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Interference between the halves of a double-well trap containing a Bose-Einstein condensate
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Interference between the halves of a double-well trap containing a Bose-Einstein condensate is studied. It is
found that when the atoms in the two wells are initially in the coherent state, the intensity exhibits collapses
and revivals, but it does not for the initial Fock states. Whether the initial states are in the coherent states or in
a Fock state, the fidelity time has nothing to do with collision. We point out that interference and its fidelity can
be adjusted experimentally by properly preparing the number and initial states of the system.
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[. INTRODUCTION that barrier between the halves of the potential is tall enough
so that the tunneling rate between the potential wells is
Since the recent experimental realization of Bose-Einsteismall, nearby lies an excited odd stafg that likewise be-
condensation BEC) in small atomic samplefl—4], there longs to both halves of the double well. The starting point is
has been much theoretical interest focused on the physicthat we take only two one-particle statg¢g and ¢, to be
properties and nature of Bose-Einstein condensed systenasailable to theN bosons. The reason for this choice of in-
such as coherent tunneling, and the collapses and revivals oluding only the two lowest lying modes for the double-well
both the macroscopic wave function and the interference papotential is that the other modes are energetically inacces-
terns[5—12]. It is hoped that the study of these experimentalsible.
systems will give new insight into the physics of BEC. Since We adopt the usual two-particle contact interaction
the current understanding of BEC is largely influenced by theJ(r,r,) = (4w#h2a/m)é(r,—r,), where a is the s-wave
concept of a macroscopic wave function, the study of thiscattering length andn is the atomic mass. Given the re-
feature is of foremost importance. The investigation of inter-stricted state space of precisely two one-particle states, the
ference phenomena should be perfectly suited for this pumany-particle Hamiltonian if13]
pose. Another motivation for the study of interference prop-
erties is the envisioned development of a new source of H=3(e1+ €)(a1a+a,a;)+3(€e1— €)(a; a;—a, ap)
atoms, based on BEC, with high flux and coherence. It is
expected to stimulate atomic interference experiments.
Recently, Javanainegt al.[13] have theoretically studied +4ala,alay), (1)
atom number fluctuations between the halves of a double-
well trap containing a Bose-Einstein condensate, in whichyhere we seti=1, and correspondingly use the terms en-
the two-mode approximation is used, which assumes thairgy and(angulaj frequency, interchangeably. In Ed), a;
only two one-particle states are involved. They have develand a, are the boson operators for the excited and ground

Oped an analytical harmonic-oscillator-like model, and Veri-Wave functions. The constants and K are the one- and
fied numerically for both stationary fluctuations in the two-particle matrix elements

ground state of the system and for the fluctuations resulting

from splitting of a single trap by dynamically erecting a bar- 3

rier in the middle. 61:] d°r (1)
This paper is organized as follows. Section Il gives the

solution of model. Section Il studies collapses and revivals 1

of interference intensity. Section IV investigates fidelity of 62:[ d3r¢g(r)[— ﬁVZvLV(r)}ng(r), (3)

interference. A conclusion is given in the last section.

+2.2 +2,2 +2,2 +2.2
+Kpa; “aj+Kya, “as+Kq(a; “as+a, “aj

1 2
“ VAV U, @

2m7a 3 .
Il. MODEL Ku=——] drle(n)]*, (4
In a symmetric double-well potential, the ground state of 5
a single particle is represented by an even wave funatipn K pp= ”af 43| ()], (5)
that belongs equally to both wells of the potential. Provided m g

Kiz=Kopp= o2 f d? 2 2 6
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whereV(r) is the symmetric double-well binding potential.
Without restricting the generality, we assume that the wave
functions ¢, 4 are real. To simplify the discussion, we set

(ulefiKt)n(iuzeiKt)m

” 1
_ ~—N/2
l(t))=e n%o —

Kio=K{1=K»n=K ande;=er,=e. Xexd —iE, nt]ln,m 19
In order to solve Eq(1), we introduce the following H nant]inm), 9
transformations: where
al:i(Aleikt_iAzefiKt) (7) u :i(a, +ay) Uy=—=(a;— ay) (20
\/E 1 \/E 1 2) 2 \/E 1 2)
1 _ _ N=|a|?+|as?=|us|?+|uy|?. (21
a,=— (A +iAe K, )
2 \/E 1 2

where[A;,A"]= 5, . We have, from Eq(1),
H=e(AT A +A; A)+K[(AT AL +AS A% —3(AT A,
+ASAy) = 3ATALA; At (AT A+ (AT A2 (9)

