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Interference between the halves of a double-well trap containing a Bose-Einstein condensate
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Interference between the halves of a double-well trap containing a Bose-Einstein condensate is studied. It is
found that when the atoms in the two wells are initially in the coherent state, the intensity exhibits collapses
and revivals, but it does not for the initial Fock states. Whether the initial states are in the coherent states or in
a Fock state, the fidelity time has nothing to do with collision. We point out that interference and its fidelity can
be adjusted experimentally by properly preparing the number and initial states of the system.
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I. INTRODUCTION

Since the recent experimental realization of Bose-Eins
condensation~BEC! in small atomic samples@1–4#, there
has been much theoretical interest focused on the phy
properties and nature of Bose-Einstein condensed sys
such as coherent tunneling, and the collapses and reviva
both the macroscopic wave function and the interference
terns@5–12#. It is hoped that the study of these experimen
systems will give new insight into the physics of BEC. Sin
the current understanding of BEC is largely influenced by
concept of a macroscopic wave function, the study of t
feature is of foremost importance. The investigation of int
ference phenomena should be perfectly suited for this p
pose. Another motivation for the study of interference pro
erties is the envisioned development of a new source
atoms, based on BEC, with high flux and coherence. I
expected to stimulate atomic interference experiments.

Recently, Javanainenet al. @13# have theoretically studied
atom number fluctuations between the halves of a dou
well trap containing a Bose-Einstein condensate, in wh
the two-mode approximation is used, which assumes
only two one-particle states are involved. They have dev
oped an analytical harmonic-oscillator-like model, and ve
fied numerically for both stationary fluctuations in th
ground state of the system and for the fluctuations resul
from splitting of a single trap by dynamically erecting a ba
rier in the middle.

This paper is organized as follows. Section II gives t
solution of model. Section III studies collapses and reviv
of interference intensity. Section IV investigates fidelity
interference. A conclusion is given in the last section.

II. MODEL

In a symmetric double-well potential, the ground state
a single particle is represented by an even wave functioncg
that belongs equally to both wells of the potential. Provid
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that barrier between the halves of the potential is tall eno
so that the tunneling rate between the potential wells
small, nearby lies an excited odd statece that likewise be-
longs to both halves of the double well. The starting poin
that we take only two one-particle statescg and ce to be
available to theN bosons. The reason for this choice of i
cluding only the two lowest lying modes for the double-we
potential is that the other modes are energetically inacc
sible.

We adopt the usual two-particle contact interacti
U(r1 ,r2)5(4p\2a/m)d(r12r2), where a is the s-wave
scattering length andm is the atomic mass. Given the re
stricted state space of precisely two one-particle states,
many-particle Hamiltonian is@13#

H5 1
2 ~e11e2!~a1

1a11a2
1a2!1 1

2 ~e12e2!~a1
1a12a2

1a2!

1K11a1
12a1

21K22a2
12a2

21K12~a1
12a2

21a2
12a1

2

14a1
1a1a2

1a2!, ~1!

where we set\51, and correspondingly use the terms e
ergy and~angular! frequency, interchangeably. In Eq.~1!, a1
and a2 are the boson operators for the excited and grou
wave functions. The constantse and K are the one- and
two-particle matrix elements

e15E d3rce~r !F2
1

2m
¹21V~r !Gce~r !, ~2!

e25E d3rcg~r !F2
1

2m
¹21V~r !Gcg~r !, ~3!

K115
2pa

m E d3r uce~r !u4, ~4!

K225
2pa

m E d3r ucg~r !u4, ~5!

K125K215
2pa

m E d3r uce~r !u2ucg~r !u2, ~6!
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whereV(r ) is the symmetric double-well binding potentia
Without restricting the generality, we assume that the w
functions ce,g are real. To simplify the discussion, we s
K125K115K225K ande15e25e.

In order to solve Eq.~1!, we introduce the following
transformations:

a15
1

A2
~A1eikt2 iA2e2 iKt !, ~7!

a25
1

A2
~A1eikt1 iA2e2 iKt !, ~8!

where@Ai ,Aj
1#5d i j . We have, from Eq.~1!,

H5e~A1
1A11A2

1A2!1K@~A1
1A11A2

1A2!223~A1
1A1

1A2
1A2!23A1

1A1A2
1A21~A1

1A1!21~A2
1A2!2#. ~9!

If we define two bases as follows:

un,m)5
1

An!m!
A1

1nA2
1m0,0), ~10!

un,m&5
1

An!m!
a1

1na2
1mu0,0&, ~11!

we have

Hun,m)5En,mun,m), ~12!

with

En,m5e~n1m!1K~2m212n22mn23n23m!. ~13!

