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Resolution and apodization in images generated by twin photons

Ivan F. Santos, M. A. Sagioro, C. H. Monken, and S. Pa´dua*
Departamento de Fı´sica, Universidade Federal de Minas Gerais, Caixa Postal 702, 30123-970 Belo Horizonte MG, Brazil

~Received 8 September 2002; published 26 March 2003!

We show that an image of an object is obtained when at least one of the photons of a parametric down-
converted pair illuminates the object and the two photons are detected in coincidence after they have been
transmitted by two lenses. The image is mathematically described by a quantum fourth-order correlation
function that differs from the classical image description in two aspects. The quantum image is produced by a
nonlocal effective lens whose aperture is described by a compressed convolution of the magnitude of lens
transmission functions. The image is generated by the entangled state two-photon light source in which the
effective wavelength is equal to the de Broglie wavelengthl/2, wherel is the wavelength associated to the
individual photons. Images can be obtained with a resolution better than the obtained with coherent classical
light sources. Better resolution and strong apodization effects are observed.
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I. INTRODUCTION

The use of optical parametric processes as light sou
for the generation of images has been the subject of s
recent and promising works. For sources with a large num
of photons, optical parametric amplifiers and oscillato
quantum aspects of image formation have been studied:
eration of pairs of entangled optical images@1#, reduced
noise amplification of input images in parametric amplifie
@2,3#, and quantum limits imposed by quantum fluctuatio
in optical images@4#. At the level of single photon pairs,
few works have studied image formation. An entangled tw
photon field is generated by spontaneous parametric d
conversion~SPDC!. In the process of SPDC, a pump~p!
laser beam incident upon a nonlinear crystal creates a pa
photons, usually called signal~s! and idler~i! @5#. Imaging of
objects illuminated by photon pairs and detected in coin
dence was proposed in Ref.@6# and demonstrated experime
tally by Pittmanet al. @7#. More recently, Abouraddyet al.
have studied the role of entanglement in a two-photon im
@8# and have developed a general Fourier-optics theore
treatment of image formation for the SPDC process@9#.

In this work, we studied theoretically the image formati
of an object when illuminated by at least one of the photo
generated by SPDC. Our main motivation is to investig
the possibility of using entangled photon pairs for generat
images with resolution better than the diffraction limit.
1995, Jacobsonet al. @10# proposed that a de Broglie wave
length can be associated to a multiphoton wave packet, in
same way it is done for bound massive particles. For a s
tem of N photons, the resultant wavelength isldB5l i /N,
wherel i is the wavelength associated to the individual co
stituent photons~the photon wave packet central wav
length!. In 1999, Fonseca, Monken, and Pa´dua @11# demon-
strated experimentally the predictions of Jacobsonet al.,
with a double slit setup that can be considered as an an
setup to that proposed in Ref.@10#. Young interference pat
terns of the two-photon wave packets, which behaved
single entities with twice the energy of each constituent p
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ton, were detected. The corresponding wavelength was
course, half the de Broglie wavelength of a single photon
N photons in an entangled state can behave as a single e
of de Broglie wavelengthl/N, many applications can be
envisioned. The two-photon lithography has been propo
recently@12#, for beating the diffraction limit. Another appli
cation is to generate images of an object by illuminating
with light generated by SPDC. Since the photon pairs gen
ated by this process can be in a momentum entangled s
the de Broglie wavelength of the pair isl/2. This suggests
that an image obtained with this light source may beat
diffraction limit of the image resolution@13#. If this is true,
although the twin photons have wavelengthl ~in general in
the infrared!, the lens aperture diffraction would have max
mum separations as produced by a light source with wa
lengthl/2 ~commonly in the ultraviolet!. By Rayleigh crite-
rion, this would mean that the image resolution would
better than that obtained with coherent classical lig
sources.

Initially, we suppose that an image of an object is form
at the image plane when the object is illuminated by light
the two-photon state generated by the collinear SPDC@Fig.
1~a!#. Photons transmitted by the object are collected b
lens and split by a 50-50 beam splitter. The image is obtai
by detecting the photon pairs at the image plane position
coincidence with two spatially separated detectors. By us
a quantum multimode formalism, we have calculated
quantum fourth-order correlation function at the image pla
for this optical scheme. A general expression is obtained
we show that, in general, the fourth-order correlation a
function of the detector positions does not generate an im
of the object. We propose then three slightly different opti
configurations in which the fourth-order correlation functio
produces the image of the object. A general mathemat
expression is obtained for the quantum spatial fourth-or
correlation function for the three proposed optical configu
tions. This expression differs from the classical intensity d
tribution at the image plane in two aspects. In the quant
fourth-order correlation function the wavelength that appe
is the two-photon de Broglie wavelengthl/2. Secondly, the
magnitude of transmission function that describes the l
aperture is an effective one, which is equal to the ‘‘reduce
©2003 The American Physical Society12-1
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convolution of the magnitudes of the lens apertures ‘‘se
by the idler and signal photons. A quantum nonlocal ima
of the object is generated. In Sec. II, we review the class
calculation of the electric field distribution at the image pla
for a coherent object. The probability amplitude for detect
photons idler and signal at the image plane is calculate
Sec. III. A comparison between the classical and quan
predictions is discussed in Sec. IV and we conclude
Sec. V.

