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Expansion of a dipolar condensate
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We discuss the expansion of an initially trapped dipolar condensate. When the nominal isstvegpie
interaction strength becomes tunable through a Feshbach resonance, anisotropic dipolar effects are shown to be
detectable under current experimental conditidsA. Donleyet al, Nature Londor412, 295(2001)].
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Atomic Bose-Einstein condensat@®EC's) are realized at ity] or u? (u is the magnetic dipole momeéntThe corre-
extremely low temperaturdd—3], when short-range atom- sponding Gross-Pitaevskii equatidim adimensional form
atom interaction can be described by a single parameter: this then
s-wave scattering length.. This is a valid approximation
as all higher-order partial, wave collisions die away in a . V2 . R
short-range potential when the collision energy approaches izp(r)=[— 7+Vext(r)+ V(2m)3Po| (1) |?
zero. In more realistic models, however, even ground-state

atoms may be polarized such as in an external magnetic trap, 3 .1-3co%s . .
when the direction of its spitfof the valence electron for + Eﬂpzf dr'T|¢(f’)|2 e(r),
alkali) becomes aligned. BEC with dipole-dipole interaction

has attracted considerable attention in recent ypé+s)], (2

and trapped fermionic dipoles have also been stufiédl

Despite the fact that dipolar interactions are now widelywhere y(r) is the condensate wave functiénormalized to
known to exist in a trapped BEC, it has not been directlyynity) and a cylindrical symmetric harmonic trap in dimen-

detected yet. This is because the dipole interaction is muchonIess UNiV o (1) = (x2+ y2+ \222) /2, with an aspect ratio
ex l

weaker than the contact interaction under most circums . .
. ; N. The length unit isa, = JA/M and energies are mea-
stances. Recently, we have studied the small amplitude sha| g L “L 9

oscillation of a dipolar condensaf{€]. When thes-wave %ﬁa‘rid Ilanfi‘/';il(\)lfﬁw/iaw%;;gg:zsriﬂfl Jgi?;;n?rﬁe?;ézin
scattering lengtla. is tuned near to zero as realizable in the ‘ D- tho_ h_7|T Iisc_ f/Z_N 1(3h 3 denot h
8Rb experimenf11,12, we showed that the anisotropic di- SHcndih While 7= yemiNg, (3hw,a)) denotes the

polar effect becomes detectable under current experimentﬁpength of the dipole-dipole interaction. The ground-state
conditions. wave function of a dipolar condensate can be found by re-

The free expansion of an interacting condensate after it%lacir;]g the IFﬁ-hanc_i ‘Tide of E@2) with — uy, wherep is
sudden release from the trap is now a standard diagnostl®€ chemical potential.

tool in BEC physic413,14. It has also been extended to the . To proceed with the study of th? condens.at'e. fr'ee expan-
case of an interacting Fermi g&®5]. In this paper, we in- sion; we can solve the E@42) numerically. We initialize the

vestigate the free expansion of a dipolar condensate. O ave function to the self-consistently solved ground state in
results show that this may also lead to the experimental déN€ Presence of the trae,, then find the time evolved
tection of dipolar interactions. This paper is organized advave function from the Eq2) by employing a self-adaptive
follows; first, we briefly review the formulation for a dipolar RUnNge-Kutta method without thee,. In practice, this be-
BEC; we then discuss our study of its expansion with bot{COMeS an expensive calculation as we have to use a rather
variational and numerical methods. We will subsequently2'9€ spatial grid to accommodate the ever-expanding wave

concentrate on a detailed study for situations corresponding‘r‘c“o” and to obtain sufficient accuracy. We find that it is
to the ®Rb experimen{11]. Then we conclude with some "€cessary to check the accuracy of solutions repeatedly on

different results on the shape and stability of a dipolar condifférent sized grids.
densate. Alternatively, the variational approach as developed ear-

For simplicity, we study a trapped dipolar BEC assuming:cier (4] caln be usid. Inhth]ics caseT:\, we assume that the ¥vave
all atomic dipole moments are equal and aligned alongzthe 'Unction always takes the form of a Gaussian, and transform

axis. The atom-atom interaction simplifies to the Eq.(2) into the following equations for variational pa-
rametersy, andq,:

V(R)=god(R) + 13 costr (1) 1

R G+ 0 =3~ 3 [P2f(x)~Pol, 3
d- 99

where R=r—r’, 6 is the polar angle ofR, g, 11

=4mh2ags /M representing the contact interaction, and in 0+ N20,=—5— ——3[ P2g(x)— Py, (4)

atomic unitsg,= a?(0)E? [a(0) is the atomic polarizabil- z ard;
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FIG. 2. The time dependence of various energy compori@nts
FIG. 1. Comparisons of free expansion results from the numeriunits of 4w, ) during free expansion fox=1 (upper paneland 3
cal (solid line) and the variationa{dashed lingapproaches as dis- (lower panel. Other parameters afe,=0 andP,=1.
cussed in the text, fat=2, Py=10, andP,=10. The upper panel
is for the cpndensate widthig units ofa_l) and the lower panel is y/griational approach indeed gives a very good approximation
for the various energy componerita units offw, ). to the numerical calculations. This result is also confirmed
for A from 0.1 to 3.

