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Probabilistic instantaneous quantum computation
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The principle of teleportation can be used to perform a quantum computation even before its quantum input
is defined. The basic idea is to perform the quantum computation at some earlier time with qubits that are part
of an entangled state. At a later time a generalized Bell-state measurement is performed jointly on the then
defined actual input qubits and the rest of the entangled state. This projects the output state onto the correct one
with a certain exponentially small probability. The sufficient conditions are found under which the scheme is
of benefit.
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Quantum computerisl]—a new type of machine that ex- and that anncorrect result is evaluated more negatively than
ploits the quantum properties of information—could performthe correct one is evaluated positivég.g., one may imagine
certain types of calculations with a greater speed than anthat she obtain$ positive points for the correct result, 0
foreseeable classical computer. Quantum teleportatiopoints for no answer, an negative points for an incorrect
[2]—one of the most basic information procedures in quantesult, whereN is much larger thar®.).
tum mechanics—enables the transmission and reconstruction For the purpose of evaluating the engineer’'s computation,
of a general quantum state over arbitrary distances. In 199@ne may imagine that whenever the engineer decides to give
Nielsen and Chuang3] have shown that the principle of the output of her computation it is subjected to a kind of
teleportation can be used to perform universal quantum comcheck-measurement” in a basis in which one of the basis
putation in a probabiliStiC fashion. Since then a Substantiaétates is the r|ght Output state. Denote the outcome corre-
amount of work has been done on generalizations and app'&‘ponding to the right output b9. Then, only if the measure-

cations of the idea. Gottesman and ChugAgdeveloped ent gives the resul® does the engineer gaiR points,
fault-tolerant constructions of quantum gates. Ketllal.[5]  jiherwise she loses points.

apply the scheme to propose quantum computation with lin- -\ 4y are yseful typical situations where the input of the

ear optics together with single-photon detection and smgleé mputation is an arbitrarily and unknown quantum state as

Fg—mloo? sources. Further extensions have been develop? quired in(1)? All known quantum computation algorithms
) : : : start with classical inputs somewhere along the line. To our
Here we consider théme aspectof teleportation-based knowledge, only the %uantum simulatio[ﬂsl% and certain

guantum computation. We show that with finite probability . :
the computational time of an arbitrarily long quantum com-d4antum cryptography protocols start with quantum inputs.

putation can be saved completely. The basic idea is to usalso real?stic_situati(_)ns where the d_uration of a qu_antum
quantum teleportation to perform the entire quantum compuSmputation is restricted by a deadline are not typical. Is
tation even beforeits quantum input is defined. This then there any example for the situations described by pabts
allows with certain exponentially small probability to obtain (3)? We give an explicit example for such situation for quan-
the output of the computation immediately after its input istum simulations later in the text. Here we note that the input
given. The sufficient conditions are found under which thein universal quantum operations, such as universal quantum
scheme is of benefit. cloning[12] or quantum universalioT operation[13], is an
Imagine that an engineer is given a certain problem ofarbitrary and unknown quantum stdtd].
such a complexity that in order to obtain its solution within ~ We now consider possible strategies that the engineer can
reasonable time she has to use a quantum computer. Suppdedow. Normally, after the engineer gets the inpugubits
that the conditions on the quantum computation are the foléqubits 1 for the quantum computation, she feeds them into
lowing. her computer and starts the quantum computation. Now as-
(1) At time t, the engineer is given an input to the quan- sume that the quantum computation is very time consuming,
tum computation in ararbitrary quantum state unknowto  so that this procedure is not fast enough and the quantum
her. computer does not terminate before the deadling,atas
(2) The engineer is required to give the output of herillustrated in Fig. 1a). In such a situation the engineer, for
computation at time,. If, however, she is not sure that her instance, can decide not to give an answer, which results in a
output is the right onde.g., because her computer has nottotal of zero points. Alternatively, she can choose any state at
finished the computation befotg) she is allowed not to give random and give this as the output of her computation. This,
any state Such a situation is denoted by “no answer.” however, leads to a high negative score because the probabil-
(3) The engineer is strongly advised not to overestimatdty of 1 —(1/2)" not to obtain the resul in the check mea-
her computational resources. By this we mean that the engsurement is higher than the one of 1t® obtain this result
neer’s choice to give no answer is not evaluated negativelfjor an n-qubit state (>1) chosen at random.
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Output Time qubits 1 and 2. In (1/4)cases the whole state of qubits 3 is
A projected onto the state resulting from the correct input and
she does not have to perform any additional transformation
on qubits 3. In the remaining-1(1/4)" cases, the result of
the engineer’s Bell-state analysis will not be the right one.
However, in a situatiofas defined by condition§l)—(3)
given abové where it is of advantage to both have the cor-
rect output state for a problem and to know it at a very early
time even if only with small probability, our scheme is of
benefit.