II. CLASSICAL PROCESS OF IMAGE FORMATION

The classical theory of image formation is based on
phase altering characteristics of a lens@13#. We consider here
image formation for objects smaller than the transverse
herence length of the light at the object position, called
herent objects. The object is illuminated and the transmi
light is collected by a lens with a focal lengthf, separated
from the object by a distancez̃. The image detection is don
at the image plane that is far from the lens by a distancez8.
Those distances are related by the thin-lens formula

FIG. 1. ~a! Outline of the proposed experimental setup for o
serving the image of an object illuminated by collinear parame
down-converted photon pairs, after a laser beam is incident o
type II crystal. The image is detected in coincidence at the im
plane by signalDs and idler Di detectors.L is a lens, BS is a

polarized beam splitter,za is the crystal-object distance,z̃ is the
object-lens distance, andz8 is the lens-image distance.~b! Coordi-
nates involved in the process of image formation.R is the distance

from a point (x,y) in the object to a point (x̃,ỹ) at the lens and

similarly R8 is the distance from a point (x̃,ỹ) in the lens to a point
(x8,y8) at the image plane.
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1
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. ~1!

Figure 1~b! shows the coordinates at the object planexy,
lens planex̃ỹ, and image planex8y8. The propagation of the
electric field from the object to the image plane is obtain
from the Fresnel-Kirchhoff diffraction integral. The electr
field at the image plane is written as a function of the elec
field immediately before the objectE(x,y), the transmission
function of the objectA0(x,y), and the transmission functio
of the lensAL( x̃,ỹ):

E8~x8,y8!5const3E E E E E~x,y!A0~x,y!AL~ x̃,ỹ!

3
eik(R81R)

R8R
dxdydx̃dỹ, ~2!

whereR is the distance from a point (x,y) in the object to a
point (x̃,ỹ) at the lens and similarlyR8 is the distance from
a point (x̃,ỹ) in the lens to a point (x8,y8) at the image plane
@Fig. 1~b!#. The transmission function of the lensAL( x̃,ỹ)
has the following form:

AL~ x̃,ỹ!5uAL~ x̃,ỹ!uexpF2
ik~ x̃21 ỹ2!

2 f
G , ~3!

whereuAL( x̃,ỹ)u describes the size of the lens, being equa
1 where the lens aperture is transparent and 0 outside it
considering the object and its image relatively small wh
compared withz̃ andz8, the factor 1/R8R in Eq. ~2! can be
approximated by a constant. The phaseik(R81R), after be-
ing written as a function of transverse and longitudinal co
dinates@see Fig. 1~b!#, is simplified by a Taylor first-order
expansion@13# and by the use of Eq.~1!. A condensed ex-
pression can then be derived for the electric field at the
age plane

EW 8~rW8!5const3E drWA0~rW !TLXkS rW

z̃
1

rW8

z8
D C, ~4!

where we have defined the transverse coordinatesrW5x ı̂

1ŷ, r̃W5 x̃ı̂1 ỹ ı̂ , rW85x8 ı̂1y8̂. For simplification it was
supposed that the object is illuminated by a plane wa

@E(x,y)5constant#. TL„k(rW/ z̃1rW8/z8)… is the Fourier trans-
form of the magnitude of the lens transmission functi
uAL( r̃ )u,

TLXkS rW

z̃
1

rW8

z8
D C5E uAL~ r̃W !uexpH ikF S rW

z̃
1

rW8

z8
D • r̃WG J dr̃W.

~5!

III. QUANTUM CALCULATION OF THE IMAGE SPATIAL
CORRELATION FUNCTION

Figure 1~a! shows a general scheme for obtaining an i
age with a two-photon light source. Two-photon wave pa
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ets idler and signal are generated by collinear SPDC type
type II when a nonlinear crystal is illuminated by a pum
laser beam. In type I phase matching condition, the idler
signal photons have parallel polarizations and in type II, th
have orthogonal ones. The generated photon pairs illumi
an object, and the transmitted idler and signal photons
directed to a lens that generates the image of the object a
image plane. The image is obtained by detecting the pho
pairs in coincidence with the detectors signal and idler free
displace transversely at the image plane. The photon p
are split by a nonpolarizing~type I case! or polarizing~type
II ! beam splitter. The lens is separated from the object b
distancez̃ and from the image by a distancez8. Those dis-
tances are related by the thin-lens equation in accorda
with expression~1! where the lens focal length isf.

