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Spheroidal close-coupling scheme to describe ionization processes in one-electron diatomic syste
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F-33405 Talence, France
~Received 5 February 2003; published 28 April 2003!

We propose a molecular close-coupling expansion in terms of prolate spheroidal wave functions confined in
an ellipsoidal box. We first implement the method for ionization of H2

1 molecular ions, by linearly polarized
strong and short laser pulses, in the nonperturbative regime and within the~fixed nuclei! Born-Oppenheimer
approximation. We further analyze the adequacy of the method to reproduce both the bound and the continuum
nonadiabatic processes in ion-atom collisions.
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The basic three-body problem, which consists of an e
tron that becomes unbound in the combined field of t
nuclear centers, lay the foundations of various physical p
cesses such as electron emission in ion-atom collisions
laser-induced ionization of diatomic molecules. T
quantum-mechanical formulation of this nonstationary ev
reduces to the well-known time-dependent Schro¨dinger
equation~TDSE! that has to be solved subject to suitab
boundary conditions. The conventional close-coupl
schemes often yield a biased picture of the ionizing proc
in the asymptotic region@1–3#, since they mostly include a
coarse-grained representation of the continuum that prev
a correct propagation of the wave function@1–3#. In this
respect, the direct integration of TDSE by means of latt
techniques@4–7# is an appealing alternative, recently rei
forced by the concurrent advances in methodology and c
puter performances. Nevertheless, the lattice approach
faces a major difficulty in providing a continuous electr
spectrum at the end of the calculation for long duration p
turbing interactions@5–8#.

In this paper, we shall be concerned with molecular clo
coupling treatments that expand the total electronic w
function in terms of solutions of the two-center eigenva
problemH0(r ,R)f(r ,R)5E(R)f(r ,R), whereH0 is the di-
atomic Hamiltonian andR is the ~fixed! internuclear dis-
tance. Particular allowance is made for the~nuclear! confocal
symmetry of the system, and the eigenstates are express
terms of prolate spheroidal coordinates (l5r 11r 2 /R,m
5r 12r 2 /R,f, wherer 1 andr 2 are the distances of the ele
tron from the positively charged nucleiZ1 and Z2), as
fqm(r ,E)5fqm

l (l,E,R)fqm
m (m,E,R)cos(mf). m is the azi-

muthal quantum number andq is the number of nodes of th
angular partfqm

m . Robust algorithms to calculate the s
called one-electron diatomic molecule~OEDM! orbitals
fqm(r ,E,0,R) have been derived@9,10# and successfully
implemented in low-energy ion-atom collisions for a wid
range of collisional systems (Z1 , Z2) @11#. Complications
arise as ionizing events must be explictly accounted fo
the close-coupling expansion. Continuum two-center w
functions can be calculated by direct integration of the rad
eigenvalue problem@12#, but are notL2 square integrable
and impede a direct evaluation of nonadiabatic coupli
among continuum states. A sophisticated wave packet
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malism @13# has thus been derived, but has not been imp
mented so far to dynamical calculations. An alternative a
simpler solution to obtainfqm(r ,E.0,R) is to diagonalize
H0 in underlying spheroidal Slater, Gaussian, or Sturm
basis sets@14,15#. These diagonalization procedures provi
an accurate description of the electron ionizing flux on
over a~very! limited interaction region because of the exp
nentially decaying radial behavior of the basis functio
@1,16#. Further, the size of this region is not clearly defined
the outset and strongly depends on the underlying basis.
thus propose to define at the onset a~large enough! interac-
tion region in which an effectively complete basis is em
ployed to construct the two-center eigenstates, in anal
with the representation of atomic continuum wave functio
in terms of confined spherical Bessel functions@1#. The con-
figuration space is reduced to a hermetic ellipsoidal box
<l<lmax, such that Rlmax5(r 11r 2)max5l̄ ~in the
united-atom limit, wherer 15r 25r , the box becomes a
sphere of radiusr max5l̄/2). The diatomic continuum then
reduces to an infinite but discrete set of stationary mo
equally spaced byDp52p/l̄ in momentum space, sinc
only discrete values of momentump5A2E allow
fqm

l (lmax,E,R)50 to be fulfilled. Within the box, the
eigenfunctions are obtained by diagonalizingH0 in a basis of
the so-called prolate spheroidal wave functions of the fi
kind cqm(r ,k,R) @17#, which are eigenfunctions of the La
placian and represent free spheroidal waves of well-defi
momenta (q,m). In practice, the underlying basis consists
all the cqm(r ,k,R) functions such thatcqm

l (lmax,k,R)50,
thus fulfilling the simplest continuity condition with th
outer region where all eigenfunctions vanish, with 0<k
<kmax and 0<q<qmax.

