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Validity of the two-level approximation in the interaction of few-cycle light pulses with atoms
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The validity of the two-level approximation~TLA ! in the interaction of atoms with few-cycle light pulses is
studied by investigating a simpleV-type three-level atom model. Even the transition frequency between the
ground state and the third level is far away from the spectrum of the pulse; this additional transition can make
the TLA inaccuracy. For a sufficiently large transition frequency or a weak coupling between the ground state
and the third level, the TLA is a reasonable approximation and can be used safely. When decreasing the pulse
width or increasing the pulse area, the TLA will give rise to non-negligible errors compared with the precise
results.
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Recent advancements in ultrafast optical techniques h
resulted in the generation of intense laser pulses as sho
only a few optical cycles in the visible region of the spe
trum @1#. At a peak power of 0.1 TW 5 fs laser pulses ha
been produced experimentally@2#. The interaction of such
intense few-cycle laser pulses with matter have received a
of interest@3–14#.

Laser-atom interaction is one of the key problems in la
physics and quantum optics@15#. Generally, two-level ap-
proximation~TLA ! model is used to describe the atom res
nantly interacting with a single electromagnetic field. Und
the rotating-wave approximation~RWA! and slowly varying-
envelope approximation~SVEA!, this simple model has led
to a number of fascinating phenomena including the s
induced transparency@16#, Rabi flopping@17#, and photon
echo@18# for pulses with duration of many cycles. When th
pulse duration approached only a few optical cycles,
RWA and SVEA have been shown to be incorrect@6–14#.
Based on the finite-difference time-domain~FDTD! simula-
tion of the propagation of a few-cycle pulse in two-lev
atoms, Ziolkowskiet al. have found the time-derivative ef
fects in the evolution of the system@6#, Hughes predicted the
breakdown of the area theorem and the occurrence of car
wave Rabi flopping@7#, and Tarasishinet al. have discussed
how to amplify a few-cycle pulse in the inverted medium
@8#. If the pulse area is not very large, the theory of McC
and Hahn agrees reasonably well with the FDTD simulati
@9,10#. Also some proposals of generating subfemtosec
pulse have been given in Refs.@11,12#. Some initially experi-
mental results have been reported in Refs.@13,14#.

All these mentioned works are studied in the framewo
of the TLA model. It is believed that the TLA is valid if the
two atomic levels are resonant with the driving light pul
and all other levels are highly detuned@15#. However, there
are no quantitative studies on the validity of the TLA in t
interaction of few-cycle light pulses with atoms.

To discuss the validity of the TLA, we consider a simp
V-type three-level atom model as illustrated in Fig. 1. T
ground stateug& and the excited stateue& constitutes a two-
level system~TLS! with transition frequencyve . This TLS
resonantly interacts with a few-cycle light pulseE(t). The
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ground state also couples to a higher leveluh& with transition
frequencyvh . Inclusion of this additionalug&→uh& transi-
tion leads to non-TLA effects. We want to understand t
influence of the non-TLA on the TLS-field interaction. Ob
viously, if vh is within the spectrum of the light pulse, th
non-TLA effects cannot be neglected. However, ifvh is de-
tuned much far away from the pulse spectrum, can we
neglect theug&→uh& transition? Using a numerical calcula
tion, the conditions for the TLA are studied quantitatively

Assume that the electric field of the few-cycle laser pu
takes the form

E~ t !5AV~ t !cos~v0t !, ~1!

whereA is the peak amplitude,v0 is the carrier frequency
and V(t) is the pulse envelope. An optical cycle isT0
52p/v0. The Hamiltonian of such an atom-field interactin
system is

Ĥ5\veue&^eu1\vhuh&^hu1meE~ t !~ ue&^gu1ug&^eu!

1mhE~ t !~ uh&^gu1ug&^hu!, ~2!

whereme and mh are electric dipole moments forug&→ue&
and ug&→uh& transitions. The dynamic evolution can be d
scribed with the Schro¨dinger equation for the state ampl
tudes$cg ,ce ,ch%,

FIG. 1. TheV-type three-level atom. The ground stateug& is
coupled to the excited stateue& and a higher leveluh& with transi-
tion frequenciesve and vh . A few-cycle pulseE(t) with carrier
frequencyv0 near resonantly interacts with theug&→ue& transition.
©2003 The American Physical Society04-1



d
cg

c

0 V~ t !cos~v0t !exp~2 j vet ! hV~ t !cos~v0t !exp~2 j vht !

V~ t !cos~v t !exp~ j v t ! 0 0

cg

c
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i
dt S e

ch

D 5S 0 e

hV~ t !cos~v0t !exp~ j vht ! 0 0
D S e

ch

D , ~3!
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where V(t)5meV(t)/\ is the Rabi frequency andh
5mh /me is the ratio of the transition dipole moments.

