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Expansion of a dipolar condensate

S. Yi and L. You
School of Physics, Georgia Institute of Technology, Atlanta, Georgia 30332-0430

~Received 30 October 2002; revised manuscript received 14 January 2003; published 17 April 2003!

We discuss the expansion of an initially trapped dipolar condensate. When the nominal isotropics-wave
interaction strength becomes tunable through a Feshbach resonance, anisotropic dipolar effects are shown to be
detectable under current experimental conditions@E. A. Donleyet al., Nature London412, 295 ~2001!#.
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Atomic Bose-Einstein condensates~BEC’s! are realized at
extremely low temperatures@1–3#, when short-range atom
atom interaction can be described by a single parameter
s-wave scattering lengthasc. This is a valid approximation
as all higher-order partial, wave collisions die away in
short-range potential when the collision energy approac
zero. In more realistic models, however, even ground-s
atoms may be polarized such as in an external magnetic
when the direction of its spin~of the valence electron fo
alkali! becomes aligned. BEC with dipole-dipole interacti
has attracted considerable attention in recent years@4–9#,
and trapped fermionic dipoles have also been studied@10#.

Despite the fact that dipolar interactions are now wid
known to exist in a trapped BEC, it has not been direc
detected yet. This is because the dipole interaction is m
weaker than the contact interaction under most circu
stances. Recently, we have studied the small amplitude s
oscillation of a dipolar condensate@7#. When thes-wave
scattering lengthasc is tuned near to zero as realizable in t
85Rb experiment@11,12#, we showed that the anisotropic d
polar effect becomes detectable under current experime
conditions.

The free expansion of an interacting condensate afte
sudden release from the trap is now a standard diagno
tool in BEC physics@13,14#. It has also been extended to th
case of an interacting Fermi gas@15#. In this paper, we in-
vestigate the free expansion of a dipolar condensate.
results show that this may also lead to the experimental
tection of dipolar interactions. This paper is organized
follows; first, we briefly review the formulation for a dipola
BEC; we then discuss our study of its expansion with b
variational and numerical methods. We will subsequen
concentrate on a detailed study for situations correspon
to the 85Rb experiment@11#. Then we conclude with som
different results on the shape and stability of a dipolar c
densate.

For simplicity, we study a trapped dipolar BEC assumi
all atomic dipole moments are equal and aligned along thz
axis. The atom-atom interaction simplifies to

V~RW !5g0d~RW !1g2

123 cos2uR

R3 , ~1!

where RW 5rW2rW 8, uR is the polar angle of RW , g0
54p\2asc/M representing the contact interaction, and
atomic unitsg25a2(0)E 2 @a(0) is the atomic polarizabil-
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ity# or m2 (m is the magnetic dipole moment!. The corre-
sponding Gross-Pitaevskii equation~in adimensional form!
is then

i ċ~rW !5F2
¹2

2
1Vext~rW !1A~2p!3P0uc~rW !u2

1
3

2
A2pP2E drW8

123 cos2u

R3 uc~rW8!u2Gc~rW !,

~2!

wherec(rW) is the condensate wave function~normalized to
unity! and a cylindrical symmetric harmonic trap in dime
sionless unitVext(rW)5(x21y21l2z2)/2, with an aspect ratio
l. The length unit isa'5A\/Mv' and energies are mea
sured in units of\v' (v' is the radial frequency of the
trap!. P05A2pNasc/a' measures the contact interactio
strength while P25A2pNg2 /(3\v'a'

3 ) denotes the
strength of the dipole-dipole interaction. The ground-st
wave function of a dipolar condensate can be found by
placing the left-hand side of Eq.~2! with 2mc, wherem is
the chemical potential.

To proceed with the study of the condensate free exp
sion; we can solve the Eq.~2! numerically. We initialize the
wave function to the self-consistently solved ground state
the presence of the trapVext, then find the time evolved
wave function from the Eq.~2! by employing a self-adaptive
Runge-Kutta method without theVext. In practice, this be-
comes an expensive calculation as we have to use a ra
large spatial grid to accommodate the ever-expanding w
function and to obtain sufficient accuracy. We find that it
necessary to check the accuracy of solutions repeatedl
different sized grids.

Alternatively, the variational approach as developed e
lier @4# can be used. In this case, we assume that the w
function always takes the form of a Gaussian, and transfo
the Eq.~2! into the following equations for variational pa
rametersqr andqz :

q̈r1qr5
1

qr
3 2

1

qr
3qz

@P2f ~k!2P0#, ~3!