The first dynamical implementation of our method co
cerns the ionization of H2

1 ions by strong (I;1014 W/cm2)
and short (t510 fs) laser pulses. We use the Bor
Oppenheimer approximation, whose adequacy tends to
verified in such a very short pulse regime@18#, and investi-
gate the ionization process for fixed internuclear distan
ranging from 1 to 15 a.u. We consider a pulse of wavelen
l5400 nm, linearly polarized along the internuclear ax
Within the dipolar approximation, this pulse is feature
through the vector potential Az(t)5A0cos(vt
2vt/2)sin2(pt/t) and associated electric fieldEz(t)5
©2003 The American Physical Society02-1
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2]Az(t)/]t with v50.113 88 a.u. The H2
1 ions are initially

in their ground statef1ssg
, and the subsequent evolution

the electron cloud for a givenR is governed by@H01V(t)
2 i ]/]t#C(r ,t)50. The calculations will be performed i
the commonly employed length and velocity gauges@19#
where the laser-ion interactionV(t) reads zEz(t) and
2 iAz(t)]/]z, respectively. Expanding C(r ,t)
5(E,q,maE,q,m(t)fE,q,m(r )e2 iEt transforms the Schro¨dinger
equation to a set of first-order differential equations on
amplitudesaE,q,m(t), which we solve fromt50 to t5t. The
final ionization probability and electron spectrum are ob
ously obtained as Pion5(E.0,q,muaE,q,m(t)u2 and
dP/dE (E)5(q,mdqm(E)uaE,q,m(t)u2 with dqm(E), being
the calculated density of pseudocontinuum states of (q,m)
symmetry.

The main basis of prolate spheroidal wave functio
which has been used to construct the H2

1 eigenstates, is

defined by$l̄51000 a.u.,kmax52.5 a.u.,qmax515% for all
R’s. Higher values ofk would be necessary to reproduce t
strongly peaked behavior of the lowest-lying bound eig
states about the nuclei; we avoid cumbersome calculat
by adding explicitly the 1ssg and 2psu OEDM orbitals to
the basis before diagonalizingH0. We checked~but not
shown for sake of conciseness! that the description of the
bound eigenstates can be regarded as exact within the
and that the computed pseudocontinuum states perfect
the exact ones in the confined space. Alternative expans
in terms of B-spline functions@20# can achieve the sam
degree of accuracy. The ionization probabilities are displa
in Fig. 1 as a function of the internuclear distance for pu
intensitiesI 5131014,231014, and 331014 W/cm2. Ioniza-
tion is almost negligible at the equilibrium distanceR
52 a.u., but rapidly increases for largerR. A first maximum
appears aroundR54 a.u. whatever is the intensity; th
sharp peak corresponds to the resonant one-photon trans
1ssg→2psu that enhances ionization. This also results, u
der the present pulse conditions, in a maximum localizat
of electronic density about one nucleus. A second a
broader maximum is seen on Fig. 1 in the 7–9 a.u.R range.
Additional calculations for other wavelengths demonstr
that its location is not merely insensitive toI but also tol
~see also Refs.@7,8,21,22#!. We thus discard enhanceme
through multiphoton resonances and trace back the origi

FIG. 1. Ionization probability of fixed nuclei H2
1 as a function

of R, induced by a laser pulse withl5400 nm; t510 fs; andI
51014 ~lower curve!, 231014, and 331014 ~upper curve! W/cm2.
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this maximum to the so-called charge-resonance enhan
ionization mechanism@22–24#. According to this mecha-
nism, in a quasistatic field-dressed picture of the laser-
interaction, the two lowest H2

1 eigenstates tranform into
atomiclike levels trapped at largeR about the nuclei; tuneling
ionization is thus enhanced at intermediateR as the higher
level, strongly populated from the lower one, frees the int
nuclear barrier formed by the sum of the Coulomb and fi
potentials. From this critical internuclear distance onwar
our ionization probabilities present another structure wh
position strongly depends onI (R;11.5 a.u. for I 53
31014 W/cm2, while R;15 a.u. for I 5231014 W/cm2).
Furthermore, these long-range structures are very sensitiv
l. They stem from multiphoton resonances with high-lyi
molecular states that are displaced according to the S
shifts induced by the laser field.