A two-level approximation is obtained by assumingh
50 in Eq. ~3!. Under the TLA, the evolution of$cg ,ce%
obeys

i
d

dt S cg

ce
D 5V~ t !cos~v0t !S 0 e2 j vet

ej vet 0 D S cg

ce
D . ~4!

Equation~4! can be divided into two parts: the RWA an
the non-RWA. The RWA part has the form

i
d

dt S cg

ce
D 5

1

2
V~ t !S 0 e2 j (ve2v0t)

ej (ve2v0)t 0 D S cg

ce
D . ~5!

Previous works have shown that the RWA@Eq. ~5!# cannot
correctly describe the evolution of a two-level atom intera
ing with a few-cycle pulse@6–12#. However, the influence
from other levels (uh& in our case! has not been examined
Equation~3! contains four oscillating frequencies. One is t
RWA part (ve2v0), another is the non-RWA part (ve
1v0), and the other two terms are from theug&→uh& tran-
sition (vh6v0). If vh is not very large such that one o
(vh6v0) is close to (ve1v0), there is no reason to onl
consider the contribution of the non-RWA part, but negle
ing the influence from theug&→uh& transition.

Assume that the envelope of the few-cycle laser puls
hyperbolic secant, i.e.,

E~ t !5A sech~ t/t!cos~v0t !, ~6!

where t determines the pulse width and 1.76t is the full
width at half maximum duration of this kind of a few-cyc
pulse. Whent<2 andvh.2v0, it is easy to show that no
frequency content of the pulse will resonantly interact w
the transitionug&→uh&. But we will show that even in this
case, the third level (uh&) will have a significant influence on
the pulse-atom interaction.

For this kind of driving pulse, we numerically solve Eq
~3! and ~4! to quantitatively study the validity of the TLA
For comparison, we also solve Eq.~5!. The real part and the
imaginary part of the polarization and the population inv
sion are obtained according to

uk52 Re@cgce* #,

vk52 Im@cgce* #,

wk5uceu22ucgu2, ~7!

where k53,2,r corresponding to the results obtained fro
the three-level atom model@Eq. ~3!#, the TLA @Eq. ~4!#, and
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the RWA @Eq. ~5!#, respectively. Compared with the resul
obtained from the TLA model, the non-TLA corrections du
to the ug&→uh& coupling aredu35u32u2 , dv35v32v2 ,
dw35w32w2, and the non-RWA corrections aredur5ur

2u2 , dv r5v r2v2 , dwr5wr2w2. In our calculations, the
pulse takes the form of Eq.~6! with v05ve .

A typical example is shown in Fig. 2. In this example, th
driving field is a 4p hyperbolic secant pulse witht5T0.
The atom parameters arevh52.2v0 andh51. In this case,
vh is much farther away from the spectrum of this few-cyc
pulse. The upper plot gives the non-RWA correctiondur

~dotted line! and the non-TLA correctiondu3 ~solid line!.
The oscillating amplitude ofdu3 is comparable to the ampli
tude of dur , and both are not negligible. The middle an
bottom plots compare the effects of the non-TLA with t
effects of the non-RWA on the imaginary part of the pola
ization and the population inversion. The non-TLA effec
are more significant than the non-RWA effects. Under
TLA, a 4p pulse can lead to two Rabi flops, but the incl
sion of theug&→uh& transition makes the Rabi flops incom
plete. In this example, the contributions of the non-TLA a
larger than the contributions of the non-RWA, althoughvh is
far away from the spectrum ofE(t). Thus, at least in this
example, the TLA does not correctly describe the interact
of an intense few-cycle pulse with atoms.