If we define two bases as follows:

1
|n,m)=mA;”A;mo,0), (10
l +n,+m
|n,m)=\/mal a, M0,0), (12)
we have
Hn,m)=E, »/n,m), (12
with

Enm=€(n+m)+K(2m?+2n?—mn—3n—3m). (13

We now define two-mode coherent states as follows:

|@y,@5) =Da, (a1)Da,(a,)|0,0), (14
|ug,Uuz)=Da (U1)Da,(U,)[0,0), (19

where the displacement operators are defined by
Do (a)=exdefa—aa] (=12, (16)
Da (U =exfuf Ai—uA"] (=12, (17

It is easy to see that
1 Lo _

|y, ap)= E(“l*’ az)e*'Kt,E(al—az)e'Kt -

(18)

Ill. COLLAPSES AND REVIVALS
OF INTERFERENCE INTENSITY

For convenience, we rewrite Hamiltoni&®) as follows:

H=(e—3K)N;+ (e—3K)N,+2KN2+2KN3— KNlN(Z, )
22

whereN;=A"A; (i=1,2), 2KN? and N3 stand for two-
body hard-sphere collisions, artkKN;N, describes the col-
lision between the atoms of the two wells.

The dissipation is included by considering the master
equation[3,10]

dp .
—=- [H,p]+j§lzy;(ZAijr—ArAjp—pArAp,

at
(23

wherey; (j=1,2) denotes the dissipation or loss rate due to
some relaxation processes such as the coupling of the atoms
in the two wells with the environment. To solve E@3), we

can introduce a transformatiar= exp(Ht)c exp(—iHt), then
Eq. (23) becomes

p XA AR _TER
E:,E Yi(2AIpA —AAjp—pA[A). (24

=12

The master equatiofEq. (24)] can be solved exactly for
any chosen initial state. In particular, when the atoms in the
two wells are initially in the coherent states) |« ,a5) orin
a Fock stat€Fs) |n,m), the corresponding density matrices
are given by, respectively,

() =|are” " e ") (a0 M1 ape Y|

(29

and

B(FS)(t) — IZO kZO (672y1t)n7|(1_ e*Zylt)l(e72'y2t)mfk(1

—e 27kcl ckIn—1,m—k)(n—1,m—k|, (26)

where

Considering the arguments of Bose broken symmetry, we

assume that two condensates are initially in the coherent

state. So that the wave function of the system at ticen be
written as

Ajlay)=ailar), Ajlaz)=aslas),

Cm=m!/nl(m—n)!.

(27)
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The Schrdinger picture field operator for the sum of the 40
two modes isy=(A;+A,)/\2, where the spatial depen- ]
dence has been suppres§éd]. The corresponding operator 35';

for the intensity of the atomic pattern ig" ¢ and its time- 30
varying expression can be obtained by the trace operator ]
[()=Tr[p(t)" ]. When the atoms in the two wells are I®) 25j
initially in the cs|ay,a5), one has ]

. 201 \
(©9(t)= — 12ax0 — 2 ]
11=9(1) 2 j=21,2 |aj| exp( 2'th)+|a1a2| 154

T T T T 1

0 1 2 y 3 4 5
xXexd —I'(t)]cose(t), (28)

FIG. 1. Diagram of the time evolution 6f°(t). The time is in
where units of x=Kt. The result is shown for the case ¢f=v,=0,
when the total number of atoms in the two wellsNs=41 with

5 a,|=5 and|a,|=4. Here,B=7/6.