We now consider also the remaining cases. In the usual
teleportation procedure, the engineer would have to perform
single-qubit unitary transformation on her qubits 3. But now
she has already fed them into her quantum computer. Be-

Engallglsgled cause the set of unitary transformations necessary to com-
plete the usual teleportation procedure and her computation

FIG. 1. (a) Conventional scheme: At timg, the engineer is do not always commute, in general she has to invert the full
given the input qubits 1 of the quantum computati@C) in a  quantum computation performed so far, perform the single-
quantum state unknown to her. She feeds them into her quantugubit transformations required by the teleportation proce-
computer and starts the computation. The computation is very timglure, and start the quantum computation addif]. This
consumin_g, so that the quantum (_:omputer does not terminate befoagits in a total computational time twice as long as the time
the deadline at,. (b) Scheme for instantaneous quantum computa-,aaded for the conventional computatiGhwe neglect the

tion: At a time earlier thari;, the engineer has fed qubits 3, which . . . ) . - .
are each maximally entangled with one of the qubits 2, into hertlme required for the single-qubit transformatigndhis

: : n :
quantum computer and has done the computation. At the later timg1eans that ln.a fraction -1(1/4) _Of all cases, in general.,
t; when the input qubits 1 are given to her the engineer performs Qur scheme will not help the engineer to meet her deadline.

Bell-state measuremefBSM) on each pair of qubits 1 and 2 and [N those cases the best strategy for her is to give no answer.
projects qubits 3 onto a corresponding state. In a certain exponen- But in the successful case, depending on the length of her
tially small fraction of cases the computational time is saved comcomputation, the scheme for instantaneous computation may
pletely as she immediately knows that qubits 3 are projected ontgonstitute an enormous gain in time, which might be decisive
the output state resulting from the correct input one. in situations as specified by conditiofl§—(3) listed above.
Following the evaluation criteriort3), the averaged point
We will now show that there is an alternative strategyscore gained in our schemeSg,;= P(1/4)", which exceeds
where the engineer can have a positive score. There she cgath the score 08,,=0 if the engineer constantly provides
obtain theexactoutput state of an arbitrarily long quantum no answer, and the score 8f,,,q= P(1/2") —N(1—1/2"), if
computation instantaneously with some probability. Mostshe constantly chooses the output at random.
importantly, she knows when she obtains the correct output |t is important to note that in our protocol the resources

state and thus can pass it on for evaluation. The strategy US§8s consumed even in the cases when the engineer does not

teleportation-based quantum computati8 ; : ; ;
quantum ole ort(:]atioﬁz] o 'E)ran;[mﬂi]ssion and recon. Provide an answer. The reason is that the engineer's compu-
P tation has to be run each time, thus using ugntangled

struction over arbitrary distances of the state of a quantu airs. Moreover, since the probability of success is (1/4)

system. During teleportation, an initial system in the stat here is an expected exponential cost of entanaled pairs to
that is to be transferred and one of a pair of entangled sub- i P P angied p
195t a single successful run of the computation. If, for ex-

systems are subjected to a Bell-state measurement, such t I h ) ires 1 h 1000
the second subsystem of the entangled pair acquires the st&gple, each computation requires 1 h, gt attempts

of the initial system. The later subsystem is brought into théNust be madéwhich is the approximate number 4or n
state of initial system by an accordingly chosen transforma= 2], the company that distributes entangled pairs has to be
tion after receiving via classical communication channel theg?@id for 1000 h, not just 1 h. There are, however, situations
information which of the Bell-state results was obtained. ~Where it clearly still pays off for the engineer to follow our
Now imagine that the engineer hasentangled pairs of Scheme. These are when the engineer’s aiwhich in our
qubits 2 and 3. She can feed members of the entangled paiéxample could correspond to a certain amount of mpieey
(qubits 3 into her quantum computer long befarg when larger than the overall costs incurred over the average num-
the actual input for her computation is given to her, as illus-ber of attempts required to get one successful run, i.e., when
trated in Fig. 1b). This means that during the computation P>n,C, whereC are the costs of a single run.
the qubits 3 in her quantum computer are entangled to the It should be stressed again that the protocol based on tele-
qubits 2. At some point her computation will terminate andportation is only reasonable to consider if the engineer’s in-
output qubits 3. put is in an arbitrary quantum state unknown to her. In con-
As soon as she obtains the input qubits 1 the enginedrast, if the input is alassicalone, then a simple protocol is
performs the Bell-state measurement on each phirs of  possible which even does not require entanglement but has a