FIG. 2. Upper: evolution ofdu3(t) ~solid line! anddur(t) ~dot-
ted line!. Middle: evolution ofdv3(t) ~solid line! anddv r(t) ~dot-
ted line!. Bottom: evolution ofdw3(t) ~solid line! anddwr(t) ~dot-
ted line!. A 4p hyperbolic secant pulse witht5T0 interacts with an
atom withvh52.2v0 andh51.
4-2
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Different parameters of the atom and the pulse can mo
the effects of the non-TLA. We use the maximum values
the non-TLA corrections, max@udu3(t)u#, max@udv3(t)u#, and
max@udw3(t)u# as the measure to characterize the significa
of the non-TLA. In Fig. 3, we plot max@udu3(t)u#,
max@udv3(t)u#, and max@udw3(t)u# as functions ofvh for five
different ratios of the transition dipole moments,h
50.25,0.5,0.75,1,1.25. The driving field is a 2p hyperbolic
secant pulse witht5T0. We can see that increasingvh will
decrease the non-TLA corrections. This means that the T
will be a good approximation when leveluh& is detuned, far
enough, away fromv0. Also, givenvh , we find that a large
h will lead to large non-TLA corrections. The non-TLA co
rections are decreasing functions ofh. The effects of the
non-TLA are very important for largeh and smallvh , so the
TLA is not correct. However, ifh,0.5, one can use the TLA
safely forvh.2v0.

The effects of the non-TLA will be significant for th
increased few-cycle pulse intensity. To show this, the co
sponding results with a 4p hyperbolic secant pulse and oth
parameters, the same as Fig. 3, are presented in Fig. 4. H
max(udu3(t)u) is about two times, max(udv3(t)u) is about seven

FIG. 3. Upper: max@udu3(t)u# as the function ofvh . From bottom
to top: h50.25,0.5,0.75,1,1.25. Middle: max@udv3(t)u#. Bottom:
max@udw3(t)u# as the function ofvh . A 2p hyperbolic secant pulse
with t5T0 is used.

FIG. 4. The same as Fig. 3, but a 4p hyperbolic secant pulse
with t5T0 is used.
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times, and max(udw3(t)u) is about four times large as com
pared with the corresponding curves in Fig. 3. Only wh
h50.25, vh.2v0 can ensure the validity of the TLA. If
h51, the non-TLA correction max(udu3(t)u) is not negligible
even forvh56v0.

The influence of the non-TLA will be small if the width o
the pulse increases. As shown in Fig. 5, for a 2p hyperbolic
secant pulse, the contributions of the non-TLA are mu
smaller than the results in Fig. 3.udv3(t)u and udw3(t)u are
very small and close to 0. max(udu3(t)u) is not negligible only
for large h (h>0.75). So the TLA correctly describes th
resonant interaction of 3.5 cycles light pulse with theV-type
three-level atoms, if the ratio of the transition dipole m
ments is not very large.

Generally, for a given level spacing between the grou
state and third statevh , we have found that the small puls
width, or large pulse area, or the large ratio of the transit
dipole moments will lead to more significant effects of t
non-TLA. In fact, we have used the perturbation method

FIG. 5. The same as Fig. 3, but a 2p hyperbolic secant pulse
with t52T0 is used.

FIG. 6. The same as Fig. 2, but the absolute phase of the p
is f05p/2.
4-3
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study the effects of the non-TLA. Although the first-ord
corrections we obtained cannot give quantitatively consis
results with our numerical calculation, it really points o
that the non-TLA corrections are proportional
(hV)/@t(vh6v0)#, which agrees with our findings qualita
tively. Some proposals of generating a subfemtosecond p
@11,12# require propagation of the intense few-cycle lig
pulse in two-level atoms. The used pulse width is less t
two cycles and the area is larger than 4p. If there are other
levels coupling to these two levels, careful considerations
needed to prevent the influence from the other levels.
will study the propagation effects in future works.

In the end, we have performed some simulations to
the dependence of the results on the absolute phasef0. It is
well known that the effects of the absolute phase may
very important for few-cycle pulses@1#. We can introduce
the absolute phase by replacingv0t in Eqs. ~1!–~6! with
v0t1f0. An example is shown in Fig. 6. Compared wi
Fig. 2 in whichf050, it is clear that changing the absolu
phase from 0 top/2 really changes the results. Qualitative
tt

A

t.
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the main difference is that the shape ofdu and dv are ex-
changed. More detailed studies will be done in the future

In conclusion, the validity of the two-level approximatio
in the interaction of atoms with few-cycle light pulses
studied. Using a simpleV-type three-level atom model, th
influences of the transition between the ground state and
other highly excited state are investigated. Specifically,
driving pulses with width less than two cycles and area lar
than 4p, the non-TLA corrections are significant and th
TLA is not a good approximation. For strong coupling a
large level spacing between the ground state and the t
level, the TLA cannot describe the system evolution c
rectly. Increasing the pulse width or decreasing the pulse a
can lower the influence of the non-TLA and make the TL
correct.
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