We now define two-mode coherent states as follows:

ua1 ,a2&5Da1
~a1!Da2

~a2!u0,0&, ~14!

uu1 ,u2&5DA1
~u1!DA2

~u2!u0,0&, ~15!

where the displacement operators are defined by

Dai
~a i !5exp@a i* ai2a iai

1# ~ i 51,2!, ~16!

DAi
~ui !5exp@ui* Ai2uiAi

1# ~ i 51,2!. ~17!

It is easy to see that

ua1 ,a2&5U 1

A2
~a11a2!e2 iKt ,

i

A2
~a12a2!eiKt D .

~18!

Considering the arguments of Bose broken symmetry,
assume that two condensates are initially in the cohe
state. So that the wave function of the system at timet can be
written as
04381
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uc~ t !&5e2N/2 (
n,m50

`
1

An!m!
~u1e2 iKt !n~ iu2eiKt !m

3exp@2 iEn,mt#un,m), ~19!

where

u15
1

A2
~a11a2!, u25

1

A2
~a12a2!, ~20!

N5ua1u21ua2u25uu1u21uu2u2. ~21!

III. COLLAPSES AND REVIVALS
OF INTERFERENCE INTENSITY

For convenience, we rewrite Hamiltonian~9! as follows:

H5~e23K !N11~e23K !N212KN1
212KN2

22KN1N2 ,
~22!

whereNi5Ai
1Ai ( i 51,2), 2KN1

2 and 2KN2
2 stand for two-

body hard-sphere collisions, and2KN1N2 describes the col-
lision between the atoms of the two wells.

The dissipation is included by considering the mas
equation@3,10#

]r

]t
52 i @H,r#1 (

j 51,2
g j~2AjrAj

12Aj
1Ajr2rAj

1Aj !,

~23!

whereg j ( j 51,2) denotes the dissipation or loss rate due
some relaxation processes such as the coupling of the a
in the two wells with the environment. To solve Eq.~23!, we
can introduce a transformationc̃5exp(iHt)cexp(2iHt), then
Eq. ~23! becomes

]r̃

]t
5 (

j 51,2
g j~2Ãj r̃Ãj

12Ãj
1Ãj r̃2 r̃Ãj

1Ãj !. ~24!

The master equation@Eq. ~24!# can be solved exactly fo
any chosen initial state. In particular, when the atoms in
two wells are initially in the coherent state~cs! ua1 ,a2& or in
a Fock state~Fs! un,m&, the corresponding density matrice
are given by, respectively,

r̃ (cs)~ t !5ua1e2g1t,a2e2g2t&^a1e2g1t,a2e2g2tu ~25!

and

r̃ (Fs)~ t !5(
l 50

n

(
k50

m

~e22g1t!n2 l~12e22g1t! l~e22g2t!m2k~1

2e22g2t!kCn
l Cm

k un2 l ,m2k&^n2 l ,m2ku, ~26!

where

A1ua1&5a1ua1&, A2ua2&5a2ua2&,

Cm
n 5m!/n! ~m2n!!. ~27!
7-2



e
-
r

at
e

e

d

(

o

e
as

are

and

the

en
lls

INTERFERENCE BETWEEN THE HALVES OF A . . . PHYSICAL REVIEW A67, 043817 ~2003!
The Schro¨dinger picture field operator for the sum of th
two modes isc5(A11A2)/A2, where the spatial depen
dence has been suppressed@6,7#. The corresponding operato
for the intensity of the atomic pattern isc1c and its time-
varying expression can be obtained by the trace oper
I (t)5Tr@r(t)c1c#. When the atoms in the two wells ar
initially in the cs ua1 ,a2&, one has

I (cs)~ t !5
1

2 (
j 51,2

ua j u2exp~22g j t !1ua1a2u

3exp@2G~ t !#cosf~ t !, ~28!

where

G~ t !5~g11g2!t12 (
j 51,2

ua j~ t !u2sin2
5

2
Kt, ~29!

f~ t !5b1 (
j 51,2

~21! j ua j~ t !u2sin 5Kt, ~30!

ua j~ t !u5ua j uexp~2g j t !, a1* a25ua1a2uexp~2 ib!.
~31!

Here, we have seta15ua1uexp(ifa1
), a25ua2uexp(ifa2

),

and b5fa1
2fa2

. Equation~28! can be expanded as th
form

I (cs)~ t !5
1

2 (
j 51,2

ua j u2exp~22g j t !1ua1a2u

3exp@2~g11g2!t# (
m52`

`

(
n52`

`

(
p52`

`

(
l 52`

`

3I m„ua1~ t !u2…I n„ua2~ t !u2…Jp„ua1~ t !u2…Jl„ua2~ t !u2…

3cos~b1@5m25p15n15l #Kt !, ~32!

where Jp(x) and I m(x) stand for the Bessel and modifie
Bessel functions, respectively.