£
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success rate higher than the teleportation-based one. SuppdSlee, it is natural to assume that Bob’s computation has
that the input still is in the state unknown to the engineer, buterminated by the time Alice’s call reaches him. Note that
this state is one of 2(orthogonal states which are known in even if Alice had not done her computation before Bob did,
advance to the engineer. Then the engineer simply can peor even started, his computation, if separation between them
form the computation in advance choosing any of tHe 2 is large enough, he has enough time to do his calculation
states as the input. Later, when the actual input is given tbefore Alice’s call arrives. They proceed now analogous to
her, she can measure it in the basis build out of thetates. the scheme given in the text above. If Alice tells him that the
On the basis of the result obtained she then knows with ceresult of her Bell-state measurement was the good one, he
tainty whether she had performed the computation with themmediately knows that the output of his quantum computer
correct input or not. With probability 172her input will be is the correct one. Only in those cases he passes on the out-
the correct one, when she passes on her output; otherwise spet of his computation, otherwise he provides no answer.
provides no answer. This again results in averaged point scoreSgf; as given
Another situation where requiremefl) is not fulfilled is  above.
when the input is in an arbitrary quantum state, but this state We now give an explicit example for a situation described
becomeknownto the engineer at the time the input is given by conditions(1)—(3). Although it admittedly might appear
to her. In such a situation a protocol is possible which doe$o be contrived to some extent, we are convinced that the
require entanglement, but not Bell-state measurement, arekistence of even just one example points at different con-
has a success rate higher than the teleportation-based omeptual possibilities. The example is based on quantum simu-
The protocol is based on the "remote state prepardti@h” lations [11]. Imagine that our engineer is still a student of
The engineer starts with pairs of entangled qubits 2 and 3 engineering. Suppose that she has a series of exams which
and processes the computation on qubits 3 in advance. Whexach consists of performing a specific quantum simulation,
she learns what is the actual input state, she performs suchwéhich is known to her in advande.g., the particular “exam
measurement on qubits 2 to project qubits 3 onto the corre@uestion” is given to students a day before the exam takes
output state. The probability of success for the scheme iplace. Further, suppose that the process of the examination
1/2" and the evaluation of its success is executed according to the
There are also alternative schem#$] that fulfill require-  rules (1)—(3). The reason that the input is in an arbitrary
ment (1) but give an output state only very close to the quantum state unknown to students is to prevent them from
correct one and, thus, still with a finite probability to show finding out the correct solution just on the basis of the known
the wrong result when measured in the check measuremerstiolutions from the previous generations of students. Now
In contrast to our scheme, there the engineer cannot infaassume that in order to pass the exams students need to have
with certainty whether her output state is the correct one oa positive score of points averaged over the series. The
not. Therefore if she decides to pass on her output state, thepwints are given on the basis of the check measurement per-
will always be a certain probability not to obtain the redlt formed by an examiner who knows the correct output state
in the check measurement, which consequently leads to @and thus can choose the adequate measurement basis. In or-
negative average point score. Clearly such a scheme cater to ascertain the best of them, the examiner gives the
never be better than ours, for penaltyfor a wrong result  students a seemingly unsolvable problem of performing a
sufficiently larger than gaif for a correct one. series of quantum simulations which each consumes more
The teleportation-based protocol scheme can also be apime than the duration of a single exam. Obviously, only if
plied in cases where, for some reason, parts of a quantuiwur student applies the teleportation-based scheme she can
computation are performed at distant locatip8d.8|. Imag-  expect to have the correct result in a certain fraction of the
ine two people, Alice and Bob, in two distant locations, eachtotal number of the exams and thus having a positive score of
of them performing part of a common quantum computatiornpoints to pass the exams.
under conditions(1)—(3). Suppose that the output qubits  In summary, we have shown that, using the principle of
(identified with qubits 1 in our schemef Alice’s quantum  teleportation, one may achieve instantaneous quantum com-
computer are an essential input for Bob’s computation. Supputation where(a) one can obtain the output of an arbitrarily
pose also that Bob’s part of computation is very time condong computation with nonzero probability in zero computa-
suming. tional time, i.e., immediately after its quantum input is de-
Imagine that entangled pairs of qubftdentified with qu-  fined, and(b) one knows when the output is correct without
bits 2 and 3 in our schemare distributed to Alice and Bob knowing the output. We identify the sufficient conditions un-
over some quantum network in advance. Bob now can iméer which the scheme is more efficient than any alternative
mediately feed his members of the entangled p@jubits 3 one. We suggest that the ability to perform a quantum com-
into his quantum computer. Thus, he can start his timeputation even before its input is defined derives from the
consuming computation long before the input of Alice’s partpossibility to process information represented by a quantum
of the computation is given dt. At some point aftert;  state without the need of reading the state beforehand.
Alice’s computation will terminate and output the qubits 1  We would like to thank Terry Rudolph and Tomas Tyc for
that Bob needs. They can now proceed as in the usual quahelpful comments and discussions. This work was supported
tum teleportation procedure. Alice performs the Bell-stateby the Austrian Science Foundation FWF, Project No. F1506
measurement on each of the pairs, qubits 1 and 2. Becaus@d by the European Commission, Contract No. IST-1999-
Bob has been able to start his computation much earlier thah0033 “Long Distance Photonic Quantum Communication.”
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