Calculations were done by using a quantum multimo
formalism developed by Mandel and collaborators@5,14#.
The number of detected coincident photons is proportiona
the spatial quantum fourth-order correlation functi
C(rWs ,rW i), calculated at the detectors’ transverse positionrW i

and rWs ,

C~rWs ,rW i !5^CuÊi
(2)~rW i !Ês

(2)~rWs!Êi
(1)~rW i !Ês

(1)~rWs!uC&,
~6!

whereÊ(1) and Ê(2) are the positive and the negative pa
of the electric field operator. The light stateuC& generated by
SPDC in the paraxial, monochromatic@D v j ~frequency
bandwidth! !v j ~frequency!, j 5s,i ,p], and thin crystal ap-
proximation is given by@15#

uC~ t !&5uvac&1const3E dqW sE dqW iy~qW s1qW i !u1,qW s&u1,qW i&,

~7!

where uvac&, u1,qW s&, and u1,qW i& are the vacuum, signal, an
idler Fock states in the transverse momentum representa
andqW s,qW i are the signal and the idler transverse momentu
y(qW s1qW i) is the angular spectrum of pump field at the crys
position (z50) and is equal to the Fourier transform of th
transverse pump electric field distribution.

In Eq. ~6!, all information about the object and the lens
are contained in the signal and idler electric field operato
The electric field operators are built by making the elec
field operator propagate from the crystal to the object, fr
the object to the lens and then to the detector. By us
paraxial approximation, the resultant electric field operato
the detector position is

Êj
(1)~rW j ,z!5constE dqW jE dqW j8E dqW j9a~qW j9!

3Ta j~qW j82qW j9!Tl j ~qW j2qW j8!

3expF i S qW j•rW j2
qj

2

2kj
zj82

qj8
2

2kj
z̃j2

qj9
2

2kj
zaD G ,

~8!
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where j 5s,i ; za is the object-crystal distance,a(qW j9) is the

destruction operator at the crystal position, andTa j(qW j8

2qW j9), Tl j (qW j2qW j8) are the Fourier transforms of the obje

A j(rW) and lensAl j ( r̃
W) transmission functions, respectivel

By substituting the signal and idler electric field operators~8!
in Eq. ~6!, we notice that the fourth-order correlation fun
tion can be rewritten as

C5ug~rWs ,rW i !u2, ~9!

whereg(rWs ,rW i) is the probability amplitude for detecting th
signal and idler photons at the image plane at transve
positionsrWs and rW i , respectively,

g~rWs ,rW i !5constE dqW iE dqW sE dqW i8E dqW s8E dqW i9

3E dqW s9y~qW s91qW i9!Tas~qW s82qW s9!Tls~qW s2qW s8!

3Tai~qW i82qW i9!Tli ~qW i2qW i8!

3expF i S qW s•rWs2
qs

2

2ks
zs82

qs8
2

2ks
z̃s2

qs9
2

2ks
zasD G

3expF i S qW i•rW i2
qi

2

2ki
zi82

qi8
2

2ki
z̃i2

qi9
2

2ki
zaiD G . ~10!

For the collinear two-photon generation,zas5zai . By
writing explicitly the Fourier transforms of the object an
lens transmission functions, and the angular spectrum of
pump field ~the Fourier transform of the pump transver
electric field distribution! in Eq. ~10!, we can rewrite the
probability amplitudeg(rWs ,rW i) as

g~rWs ,rW i !5constE daW E dbW E djWE dhW Als~aW !Ali ~bW !

3Aai~jW !Aas~hW !WS hW

m i
1

jW

ms
,zaD

3expF ikpujW2hW u2

2msm iza
GexpF iksurWs2aW u2

2zs8
G

3expF ik i urW i2bW u2

2zi8
GexpF iksuaW 2jW u2

2z̃s
G

3expF ik i ubW 2hW u2

2z̃i
G , ~11!

wherea, b (j,h) are the transverse spatial coordinates
the lens~object! plane andW(rW ,za) is the transverse pump
electric field distribution at positionza . We also define the
quantities:za by the relationkp /za5ks /zas1ki /zai and m j
asm j5(kp /za)(za j /kj ) with j 5 i , s.