q̈z1l2qz5
1

qz
3 2

1

qr
2qz

2 @P2g~k!2P0#, ~4!
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BRIEF REPORTS PHYSICAL REVIEW A67, 045601 ~2003!
which in fact represent the widths of the condensate in
radial and axial directions, respectively, asqr5A^x2&/2
5A^y2&/2 andqz5A^z2&/2. k5qr /qz is the condensate as
pect ratio, generally different from the trap aspect ratiol,
and f (k)5@24k427k21219k4H(k)#/2(k221)2, g(k)
5@22k4110k21129k2H(k)#/(k221)2 with H(k)
5tanh21A12k2/A12k2. The equilibrium widths of the
~trapped! condensate can be obtained by settingq̈r5q̈z[0,
which are then used as initial conditions to study the f
expansion dynamics by simply dropping the termsqr and
l2qz on the right-hand side of Eqs.~3! and ~4!. The kinetic
and interaction energy per atom of the expanding conden
can then be expressed in terms of condensate widths ac
ing to

Ekin5Ekin
(r )1Ekin

(z)

5
1

2 S 1

qr
2

1qṙ
2D 1

1

4 S 1

qz
2

1qż
2D ,

Eint5Esc1Edd

5
P0

2qr
2qz

1P2

2k21123k2H~k!

2qr
2qz~k221!

. ~5!

The validity of the variational solution has been check
thoroughly for the frequencies of condensate small amplit
shape oscillations@6,7#. Goral and Santos have briefly con
sidered the expansion of a dipolar condensate@8# using the
same time-dependent variational method. We have chec
over a wide range of parameters to justify its use in the f
expansion problem. This allowed us tremendous freedom
exploring the expansion dynamics without resorting to
time consuming numerical solutions. Figure 1 shows
time dependence of condensate widths and energy com
nents, assumingl52 and P05P2510. We see that the

FIG. 1. Comparisons of free expansion results from the num
cal ~solid line! and the variational~dashed line! approaches as dis
cussed in the text, forl52, P0510, andP2510. The upper pane
is for the condensate widths~in units ofa') and the lower panel is
for the various energy components~in units of \v').
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variational approach indeed gives a very good approxima
to the numerical calculations. This result is also confirm
for l from 0.1 to 3.

The time dependence of various energy component
also interesting. As shown in Fig. 2,Edd always approaches
zero asymptotically during the expansion irrespective of
initial signs. In the early stages, however, its behavior
pends on trap geometry due to the anisotropic nature of
interaction. For smalll, the initial dipole-dipole interaction
energy is negative; during the expansion, it always ga
energy from the kinetic energy and approaches zero mo
tonically. For largel, when the initial dipole-dipole interac
tion energy is positive, the condensate first releases its in
action energy untilEdd becomes negative, then gains ener
and finally, approaches zero.

The effects of dipolar interaction on the kinetic energ
are rather simple. We find that, independent ofl, the dipolar
interaction always decreasesEkin

(r ) while increasesEkin
(z) with

time, i.e., the dipole-dipole interaction causes the transfe
radial kinetic energy into the axial direction. This phenom
enon is observed even whenP0Þ0. This result contradicts
intuition, because along thez axis, the dipole-dipole interac
tion is attractive, one would expect that theEkin

(z) would de-
crease with time because the atoms are being slowed d
due to the dipolar attraction. To resolve this puzzle, we n
that the kinetic energy along radial or axial directions, ea
has two parts: one from the gradient of the wave funct
(1/2qr

2) which decreases with time, and the other from t

expanding gas (q̇2/2) which increases with time. This ob
served phenomena shows that in the radial direction, the
crease of the kinetic energy due toq̇r

2/2 cannot compensat
for the decrease due to 1/2qr

2 . Similarly, we can understand
the net increase of kinetic energy along the axial directio

For the remainder of this paper, we will focus our stud
on 85Rb condensate as in the JILA experiment@11,12#, where
the tuning of the scattering length has been demonstrate
a remarkable fashion utilizing the Feshbach resonance
this case, the magnetic-dipole moment of the trapped s
uF52,MF52& is m52mB/3 (mB is the Bohr magneton!. We
adopt the radial frequencyv'52p317.35~Hz! as from the

i-
FIG. 2. The time dependence of various energy components~in

units of \v') during free expansion forl51 ~upper panel! and 3
~lower panel!. Other parameters areP050 andP251.
1-2



m
on

r
es
Fo

in
o

h
d

tia
iv
t b

e
i-

as

in

a

-

tr
er
a

n-

sed
n in
ect
dur-
tant
ur-
the

en-

h

the
int,

e to

sate

e a

BRIEF REPORTS PHYSICAL REVIEW A67, 045601 ~2003!
experiment@11,12# and assume that the asymmetric para
eter l can be adjusted. The resulting dipolar interacti
strength isP255.031026N.

The release energyErel5Ekin1Eint is the total energy pe
atom after switching off the trapping potential. It’s valu
can be strongly affected by the atom-atom interaction.
noninteracting atoms, the release energy per atomErel

0 5(1
1l/2)/2 is independent of the atom number. For interact
atoms, it depends on the total number of atoms, since b
P0 and P2 are proportional toN. If the interaction is repul-
sive, the release energy per atom always increases witN.
For attractive interaction, the release energy always
creases~increases! with N if N is above~below! some critical
value. Depending on the geometry of the trapping poten
the overall dipole-dipole interaction can be either repuls
or attractive, and the release energy also shows differen
haviors for different trapping potentials. In Fig. 3~a!, we
present the atom number dependence of the release en
for l53. Since the dipole-dipole interaction is predom
nately repulsive in this case, the release energy incre
with N. Figure 3~b! is plotted forl56.8/17.35 case, when
P050 ~solid line!, the release energy decreases withN. This
behavior holds even for a very small positive scatter
length as shown in Fig. 3~b!.