It is clear that when the dissipations are neglectedg j
50 and j 51,2) and we take the terms

m2p1n1 l 50, ~33!

we obtain a nonzero time-averaged value of the intensity
the atomic pattern

I (cs)5
1

2
~ ua1u21ua2u2!1ua1a2ucosb

3 (
m52`

`

(
n52`

`

(
l 52`

`

I m~ ua1u2!I n~ ua2u2!

3Jm1n1 l~ ua1u2!Jl~ ua2u2!. ~34!

Equations~32! and ~34! show that the intensity exhibits th
revivals and collapses. This phenomena also can be e
seen from Fig. 1.
04381
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On the other hand, when the atoms in the two wells
initially in a Fs un,m&, one has

I (Fs)~ t !5
1

2 (
l 50

n

(
k50

m

~n1m2k2 l !~e22g1t!n2 l

3~12e22g1t! l~e22g2t!m2k~12e22g2t!kCn
l Cm

k ,

~35!

which shows that the intensity does not exhibit collapses
revivals ~see Fig. 2!.

IV. FIDELITY OF INTERFERENCE BETWEEN THE
ATOMS IN THE TWO WELLS

The fidelity and its loss rate of interference between
atoms in the two wells may be characterized by@14#

F̃5^c0ur̃~ t !uc0&, ~36!

L̃52K c0U]r̃

]t
Uc0L U

t50

, ~37!

where uc0& is the initial state of the system, andr̃(t) and
]r̃/]t satisfy Eq.~24!.

We now turn to study the fidelity of interference betwe
the atoms in the two wells. When the atoms in the two we

FIG. 1. Diagram of the time evolution ofI (cs)(t). The time is in
units of x5Kt. The result is shown for the case ofg15g250,
when the total number of atoms in the two wells isN541 with
ua1u55 andua2u54. Here,b5p/6.

FIG. 2. Diagram of the time evolution ofI (Fs)(t). The time is in
units of x5g1t5g2t; we have setg15g2.
7-3
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are initially in the coherent stateua1 ,a2&, the corresponding
fidelity of interference is given by

F̃ (cs)5exp@2ua1u2~12e2g1t!22ua2u2~12e2g2t!2#.
~38!

Similarly, for the initial Fock state, one has

F̃ (Fs)5exp@22ng1t22mg2t#. ~39!

For diagrams of the time evolution ofF̃ (cs)(t) and F̃ (Fs)(t),
see Fig. 3.

Since the large particle number of the two condensa
implies smallg jtFid , we can set 12exp@2gjtFid#>gjtFid ,
such that

F̃ (cs)>exp@2~ ua1u2g1
21ua2u2g2

2!t2#, ~40!

for short time. The resulting fidelity times are then

FIG. 3. Diagrams of the time evolution ofF̃ (cs)(t) ~solid line!

andF̃ (Fs)(t) ~dashed line!. The time is in units ofx5g1t5g2t. For
simplicity, we have setg15g2. The total number of atoms in th
two wells is N541 with ua1u55 and ua2u54. The Fock state is
supposed inun,m&5u1,2&.
n

e

ys

n,

.

s.

04381
s

tFid
(cs)>@ ua1u2g1

21ua2u2g2
2#21/2, tFid

(Fs)5~2ng112mg2!21,
~41!

which show that the fidelity time is not only related to th
initial state of the system, but also to the dissipation para
eters.

Furthermore, we can get the fidelity loss rates

L̃ (cs)50, L̃ (Fs)52ng112mg2 , ~42!

which indicate that when the atoms in the two wells a
initially in the coherent state, the fidelity loss rate of inte
ference is zero; but for the initial Fock state,L̃ (Fs) is related
to the initial particle number of the system and the dissi
tion parameters, but not to the collision parameters.

V. CONCLUSIONS

We have studied interference between the halves o
double-well trap containing a BEC. It is found that when t
atoms in the two wells are initially in the coherent state, t
intensity exhibits collapses and revivals, but it does not
the initial Fock states. The interference intensity is affec
by the collision and dissipation, but for the initial Fock sta
it is only related to the dissipation. Whether the initial sta
are in the coherent states or in a Fock state, the fidelity t
has nothing to do with collision. For the initial cohere
states, the fidelity loss rate is zero, but for the initial Fo
states, it is determined by the initial particle number of t
system and dissipation. This shows that interference and
fidelity can be adjusted experimentally by properly prepar
the number and initial states of the system.

It is pointed out that the recent realization of a superflu
Mott-insulator phase transition in a gas of ultracold atoms
an optical lattice@15# is very similar to the state preparatio
assumed in this paper, we hope our results obtained ab
will be useful to study Mott-insulator phase transition in t
future.
s,

er,
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