Expression~11! can be further simplified because so far
is valid for any object and lens transmission functions,
2-3
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any transverse pump profile, and for any detector scan
cedure. It is also independent of the two-photon genera
type, being the same for collinear or noncollinear geome
Our goal is to obtain an expression forg(rWs ,rW i) that re-
sembles the coherent classical transverse electric field~4! at
the image plane so that we can compare the classical
quantum results. We start by substituting in Eq.~11! the lens
transmission functionsAj (gW ) ( j 5 i ,s,g5a,b), defined in
Eq. ~3!. Then, we use the thin-lens equation~1! in Eq. ~11!,
and obtain

g~rWs ,rW i !5const3E daW E dbW E djWE dhW uAls~aW !uuAli ~bW !u

3Aai~jW !Aas~hW !WS hW

m i
1

jW

ms
,zaD expF2 i S ks

zs8
rWs

1
ks

z̃s

jW D •aW GexpF2 i S ki

zi8
rW i1

ki

z̃i

hW D •bW G , ~12!

where we have neglected the quadratic exponentials in
variablesjW andhW by assuming that the objects are small
compared with the longitudinal distances involved. The
ponentials

expF iks

2zs8
rWs

2GexpF ik i

2zi8
rW i

2G
were also omitted for not contributing to the coincidence r
~9!. The above probability amplitude can be rewritten as

g~rWs ,rW i !5const3E djWE dhW Aai~jW !Aas~hW !WS hW

m i
1

jW

ms
,zaD

3TlsF ksS rWs

zs8
1

jW

z̃s
D GTli F kiS rW i

zi8
1

hW

z̃i
D G , ~13!

whereTl j is the Fourier transform of the magnitude of th
lens transmission functionsuAj (gW )u ( j 5 i ,s,g5a,b). By
comparing the two-photon probability amplitude~13! with
the classical electric field~4! at the image plane, we notic
that the classical and quantum results are different.
pump transverse electric field distribution atza prevents Eq.
~13! from being rewritten as a product of the idler and sign
independent expressions, as it would be in an analogous
sical configuration.

Expression~12! or ~13! is still not analogous to the clas
sical image expression~4!, and some modifications ar
needed. We propose three experimental schemes for ob
ing an image from the object when photon pairs are us
Figure 2~a! shows the first proposed experimental set
which we call setup 1. In this configuration,zas5zai5za ,
whereza is the crystal-object distance. Three modificatio
were done to setup 1 for simplifying expression~12!. First,
the idler and signal photons are not generated collinearly
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only the idler photon will pass through the object, whic
implies thatAas(hW )51. The second modification is that th
pump beam is focused at the object positionza so that
W(hW /m i1jW /ms ,za) can be approximated by ad function
d(hW /m i1jW /ms). The third implementation is that the sign
and idler photons are detected such thatrWs52rW i[rW, which
means that the idler and signal detectors are scanned si
taneously in opposite directions~see Ref.@16# for a similar
detection scheme!. In Fig. 2~a!, we considered that the lens
object and the lens-detector distances are the same,
therefore,zs85zi8[z8, z̃s5 z̃i[ z̃. A further simplification is
to consider that the idler and the signal have the same w
length, such thatks5ki5kp/2 andm i5ms52. The modified
expression forg(rWs ,rW i) is

FIG. 2. ~a! Outline of the optical setup for observing the imag
of an object illuminated by noncollinear parametric down-conver
photon pairs, after a laser beam is incident in type II crystal. T
image is detected in coincidence at the image plane by signaDs

and idlerDi detectors, after the idler photon is transmitted throu

the object (O). L j is a lens,za j is the crystal-object distance,z̃j is
the object-lens distance, andz8 is the lens-image distance, for idle
~i! and signal~s! photons withj 5 i ,s. Dotted line means that ther
is no object at the signal path.~b! Optical setup similar to Fig. 1~a!,
except that the object~O! is placed close to the crystalza'0. ~c!
Optical setup similar to Fig. 2~a!, except that lensesL1 j are used for
forming a two-photon image of the crystal at the object positio
L2 j are used for forming a two-photon image of the object at
detector position.z9 is the crystal-L1 j distance,z- is theL1 j -object

distance,z̃j is the object-L2 j distance, andz8 is theL2 j -image dis-
tance.
2-4
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g~rW,2rW !5const3E djWAai~jW !E daW E dbW uAls~aW !uuAli ~bW !u

3expF2 ikpS 1
rW

z8
1

jW

z̃
D •S aW 2bW

2
D G . ~14!

This last expression forg(rWs ,rW i) is still not analogous to the
classical electric field at the image plane~4!. We define the
new variablesuW andvW

aW 1bW

2
5uW ,

aW 2bW

2
5vW , ~15!

and rewrite Eq.~14! as

g~rW,2rW !5const3E djWAai~jW !TFFkpS rW

z8
1

jW

z̃
D G . ~16!

