, ¢,=60—A+m, ¢3=60+A  cols. For example, Brukner and co-workers showed that the
+m, andg,= 06— A. Such topology generates quantum en-efficiency of quantum two-party communication complexity
tangled states belonging to the subspac&; problems can be enhanced over any classical protocol by
={|0,0),|1,1),2,2}, with the general form using qutrits[8], provided that they violate Bell inequalities
in the form defined by Collingt al. [21], and Acin et al.

1 . showed that the qutrit
) =
vy 2+4 cog(2A)/3 exp(i40)[0.0
—%GOE{ZA)exp{iZB)H,l}Jr|2,2) . (18 v)= ¢—|00>+7|11>+|22> (19

Different possibilities are possible. For example, when with y= (/11— /3)/2, violates Bell inequality stronger than
=75° and 6=0°,60°,120°, the quantum states generatecany maximally entangled staf22]. Such state can be readily
correspond to the three vectg¥,,), respectively, which generated with our technique: The topology required to gen-
are maximally entangled states with equal amplitudes buerate such state shown in Fig.(f8 is #=0 and
different phases of the constituent pure states. When cos(2)=—3v/2 (i.e., A=67°).
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Another direct application of the technique holds in gen-methods, including computer-generated holography and spa-
eralizations of the Bennet-Brassard quantum key distributiotial light modulators[26—29. Holographic mode splitters
protocol[24], which make use di-dimensional systems and similar to those recently employed to demonstrate the viola-
M mutually unbiased bases. To set a secret key requires théién of Bell inequalities with qutrit§12] can be used to
Alice chooses one of thiel X N vectors and sends a quantum project the quantum states into the Hilbert subspaces. Such
state represented by that vector. The use of higher values @kperimental demonstration confirms that the scheme pro-
N andM provides better security than obtainable with qubitsposed here can be implemented within the current techno-
and two basep7,23]. Onke can construddl =d+1 mutually  |ggjcal state of the art in the manipulation and detection of
unbiased bases witlh=p", wherep is a prime number ankl  oaMm eigenstates. We finally conjecture that OAM topolo-
an integel{ 25]. This can also be implemented with our tech- gies should be storable in quantum memories made of cold
hique using the sef;={[0,1),[1.2),|2,0} aTg aN=3 vor-  5toms[30,31, and phase imprinted in atomic-molecular
tex pancake withp, = V2, pa=pa=[22/3]"* and $3=¢¥2  Bose-Einstein condensatgd2], for the matter implementa-

+ . By tuning; ande,, one can generate the nine vectorsion of the technique.

of the form |W)=1//3[ «|0,1)+ »|2,00+|1,2)], where u
and v are given by any combination w,v
=1,exp(27/3),expi27/3), which allow to generate three

of the mutually unbiased bases. An additional base can be ACKNOWLEDGMENTS
obtained by generating the sta{€sl), |2,0), and|1,2), by This work was supported by the Generalitat de Catalunya
using pump beams with la= 1,2,3 on-axis vortexFig. 4). and by the Spanish Government through Grant No.
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locations can be nested in host laser beams by differerdomments.
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