C(t)=(y,+ yz)t+2__212 |aj(t)|zsinz§|<t, (29 = ] P

= On the other hand, when the atoms in the two wells are

initially in a Fs|n,m), one has

¢(t):/3+_212 (— 1) a;(t)|?sin 5Kt, (30)
1=1

1 n m
1F9)(t 52 > (n+m—k—1)(e~2vH)n!
) =0 k=0
laj(1)|=]ejlexp(— yjt), af ap=|aiaslexp(—iB).
(31 X (1—e 2nh)l(e~2v)mK(1—e~272)kC CF,
Here, we have sety=|a;|exp(d,,). az=|azlexplig.,), (35)
and B= ., ~ ¢a,. Equation(28) can be expanded as the \yhich shows that the intensity does not exhibit collapses and
form revivals (see Fig. 2
1
19 (1) = = 12exn( — 2vit) + IV. FIDELITY OF INTERFERENCE BETWEEN THE
=3 -:212|a’| =270+ |arer] ATOMS IN THE TWO WELLS
~ ” * - The fidelity and its loss rate of interference between the
Xexd —(y1+y2)t] ; ; ; Z atoms in the two wells may be characterized[ ]
X Il a1 (D)) (| @2(D)]?)Ip( ar (D] (| aa(t)]?) F=(olp(t)|¥0), (36)
X cog B+[5m—5p+5n+5I]Kt), (32 ~ ip
L==\ wo| 7 | %o : (37)
t=0

where J,(x) and |,(x) stand for the Bessel and modified
Bessel functions, respectively.
It is clear that when the dissipations are neglected ( where |#o) is the initial state of the system, anqt) and

=0 andj=1,2) and we take the terms apl t satisfy Eq.(24).
We now turn to study the fidelity of interference between
m-p+n+1=0, (33)  the atoms in the two wells. When the atoms in the two wells
we obtain a nonzero time-averaged value of the intensity of
the atomic pattern 1.4
1.2
1
|(CS)=§(|011|2+|“2|2)+|011a2|005/3 !
I(t) 0.8
o - = 0.6
x 2 2 2 In(lea)in(agl?) 0.4
0.2

X Iminri(| @13 (|azl?). (34) | : : . .

0 05 1 15 2 25

Equations(32) and(34) show that the intensity exhibits the
revivals and collapses. This phenomena also can be easily FIG. 2. Diagram of the time evolution of"(t). The time is in
seen from Fig. 1. units of x=y;t=y,t; we have sety;=v,.

043817-3



Z.-X. YU AND Z.-Y. JIAO PHYSICAL REVIEW A 67, 043817 (2003

= a=lailPvi+la®y31 7% 59 =(2ny1+2my,)

(41)

0.8-3
] which show that the fidelity time is not only related to the
Ft 0.6 - initial state of the system, but also to the dissipation param-
© 0.4 eters.
. Furthermore, we can get the fidelity loss rates
0'2E L9=0, LF9=2ny,+2my,, (42)
0 0.5 which indicate that when the atoms in the two wells are

initially in the coherent state, the fidelity loss rate of inter-

FIG. 3. Diagrams of the time evolution & °9(t) (solid line  ference is zero; but for the initial Fock stateF® is related
andF(F9(t) (dashed ling The time is in units ok= y,t=y,t. For  to the initial particle number of the system and the dissipa-
simplicity, we have sety;=y,. The total number of atoms in the tion parameters, but not to the collision parameters.
two wells isN=41 with |«,|=5 and|a,|=4. The Fock state is
supposed ifn,my=|1,2). V. CONCLUSIONS

We have studied interference between the halves of a
double-well trap containing a BEC. It is found that when the
atoms in the two wells are initially in the coherent state, the
intensity exhibits collapses and revivals, but it does not for
the initial Fock states. The interference intensity is affected

are initially in the coherent statev;, ), the corresponding
fidelity of interference is given by

Fl9=ex —|ay|2(1—e "2 —|a,/2(1—e 72H2].

(38) by the collision and dissipation, but for the initial Fock state,
Similarly, for the initial Fock state, one has it is only related to the dissipation. Whether the initial states
' ' are in the coherent states or in a Fock state, the fidelity time
INZ(FS)zexp:—Znylt—Zmyzt]. (39 has nothing to do with collision. For the initial coherent

states, the fidelity loss rate is zero, but for the initial Fock
. ) e =(Fs) states, it is determined by the initial particle number of the
For diagrams of the time evolution &°(t) andFF9(t),  system and dissipation. This shows that interference and its

see Fig. 3. fidelity can be adjusted experimentally by properly preparing
Since the large particle number of the two condensateghe number and initial states of the system.

implies small y;7gig, we can set T exf— ¥ 7rig]=v;7id. It is pointed out that the recent realization of a superfluid-

such that Mott-insulator phase transition in a gas of ultracold atoms in
_ an optical latticd 15] is very similar to the state preparation
FO9=exq — (|ay|>y5+ | sl 2¥5)t?], (400 assumed in this paper, we hope our results obtained above

will be useful to study Mott-insulator phase transition in the
for short time. The resulting fidelity times are then future.
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