TF@k(rW/z81jW / z̃)# is the Fourier transform of the convolutio
of the lens transmission functionsF(vW ):

TFFkpS rW

z8
1

jW

z̃
D G5E dvW F~vW !expF2 ikpS 1

rW

z8
1

jW

z̃
D •vW G ,

~17!

which is defined as

F~vW !5E duW uAls~uW 1vW !uuAli ~uW 2vW !u5uAls~2vW !u* uAli ~2vW !u.

~18!

Now, g(rWs ,rW i) is written in an analogous form to the cohe
ent classical electric field at the image plane~4!. By compar-
ing the two expressions, we notice two differences. The
age described byg(rWs ,rW i) is affected by the Fourie
transform of a nonlocal lens whose transmission function
equal toF(vW ). We call this effective lens nonlocal becau
its transmission functionF(vW ) is obtained by calculating the
convolution of the magnitude of the idler and signal le
transmission functions.F(vW ) cannot be written as a produc
of independent idler and signal lens transmission functio
Nonlocality appears at the fourth-order correlation funct
because the photon pairs are in a transverse momentum
tangled state~7!. This feature cannot be obtained by doin
the same experiment with some kind of synchronized em
of coherent classical light~two synchronized pulsed lase
beams, for example!. In this last case, the fourth-order co
relation function at the image plane would be the produc
idler and signal independent transmitted light intensities. T
second difference is that the wave vector that appears in
~16! is the wave vector of the pump laserkp and not the
wave vector of the down-converted photons.

For arriving at expression~16! we assumed that the fo
cused laser beam at the object position has a transverse
file width sufficiently narrow to be described by ad function.
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Sufficiently narrow means that the Gaussian profile wid
~for example, full width at 1/e maximum value! is much
smaller than the smallest dimension of the object to be
aged. We have checked this by doing numeric simulation
the coincidence rate at the image plane for different pu
laser beam Gaussian profile widths compared with the
mension of a unidimensional object. Figure 3 shows the c
culation of the fourth-order correlation function at the ima
plane@expressions~9! and~13!# for a one-dimensional slit as
an object at the idler path with 15mm width. For this simu-
lation, we assumeAas(hW )51; ks5ki5kp/2 andm i5ms52
(ls5l i5826 nm); rWs52rW i[rW; a square lens with dimen

FIG. 3. Calculated coincidence rate at the image plane o
15-mm width slit as an object, positioned atx50. The gray con-
tinuous line plots show the coincidence rate calculated with thee
full width of the Gaussian laser profile at the object position eq
to 1 mm in ~a!, 3 mm in ~b!, and 10mm in ~c!. Slit length is
considered infinite. Square lenses’ lengths 2L are 3.6 cm. The dis-
tance between the crystal and the object isza540 cm, between the
lens and the image plane isz8592.5 cm, and between the obje

plane and the lens isz̃57.5 cm. In~a!, ~b!, and~c! is also plotted
the fourth-order correlation function at the image plane for the sa
slit when the pump laser beam transverse width is described byd
function ~continuous black line with dots!.
2-5
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sions 2L, with L51.8 cm; zs85zi8592.5 cm and z̃s5 z̃i

57.5 cm. The 1/e full width of the Gaussian transverse las
profile at the object position was chosen to be 1mm in Fig.
3~a!, 3mm in Fig. 3~b!, and 10mm in Fig. 3~c!. In Figs. 3~a!–
3~c!, the fourth-order correlation function at the image pla
for the same slit is also plotted when the pump laser be
transverse profile is described by ad function ~continuous
line with dots!. It is clear that when the laser profile width
much smaller than the slit’s width, the calculated four
order correlation function is identical to the one calcula
with a d pump beam transverse profile@Fig. 3~a!#. This ap-
proximation may not be always a good approximation.
analyze a second experimental setup where the laser be
not focused at the object position and this approximati
therefore, is not necessary. We call it setup 2 and is show
Fig. 2~b!. In this setup, the object is placed at the crys
position, just after the crystal such thatza'0.

The probability amplitude for detecting the signal a
idler photons at the image plane for this new configurat
cannot be calculated by simply makingza50 in Eq. ~10!.
First, we have to write the electric field operator for t
modified configuration shown in setup 2@Fig. 2~b!#:

Êj
(1)~rW j ,z!5const3E dqW jE dqW j8E dqW j9a~qW j9!Ta j~qW j82qW j9!