We go deeper into our description of the ionization pr
cess, and show in Fig. 2 the above-threshold ionization~ATI !
electron spectra obtained in the velocity gauge forR54,8,
and 12 a.u. atI 5231014 W/cm2. A direct comparison is
made with the limiting H(1s) spectrum calculated with the
method of Ref.@1#, using an atomic expansion in terms of a
the spherical Bessel functionsj l(krmax) such thatj l(krmax)
50 with r max5500 a.u., 0< l<25 and 0<k<2.5 a.u.. To
our knowledge, such anR sampling of ATI spectra issued
from three-dimensional calculations has never been p
sented so far. The successive absorptions of photons in
continuum appear in all the distributions through consecu
peaks centered onE5n\v2(I P1UP), wheren is the ef-
fective number of absorbed photons,I P is the ionization po-
tential, andUP5E0

2/4v2 is the ponderomotive energy at th
maximum field strengthE0. The low-energy substructure
cannot be related to bound resonances insomuch as the
pend on the pulse duration; they rather sign dynamical~in-
terference! effects between ionizing wave packets formed

FIG. 2. ATI spectra for fixed nuclei H2
1 and H at the end of a

pulse withl5400 nm,t510 fs, andI 5231014 W/cm2.
2-2
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different field periods@19#. If we consider the slope of the
peak heights in Fig. 2, we note that H2

1 leads to an enhance
ment of high-energy electron production with respect to
atomic H case. Moreover, the larger is the internuclear
tance, the slower is the fall of the peak heights with incre
ing ATI order. In the intermediateR range, the molecula
spectrum even presents a point of inflection that tends to
apparition of a plateau, as exemplified in Fig. 2 forR
58 a.u. and previously found in one-dimensional calcu
tions @8#.Such behavior in atomic ATI spectra is known to
due to rescattering of the electron on the ionic potential t
produces significant electron ejection up to 10UP @25#. In
diatomic systems, the backscattering effects are enhance
the presence of the other nucleus and the drop of the
peaks occurs at higher energies (.15UP).

We finally address the reliability of our results and foc
on the convergence of the present molecular expansion
pecially with respect to gauge invariance. An in-depth
spection is illustrated in Fig. 3 that displays the ATI spec
for R54 a.u. andI 51014 W/cm2, obtained in both velocity
and length gauges using the previous expansion and an
mented one withqmax525. The former expansion alread
yields converged results in the velocity gauge, wherea
does not even allow to describe fairly the first ATI peaks
the length. The addition of higher angular momenta enhan
the description, but the obtention of fully converged resu
in the length gauge would require hugeqmax basis. More-
over, the problem is more acute for largeR where large sphe
roidal expansions are necessary to represent single-cen
dynamics. We therefore restricted all our illustrations toR
<15 a.u. and basically confirm@7,14,19# that in the nonper-
turbative regime, TDSE propagation based on spheroidal
sis has to be drawn using the velocity form of the laser-tar
interaction.

We now turn to the ability of the prolate spheroidal wa
function expansion to reproduce all the inelastic proces
that occur in ion-atom collisions, i.e., electron capture, ex
tation, and ionization. We employ the impact parameter
proach in which the projectile follows~classical! rectilinear
trajectoriesR(t)5b1vt, with constant velocityv and im-
pact parameterb. For each nuclear trajectory, the electr
dynamics are quantum mechanically described by a t

FIG. 3. H2
1 ATI spectra forR54 a.u.,l5400 nm, t510 fs,

and I 51014 W/cm2, obtained in the velocity gauge withqmax515
~——! and qmax525 (33), and in the length gauge withqmax

515 ~- - -! andqmax525 (s s).
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wave functionC(r ,t) that fulfills the Schro¨dinger equation
i ]C(r ,t)/]t5H0C(r ,t). A molecular treatment expand
C(r ,t)5(kak(t)fk(r ,R)e2 i * tEk(R8)t8 and the transition am-
plitudes are obtained by projecting outC(r ,t→`) onto the
final scattering states. If the origin of the electronic coor
nates is taken on the internuclear axis at a distancepR from
the target, both the target and the projectile are moving w
respective velocities2pv and (12p)v; hence, excitation
and capture scattering states are asymptotically describe
xA(r )exp(2ipv•r ) and xB(r )exp(i(12p)v•r ), where xA,B
are atomic target and projectile eigenstates. Usual~truncated!
close-coupling expansions do not fulfill these boundary c
ditions @26# and are accordingly modified by electron tran
lation factors~ETF’s! @26# that reproduce the nuclear veloc
ity fields. ETF’s are also ascribed to pseudostates
complete the basis and describe ionization, albeit it has b
recently realized that the main ionization mechanism cons
of a quasifree expansion in which the nuclear fields pla
minor role @1,3,27#. This is of no inconvenience insofar a
the close-coupling expansion is complete enough to ov
come the ETF prescription and succeeds in reproducing
free expansion phase, as we shall see.