which in fact represent the widths of the condensate in the The time dependence of various energy Components is
radial and axial directions, respectively, @=+\(x“)/2  also interesting. As shown in Fig. E44 always approaches
=(y?)/2 andq,= \(z%)/2. k=q,/q, is the condensate as- zero asymptotically during the expansion irrespective of its
pect ratio, generally different from the trap aspect ratio initial signs. In the early stages, however, its behavior de-
and f(k)=[—4x*—7x?+2+9x*H(k)]/2(k*—1)?, g(x)  pends on trap geometry due to the anisotropic nature of the
=[—2k*+ 102+ 1—-9k?H(k)]/(k2—1)> with H(k) interaction. For smalk\, the initial dipole-dipole interaction
=tanh J1—«%/J1—«2. The equilibrium widths of the energy is negative; during the expansion, it always gains
(trapped condensate can be obtained by setiipgq,=0,  €nergy from the kinetic energy and approaches zero mono-
which are then used as initial conditions to study the fredonically. For large\, when the initial dipole-dipole interac-
expansion dynamics by simply dropping the terqsand  tion energy is positive, the condensate first releases its inter-
\2q, on the right-hand side of Eqé3) and (4). The kinetic ~ action energy untiEq, becomes negative, then gains energy
and interaction energy per atom of the expanding condensafd finally, approaches zero.

can then be expressed in terms of condensate widths accord- The effects of dipolar interaction on the kinetic energies
ing to are rather simple. We find that, independenk pthe dipolar

interaction always decreas&§!) while increase€(? with
time, i.e., the dipole-dipole interaction causes the transfer of

Exin=Efia+ Ef o e : LI Ll ,
radial kinetic energy into the axial direction. This phenom-

1/1 . 1/1 . enon is observed even whéty#0. This result contradicts
=35 —2+q,2 + 2 —2+qz2 , intuition, because along theaxis, the dipole-dipole interac-
Ar 4z tion is attractive, one would expect that tB would de-

crease with time because the atoms are being slowed down
due to the dipolar attraction. To resolve this puzzle, we note
that the kinetic energy along radial or axial directions, each
has two parts: one from the gradient of the wave function
(5) (1/2qr2) which decreases with time, and the other from the

expanding gasé(2/2) which increases with time. This ob-

The validity of the variational solution has been checkedS€rved phenomena shows that in the radial direction, the in-
thoroughly for the frequencies of condensate small amplitudérease of the kinetic energy due 4@/2 cannot compensate
shape oscillation§6,7]. Goral and Santos have briefly con- for the decrease due to ]ﬁ Similarly, we can understand
sidered the expansion of a dipolar condeng8jeusing the the net increase of kinetic energy along the axial direction.
same time-dependent variational method. We have checked For the remainder of this paper, we will focus our studies
over a wide range of parameters to justify its use in the fre@n Rb condensate as in the JILA experimgtit, 12, where
expansion problem. This allowed us tremendous freedom ithe tuning of the scattering length has been demonstrated in
exploring the expansion dynamics without resorting to thea remarkable fashion utilizing the Feshbach resonance. In
time consuming numerical solutions. Figure 1 shows thehis case, the magnetic-dipole moment of the trapped state
time dependence of condensate widths and energy compf==2Mg=2) is u=2ug/3 (ug is the Bohr magnetonWe
nents, assuming.=2 and P,=P,=10. We see that the adopt the radial frequenay, =27 17.35(Hz) as from the

Eint=Esct Eqg
Py . 2k%+1—-3k?H (k)
297, 2070,(k*— 1)
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FIG. 3. The atom number dependenceEqf, (in units ofiw )
for a ®Rb condensate with=3 (a) and A=6.8/17.35(b). The
s-wave scattering lengths am@,.=0 (solid line), 0.1a, (dashed
line), and 0.5 (dash-dotted linewith a, the Bohr radius.

FIG. 4. The relative change of condensate aspect ratio due to
dipole-dipole interaction(a) For the ground state in the trépefore
expansionwith A=0.1, 0.5, 2, 4, and 6(b) The relative change

. . of asymptotic condensate aspect rafadter expansionfor N=2
experiment 11,12 and assume that the asymmetric param-, 65"(slid line), 1 (dashed ling and 4x 10" (dash-dotted ling

eter A can be adeSt(Eg- The resulting dipolar ir‘terac'[iOnTriangIe markers show the results fde= 2 X 10° from numerically
strength isP,=5.0x10"°N. calculated expansions.