The dipolar interaction also changes the condensate
pect ratio. We introduce the relative change of~the ground
state! condensate aspect ratio, defined as

Dk5
k~P2Þ0!2k~P250!

k~P250!
, ~6!

to quantify this effect. In Fig. 4~a!, we plot the numerical
results ofDk(P050,P2) for the trapped ground-state con
densate with various values ofl. We see that the relative
changes can become as high as 30% for a wide range of
aspect ratiol. An experimental measurement of these diff
ences will represent a direct detection of dipolar effects,
though the following technical difficulty remains; The co
densates produced in current85Rb experiments@11# contain
rather small number of atoms that anin situ direct optical

FIG. 3. The atom number dependence ofErel ~in units of \v')
for a 85Rb condensate withl53 ~a! and l56.8/17.35~b!. The
s-wave scattering lengths areasc50 ~solid line!, 0.1a0 ~dashed
line!, and 0.5a0 ~dash-dotted line! with a0 the Bohr radius.
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imaging is very challenging. The free expansion as discus
in this paper, leads to larger condensate sizes as show
Fig. 1, thus allowing for easier imaging of condensate asp
ratios. We find that the condensate aspect ratio changes
ing the expansion and eventually approaches a cons
value, which we call the asymptotical aspect ratio. Not s
prisingly, this asymptotical aspect ratio depends on
dipole-dipole interaction. In Fig. 4~b!, we present thel de-
pendence of the relative change of the asymptotical cond
sate ratios for various values ofN. We see that for carefully
chosen parameters,Dk(P050,P2) can become large enoug
to be observed experimentally. In reality, the tuning ofasc to
zero (P050), using Feshbach resonance, is limited by
precision of experimental calibrations. To address this po

FIG. 4. The relative change of condensate aspect ratio du
dipole-dipole interaction.~a! For the ground state in the trap~before
expansion! with l50.1, 0.5, 2, 4, and 6.~b! The relative change
of asymptotic condensate aspect ratio~after expansion! for N52
3105 ~solid line!, 105 ~dashed line!, and 43104 ~dash-dotted line!.
Triangle markers show the results forN523105 from numerically
calculated expansions.

FIG. 5. The dependence of the relative change of conden
asymptotic aspect ratio on the scattering length~from variational
calculations! for l50.2 ~a! and 3 ~b!. Atom numbers areN52
3105 ~solid line!, 105 ~dashed line!, and 43104 ~dash-dotted line!.
The vertical lines indicate the critical scattering lengths, wher
condensate collapses.
1-3
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we have also investigated the relative change of asymp
condensate aspect ratio against the scattering length as
played in Fig. 5. We see clearly that forN523105, Dk is
still reasonably large even forasc51(a0).

Finally, as already studied extensively before, the partia
attractive nature of the dipole-dipole interaction can desta
lize the condensate ground state in traps with small value
l (,5.2) @4,6#. The stability coefficientk5Ncruascu/aho

@with aho5A\/mv̄ andv̄5(vxvyvz)
1/3] is frequently used

to measure the stability of a condensate@16#. In Fig. 6, we

FIG. 6. The effect of dipole-dipole interaction on the stabil
coefficient k ~from variational calculations! for a condensate o
85Rb atoms withasc520.5a0 ~dashed line!, 21.0a0 ~dash-dotted
line!, and 23.0a0 ~dotted line!. The solid line corresponds to th
absence of dipolar interaction.
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plot thel dependence ofk for various scattering lengths a
obtained from variational study. We see that for a small ne
tive scattering length, whenl is small, the dipole-dipole in-
teraction decreases thek value. On the other hand, whenl is
large, the two-dimensional droplet like confinement e
hances the repulsive aspect of the dipolar interaction, wh
in turn balances out the attractives-wave interaction, result-
ing in an increase of thek value. In between, the s-shape
dashed curve~for asc520.5a0) seems to be a universal sig
nature~for all values ofasc,0). This plot could thus poten
tially also be used for directly detecting the dipolar intera
tion.

In conclusion, we have studied the free expansion o
dipolar condensate. We have shown that the weak dip
dipole interaction may become detectable through sev
observations, of which the measurement of the conden
aspect ratio after an expansion period seems the most p
ising. We also discussed briefly, the effects of the dipo
interaction on condensate stability whenasc is tuned close to
zero, a situation close to the recent experimental meas
ment ofk in 85Rb condensates@17#.

Note added.Our result is consistant with, and directl
applicable to situations as discussed in Ref.@18#, which
showed up after the initial submission of this paper.
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