3Tl j ~qW j2qW j8!expF i S qW j•rW j2
qj

2

2kj
zj82

qj8
2

2kj
z̃j D G .

~19!

Except for the absence of an exponential term containingza ,
Eq. ~19! is identical to Eq.~8!. By following the same pro-
cedure used above for calculating the coincidence rate,
arrive at a similar expression for the two-photon amplitu
probability at the image plane

g~rWs ,rW i !5const3E daW E dbW E Als~aW !Ali ~bW !

3WaS aW

m i
1

bW

ms
,zl D expF ikuaW 2bW u2

2msm izl
G

3expF iks~rWs2aW !2

2zs8
GexpF iki ~rW i2bW !2

2zi8
G , ~20!

wherezl is defined by the relation

kp

zl
5

ks

z̃s

1
ki

z̃i

. ~21!

Wa(aW /m i1bW /ms ,zl) is the transverse profile of the las
beam at positionzl after being transmitted through the obje
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WaS aW

m i
1

bW

ms
D 5E djWAai~jW !Aas~jW !W~jW ,0!

3expF ikU aW

m i
1

bW

ms
2jWU2

2zl

G . ~22!

We notice that it is the product of the object transmiss
functions Aai(jW )Aas(jW ) that is present in Eq.~22! and not
simply Aai(jW ). Therefore, in general, the detected image
setup 2 does not reproduce the object. Nevertheless, fo
particular case where the object is made up of a numbe
cells described by a binary function~transmission function
has values 0 or 1!, Aai(jW )Aas(jW )5Aai(jW ), and we can obtain
the image of the object. Besides the restriction for the ob
being binary, we impose that the detection is done such
rWs5rW i[rW, which means that both the detectors are scan
in the same direction with the same step when detecting
image. The quadratic exponentials in the variablesjW are ne-
glected by assuming that the objects are small as comp
to the longitudinal distances involved. We also assume
the transverse pump beam profile is constant at the cry
position, i.e.,W(jW ,0)5const. At the image plane where 1f
51/z811/zl , and for the particular case where the idler a
signal photons have the same wavelength (ks5ki5kp/2, m i
5ms52), we obtain the following probability amplitude:

g~rW,rW !5const3E djWAai~jW !TFFkpS rW

z8
1

jW

z̃
D G , ~23!

which is equal to expression~16!. TF@k(rW/z81jW / z̃)# is de-
fined as before@see Eq.~17!#. Again, for arriving in Eq.~23!,
we have defined the new variablesuW ,vW as in Eq.~15!.

In setup 2, the object is as close as possible to the cry
and in the ideal case, their separation is zero. This may
be practical because it could be difficult to avoid the U
laser beam incidence on the object during the image m
surement. Avoiding the UV light interaction with the obje
may be useful if the object is sensitive to the UV expositio
We propose an alternative configuration setup 3@Fig. 2~c!#,
where the object is far away from the crystal and the la
beam does not reach the object. In setup 3, a lens syste
used before the object to form the crystal image at the ob
plane. Now, the object is placed at the crystal image posi
~‘‘virtual crystal’’ ! @17#. In this configuration, the idler and
signal photons are generated not collinearly such that
object is placed only at the idler beam path, and the im
can be obtained for any object, not only for binary ones~see
discussion above!. The first lens pair is at a distancezj9 from
the crystal andzj- from the object. The second lens pair is

a distancez̃j from the object andzj8 from the detector, with

j 5 i ,s. In setup 3, we assume thatzs9 , zs- , z̃s , and zs8 are

equal to the distanceszi9 , zi- , z̃i , andzi8 , respectively, and
ks5ki5kp/2. The probability amplitude for detecting th
two photons at the image plane of the object is then
2-6
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g~rWs ,rW i !5const3E djWAl1i~jW !E dhW Al1s~hW !E daW •1•E dbW Aai~bW !E dgW Al2s~gW !E dtWAl2i~tW !WS hW

m i

1
jW

ms
,zi9D expF ikpujW2hW u2

2msm izi9
GexpF iksuaW 2jW u2

2zs-
GexpF ik i ubW 2hW u2

2zi-
GexpF iksuaW 2gW u2

2z̃s
G

3expF ik i ubW 2tW u2

2z̃i
GexpF iks~rWs2gW !2

2zs8
GexpF ik i~rW i2tW !2

2zi8
G , ~24!
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whereW(hW /m i1jW /ms ,zi9) is the pump laser transversal pr
file propagated from the crystal to the first lens pair positi

WS hW

m i
1

jW

ms
,zi9D 5E drW W~rW ,0!expF ikU hW

m i
1

jW

ms
2rWU2

2zi9
G .