The release enerdy,q= Eyin+ Eint is the total energy per

atom after switching off the trapping potential. It's Valuesimaging is very challenging. The free expansion as discussed

can be strongly affected by the atom-atom interaction. Fof, yhis paper, leads to larger condensate sizes as shown in
noninteracting atoms, the release energy per alﬁ_ﬂg#(l ~ Fig. 1, thus allowing for easier imaging of condensate aspect
+A\/2)/2 is independent of the atom number. For interactingatios. We find that the condensate aspect ratio changes dur-
atoms, it depends on_the total numbe_,-r of atc_>ms_, since botmg the expansion and eventually approaches a constant
Po and P, are proportional td\. If the interaction is repul-  yajue, which we call the asymptotical aspect ratio. Not sur-
sive, the release energy per atom always increases\ith pyrisingly, this asymptotical aspect ratio depends on the
For attractive interaction, the release energy always degipole-dipole interaction. In Fig.(#), we present tha. de-
creasesincreasepwith N if N is above(below) some critical  hendence of the relative change of the asymptotical conden-
value. Depending on the geometry of the trapping potentialsate ratios for various values bf We see that for carefully

the overall dipole-dipole interaction can be either repulsivesposen parametera,, (P,=0,P,) can become large enough

or attractive, and the release energy also shows different bgs pe observed experimentally. In reality, the tuningagfto
haviors for different trapping potentials. In Fig(a8 we ;o0 (P,=0), using Feshbach resonance, is limited by the

present the atom number dependence of the release energy ision of experimental calibrations. To address this point,
for A=3. Since the dipole-dipole interaction is predomi-

nately repulsive in this case, the release energy increases

with N. Figure 3b) is plotted forA =6.8/17.35 case, when 0 : B
Po=0 (solid line), the release energy decreases Wt his -0.1} |
behavior holds even for a very small positive scattering < !
length as shown in Fig.(B). —0-2':

The dipolar interaction also changes the condensate as- i
pect ratio. We introduce the relative change(ibfe ground 0.3
statg condensate aspect ratio, defined as 0

:K(Pzio)_K(Pz—O)’ ©6) <* =01
) k(P2=0) ‘

to quantify this effect. In Fig. @), we plot the numerical -02, o5 5 o5 y

results ofA,(Py,=0,P,) for the trapped ground-state con-
densate with various values af We see that the relative
changes can become as high as 30% for a wide range of trap 1. 5. The dependence of the relative change of condensate
aspect ratio.. An experimental measurement of these differ- 3symptotic aspect ratio on the scattering lengtbm variational
ences will represent a direct detection of dipolar effects, alcalculations for A=0.2 () and 3 (b). Atom numbers areN=2
though the following technical difficulty remains; The con- x 10° (solid line), 10 (dashed ling and 4x 10* (dash-dotted ling
densates produced in curref?Rb experiment$11] contain  The vertical lines indicate the critical scattering lengths, where a
rather small number of atoms that &nsitu direct optical condensate collapses.

2, (3)
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0.7 i " plot the\ dependence dk for various scattering lengths as
' obtained from variational study. We see that for a small nega-
tive scattering length, whek is small, the dipole-dipole in-
teraction decreases tkevalue. On the other hand, whanis
large, the two-dimensional droplet like confinement en-
hances the repulsive aspect of the dipolar interaction, which
in turn balances out the attractigewave interaction, result-
ing in an increase of th& value. In between, the s-shaped
10 dashed curvéfor a,.= —0.5a,) seems to be a universal sig-
nature(for all values ofa,<0). This plot could thus poten-
FIG. 6. The effect of dipole-dipole interaction on the stability tially also be used for directly detecting the dipolar interac-
coefficient k (from variational calculationsfor a condensate of tion.
8Rb atoms withas.= —0.5a, (dashed ling —1.0a, (dash-dotted In conclusion, we have studied the free expansion of a

0.61
x 0.5

0.4r

0.3
10 10

line), and —3.0a, (dotted ling. The solid line corresponds to the dipolar condensate. We have shown that the weak dipole-

absence of dipolar interaction.

we have also investigated the relative change of asymptoti
condensate aspect ratio against the scattering length as d

played in Fig. 5. We see clearly that fof=2x10°, A, is
still reasonably large even fa,.=1(ag).

Finally, as already studied extensively before, the partiall
attractive nature of the dipole-dipole interaction can destabi-
lize the condensate ground state in traps with small values

N (<5.2) [4,6]. The stability coefficientk=N,|ad/ane

[with ape= Vi/me andw=(w,wyw,)3 is frequently used

to measure the stability of a condensfté]. In Fig. 6, we

dipole interaction may become detectable through several
observations, of which the measurement of the condensate
aspect ratio after an expansion period seems the most prom-
igi_ng. We also discussed briefly, the effects of the dipolar
Interaction on condensate stability whag is tuned close to
zero, a situation close to the recent experimental measure-

Jnent ofk in 8Rb condensated 7].

Note added.Our result is consistant with, and directly

@pplicable to situations as discussed in Rdf8], which

showed up after the initial submission of this paper.
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