The illustrations are given in Fig. 4 forp1H(1s) colli-
sions with the origin of the electronic coordinates taken
the target (p50). We first investigate how far the main cap
ture scattering statex1s(r )exp(iv•r ) is adequately repro-
duced in the asymptotic region (R520 a.u.) without includ-
ing ETF; Figs. 4~a! and 4~b! compare the real and imaginar
parts of (kufk&^fkux1sexp(iv•r ). to their corresponding

FIG. 4. 1s capture scattering state along the internuclear axis
H11H(1s) collisions, at R520 a.u. (p50), b50 a.u., andv
50.5 a.u.@panel~a!# and 1 a.u.@panel~b!#; exact real~——! and
imaginary~- - -! parts are compared to projections onto the sp
roidal basis (d). Panel ~c! The reference ionization probability
~——! for v53 a.u. andb51.2 a.u., as a function of scaled tim
Z5vt, compared to projections onto theqmax515 spheroidal basis
including (d) or not including CTF (s), the qmax55 basis with
CTF ~squares!, and the three-center expansion of Ref.@15# ~dot-
dashed line!.
2-3
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exact values along the internuclear axisẑ5R̂, for b50 a.u.
and v50.5 and 1 a.u., respectively. A spheroidal set$l̄
5100 a.u.,kmax52.5 a.u.,qmax515% augmented by the
1ssg and 2psu OEDM’s has been used to construct thefk
eigenstates. The description is good at low impact veloci
(v,1 a.u.), but deteriorates at higher ones where the sp
roidal symmetry is no more the most appropriate to mim
the increasingly rapid oscillations of the strongly localiz
scattering state. Rather than augmentingqmax, a reasonable
issue to unambiguously extend the validity of the pres
molecular method to high impact energies consists in mo
fying the expansion with the common translation fac
~CTF! of Ref. @26#, specially designed to account for th
momentum transfer problem in spheroidal~OEDM! treat-
ments. We further examine in Fig. 4~c! whether this CTF,
exp(iU„r ,t)… with U(r ,t)5 f (r ,R)v•r2 f 2(r ,R)v2t/2 and
f (r ,R)5m(a/a211m2)a/2, prevents an accurate descri
tion of the ionizing cloud along a nuclear trajectory withv
53 a.u. andb51.2 a.u. The reference ionizing wave fun
tion C ion(r ,t) is obtained by the monocentric Bessel calc
lations @1# with r max5120 a.u., 0< l<5, 0<k<2.5 a.u.,
and 0<m<2. The ability of the molecular expansion to r
produce it can be gauged throughout the collision from
overlap S(Z5vt)5(ku^fkuC ion&u2, where the eigenstate
are included or not the CTF~with a51.25). The closerS is
to uuC ionuu2, the better the description is. Thefk’s were first
obtained using the same set of prolate spheroidal wave f
tions as before, for eachR andm symmetry. This spheroida
expansion without CTF yields a very good description of
reference wave function up to the asymptotic region. Wh
04070
s
e-
c

t
i-
r

-

e

c-

e
n

the CTF is included, the description becomes worse aro
Z50, but remains as good as before for largerR; we thus
reiterate previous conclusions on the workings of the m
lecular method@2# that prescribed to forgo including ETF’
at shortR. In practice, this can easily be done by using
cutoff function to the CTF so thatU→0 asR→0 @26#. The
convergence of our spheroidal expansion with respect to
description of the ionizing cloud is illustrated in Fig. 4~c!,
where a smaller set withqmax55 is shown to yield valuable
results. This is beyond the scope of the conventional ps
dostate approaches that rapidly fail in reproducing the exp
sion phase of the ionizing wave function and lead to inac
rate wave functions@1–3#, as exemplified in Fig. 4~c! for a
20-OEDM basis augmented with a set of midcentered Ga
ian pseudostates@15#. To sum up, the proposed molecul
expansion is well suited to the representation of all nonad
batic processes in ion-atom collisions. ETF’s are not f
mally required in the low velocity range, but they conside
ably fasten the convergence in the high-energy reg
without damaging the representation of ionization. Dynam
cal calculations have now to be performed; in this respe
the semianalytical form of the angular and radial parts of
prolate spheroidal wave functions, in terms of similar ser
over associated Legendre polynomials and spherical Be
functions, makes easy the evaluation of nonadiabatic c
plings using the well-established OEDM codes@10,11#.

The author wishes to acknowledge computational fac
ties provided with the M3PEC scientific pole of intensiv
numerical caluclations, memeber of the DRIMM at the Un
versity of Bordeaux I.
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