~25!

In Eq. ~24!, index 1 refers to the first lens pair that genera
the crystal image and index 2 refers to the second lens
that generates the image of the object. In this work, we
interested in the image formation process of the object
not of the crystal. Therefore, we assume that the lensesL1
are infinitely large. An exact copy of the illuminated cryst
zone at the object position is formed, with no diffraction a
no magnification~we assumezj95zj- , j 5 i ,s). For a small
object compared with the longitudinal distances, quadr
exponentials inaW and bW can be neglected. For a consta
profile at the crystal position, the probability amplitude at t
image plane is

g~rW,rW !5const3E djWAai~jW !TFFkpS rW

z8
1

jW

z̃
D G , ~26!

where we have imposed that the detection is done in su
way thatrWs5rW i5rW. Equations~16!, ~23!, and~26! are iden-
tical, with TF defined forL2 j transmission function magni
tudes as in Eq.~17!.

IV. DISCUSSION

Equation~16! is the main result of this work. It gives th
probability amplitude for detecting photons idler and sign
at the image plane for the setups 1–3. Therefore, satisf
the assumptions of each configuration, we arrive at the p
ability amplitude for detecting the two photons that is ana
gous to the classical electric field at the image plane. Qu
tum and classical results can then be compared. The m
differences between the two results are the following.

~1! The probability amplitude for detecting the two ph
tons is a function ofl/2 (kp), and not ofl ~whenki5ks) as
in the classical image formation process. The image
formed as if the object were illuminated by the pump la
beam. This suggests that the image resolution could be b
than that obtained when the object is illuminated by a coh
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ent classical light source with the twin photons waveleng
~2! The quantum image is formed by an effective le

whose transmission function has magnitudeF(vW ) given by
Eq. ~18!. F(vW ) is obtained by doing the convolution betwee
the magnitude of the two lens transmission functions a
compressing the resultant function by a factor of 2. The
istence of the effective lens demonstrates the nonlocal as
of the quantum image formation, since the effective lens
nonlocal.

Before we compare the quantum~16! and the classical~4!
image predictions, we test the image properties containe
the two-photon probability amplitudeg(rWs ,rW i). In all simu-
lations shown below, comparisons were done between
coincidence rate and the classical light intensity at the im
plane. For simplicity, the calculation and the plots are do
for unidimensional objects. For lenses infinitely large, w
expect no diffraction at the formed image. Figures 4~a! and

FIG. 4. Calculated coincidence rate at the image plane of a
~a!,~c! and a wire~b!,~d! as objects. Objects are positioned atx
50 in ~a!,~b! and x510 mm in ~c!,~d!. The slit width and wire
diameter are 5mm in ~a!,~b! and infinitesimal in~c!,~d!. Wire and
slit lengths are considered infinite. The square lenses’ lengthsL
are 300 cm in~a!,~b! and 3.6 cm in~c!,~d!. The distance between th
crystal and the object isza540 cm, between the lens and the ima
plane isz8592.5 cm, and between the object plane and the len

z̃57.5 cm.
2-7
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4~b! show the calculated image of a slit and a wire w
5 mm width and diameter, respectively. The wire and s
lengths are considered infinite. Calculations were done
two identical square lenses with dimensions 2L, where L
was made 150 cm. The calculation simulates any of the th
setups proposed above since they give the same two-ph
probability amplitude. For setup 3, the dimensions 2L refer
to the lenses’ index 2. We supposed that the two phot
incident at the object have wavelengthls5l i5826 nm and
are generated by a 413-nm pump laser beam incident
b-BaB2O4 type II parametric down-converter crystal. In a
simulations shown below, we have consideredza540 cm.
The distance between the lens and the image plane iz8

592.5 cm and between the object plane and the lensz̃
57.5 cm. As expected, no diffraction is observed in the c
culated images shown in Figs. 4~a! and 4~b!. Notice in the
same figures that the wire diameter and the slit aper
width seen at the image graphs are close to 5312.3mm due
to the image magnification ofm5z8/ z̃512.3. If the lens
dimensions are decreased, diffraction effects should app
This is seen in Figs. 4~c! and 4~d!. For this case, the objec
~slit and wire, respectively! are placed at positionx
510 mm and the image is generated by a lens with dim
sions 2L, with L51.8 cm. The slit width and wire diamete

FIG. 5. Light intensity~a!,~c! and coincidence rate~b! calculated
at the image plane of an infinitesimal slit illuminated by a classi
infrared light source~826 nm! in ~a!; by the idler beam~826 nm! in
~b!, with idler and signal being detected in coincidence at the im
plane; and by a classical light source in the violet~413 nm! in ~c!.

For these calculations,z8592.5 cm, z̃57.5 cm, andL51.8 cm
~inset!. The same graph is shown in~b! with amplified scales.
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are infinitesimal. All the other parameters,za , z8, and z̃,
are the same. We notice that the images are positione
x52123 mm. Therefore, the magnification is 12.3 and t
image is inverted as usual. The next step is to compare
image generated by the twin photons in any configurat
shown above~setup 1, for example! with an image generated
by a coherent classical light source in a similar setup w
wavelength equal to the idler~signal! wavelength (ls5l i
5826 nm) or equal to the pump wavelength (lp
5413 nm). Therefore, we compare three different ima
formation process:~1! an object illuminated by a classica
light source in the infrared range~826 nm!, ~2! an object
illuminated by the idler beam~826 nm! and the idler and
signal photons detected in coincidence at the image p
@see Fig. 2~a!#, ~3! an object illuminated by a classical ligh
source in the violet~413nm!. These three processes we
simulated with the same parameters used abovez8

592.5 cm, z̃57.5 cm, andL51.8 cm). The image of an
infinitesimal slit (d function! illuminated by these three dif
ferent light sources is shown in Figs. 5~a!, 5~b!, and 5~c!,
respectively. By comparing Fig. 5~b! with 5~a! and 5~c!, we
notice a strong apodization in the quantum image@13#. In the
inset of Fig. 5~b!, the scale was amplified and this effect
clear. The effective lens has a different transmission funct

l

e

FIG. 6. Light intensity~a!,~c! and coincidence rate~b! calculated
at the image plane of an infinitesimal double slit illuminated by
classical infrared light source~826 nm! in ~a!; by the idler beam
~826 nm! in ~b!, with idler and signal being detected in coinciden
at the image plane; and by a classical light source in the violet~413

nm! in ~c!. For these calculations,z8592.5 cm, z̃57.5 cm, andL
51.8 cm. The slits’ separation is 2mm.
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when compared with the original lens transmission fu
tions, generating a strong reduction of the second
maxima. On the other hand, at the inset of Fig. 5~b!, we
notice that the minima are at the same position as those
served in Fig. 5~a!, generated by a classical infrared lig
source. Although the effective wavelength that appears at
quantum image expression isl i /25lp , the effective dimen-
sion of the nonlocal lens is half of the original lenses. The
two effects compete with each other and the diffract
minima positions in the quantum image@Fig. 5~b!# are not
different from their positions in the infrared classical ima
@Fig. 5~a!#. In Fig. 6, the image of a double slit is calculate
again for the three light sources discussed above and fo
same parameters used in Fig. 5. We assume that the wid
each slit is infinitesimal and their separation is 2mm. In
these simulations it is shown that the image obtained w
the parametric down-converted light source is better reso
than that obtained with the coherent infrared classical li
source. In spite of this, the quantum image resolution is
equal to the resolution of the image produced by the vio
classical light source. The reason is that the ‘‘aperture si
of the effective lens is not equal to the aperture size of
original lenses. This is an important result because it affe
the use of down-converted photons in images and lithog
phy applications. We also noticed the presence of a str
apodization in the quantum image, due to the existence o
effective nonlocal lens. This last result points in the direct
of the use of correlated photons for obtaining images be
resolved than the diffraction limit.

V. CONCLUSION

A quantum multimode formalism was used for calculati
the probability amplitude for detecting the parametric dow
.
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converted signal and idler photons at the image plane, a
one of them is transmitted through an object. The mathem
cal expression for the quantum probability amplitude
analogous to the classical electric field at the image pla
which permits the comparison between them. It is shown t
the coincidence rate at the image plane gives the imag
the object. By comparing with an coherent infrared classi
light source with wavelength equal to the parametric dow
converted photonsl, we notice two differences. The effec
tive wavelength present at the two-photon probability amp
tude is l/2. The image is affected by a nonlocal effectiv
lens with a transmission function that is equal to the ‘‘co
pressed’’ convolution of the idler and signal lens transm
sion functions. As a result, a strong apodization is obser
in the quantum image. It is also shown that the image g
erated by the parametric down-converted photons is be
resolved than a similar one generated by an infrared class
light source, being therefore better than the diffraction lim
In spite of this, the quantum image resolution is not as go
as the resolution of the image produced by the pump cla
cal light source because the ‘‘aperture size’’ of the effect
lens is not equal to the aperture size of the original lens
Those results may be useful for real applications with pa
metric down-converted photons for image generation a
quantum lithography.
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