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Generalized oscillator strengths for open-shell and closed-shell atoms
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A formula, which is a useful improvement over existing ones, has been obtained to calculate the generalized
oscillator strengths~GOS’s! for the discrete transitions of both open-shell and closed-shell atoms. We illustrate
our formula by calculating the GOS for the oxygen 2p4(3P)-2p3(4S)3s(3S) transition and obtain overall good
agreement with the experimental data. Our calculated GOS reveals a minimum at around the momentum
transfer,K51.26 a.u. We recommend a careful experimental search for the position of the minimum around
the predicted value for confirmation.
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The generalized oscillator strength~GOS!, introduced by
Bethe@1# and discussed further by Inokuti@2#, is an impor-
tant scattering quantity which is closely related to the diff
ential cross sections~DCS’s! in the Born approximation and
is also useful for obtaining integral cross sections and opt
oscillator strengths~OOS’s! @3,4#.

After many years of studies of the GOS, it is still fair
state that extensive theoretical investigations of the GO
have been carried out only for the noble-gas atoms and a
other closed-shell systems@5–17#. This is because of the
availability of detailed experimental results and the relat
ease of dealing theoretically with spherically symmetric t
gets. Hydrogenlike wave functions with an effective nucle
charge@5,9#, the analytical independent particle model@7#,
Hartree-Fock wave functions@8,11,12#, the Glauber approxi-
mation@13#, the random phase approximation with exchan
@15,16#, etc., are the most general methods used in the
culations. In this paper we first define the GOS and deriv
formula to calculate it for the discrete transitions of bo
open-shell and closed-shell atoms. Then we use the form
to study the oxygen 2p4 (3P)-2p3(4S)3s(3S) transition and
compare our results with those of measurements.

The GOS is defined as@1#
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i 51

i 5N E c f~rW1¯rWN!

3exp~ iKW •rW i !c i~rW1¯rWN!drW1¯drWNU2

, ~1!

where rW i is the position vector of thei th electron,w5e f
2e i is the excitation energy,K is the momentum transfer to
the atom,c i(rW1¯rWN) and c f(rW1¯rWN) are the wave func-
tions representing the initial and final states of the tar
atom, respectively, andg is theg factor @18#. The summation
in Eq. ~1! is performed over allN atomic electrons.

Let us consider the atomic transitionu l 2
nLSMLMS&

→u( l 2
n21L28S28 ,l 3)L8S8ML8MS8& and expand exp(iKW •rWi) in

terms of the spherical Bessel functionj l(Kr i) and spherical
harmonicsYl0(u i):

exp~ iKW •rW i !5A4p(
l

i lA2l 11 j l~Kr i !Yl0~u i !. ~2!

Equation~1! for the GOS then becomes

g f~K,w!5
4w

K2 (
l

~2l 11!uTl u2. ~3!

The matrix elementsTl are given by
in
g

Tl5A2p i l(
i

^~ l 2
n21L28S28 ,l 3!L8S8ML8MS8iYl0~u i ! j l~Kr i !i l 2

nLSMLMS&, ~4!

wherel 2 is the initial orbital angular momentum of the electron, andL andSare the total orbital angular momentum and sp
of the atom, respectively.ML andMS are the projections ofL andSon thez axis,L8, S8, ML8 , andMS8 have the same meanin
asL, S, ML , andMS , andl 3 is the orbital angular momentum of the excited electron in the final state.L28 andS28 are the total
angular momentum and spin of the atom in the intermediate state withl 2

n21 electrons.
Using the Wigner-Eckart theorem@19#, the matrix elementsTl can be reduced to

Tl5A2p i l~21!L82M8dSS8dMSM
S8S L8 l L

2ML8 0 ML
D(

i
^~ l 2

n21L28S28 ,l 3!L8S8iYl~u i ! j l~Kr i !i l 2
nLS&. ~5!

The 3j symbol in Eq.~5! shows thatML is conserved, viz.,ML5ML8 . We can sum overML of the squared 3j symbol and
obtain 1/(2l 11).
©2003 The American Physical Society01-1



BRIEF REPORTS PHYSICAL REVIEW A67, 024701 ~2003!
We further expand the initial state in terms ofu l 2
n21a8L28S28& and the final state according to Eq.~15.33! of Sobel’man@19#

and use Eqs.~16.21! of @19# and ~15.7! of @20# to reduce the matrix elementsTl to

Tl5~21!L81 l 3i lC
L

28S
28 ,l 3L8S8

l 2LSl S l 3 l l 2

0 0 0D @ l 2 ,l 3#1/2E
0

`

Rn3l 3
~r !Rn2l 2

~r ! j l~Kr !r 2dr, ~6!

where the coefficientC
L

28S
28 ,l 3L8S8

l 2LSl
is given by

C
L

28S
28 ,l 3L8S8

l 2LSl
5An

2
@L,L8#~21!L81L281 l 21 l H L28 l 3 L8

l L l 2
J ~ l 2

n21L28S28u% l 2
nLS). ~7!
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The (l 2
n21L28S28u% l 2

nLS) is the fractional parentage coefficien
n is the electron number,n<2(2l 211), and $ % is the 6j
symbol. Two triangle rules forl are obtained: u l 21 l 3u> l
>u l 22 l 3u and uL1L8u> l>uL2L8u.

It should be noted that for the discrete transitions of

rare-gas atoms such as Ar 3p-4s, theC
L

28S
28 ,l 3L8S8

l 2LSl
equals 1.

Therefore, the main difference between the open-shell
closed-shell atoms in the GOS evaluation is Eq.~7!.

For the transitions involving open-shell atoms we have
specify the atomic terms in the initial, final, and intermedia
states. However, for the closed-shell atoms we only nee

evaluate the integral in Eq.~6!. After setting theC
L

28S
28 ,l 3L8S8

l 2LSl

andg equal to 1 we can compare Eq.~3! with the previous
closed-shell equations@21#. We note that the previous equa
tions @5,7,9,21# used the triangle ruleu l 21 l 3u> l>u l 22 l 3u.
Miller @5# and Ganas and Green@7# evaluated the GOS with
the summation overm. As we discussed before, the summ
tion overm can be done analytically and the equations w
be much simpler, particularly for the electron transitionsp-p
andp-d. For the electronp-p transition,l can be 0 or 2, and
for p-d, l can be 1 or 3. Experience has taught us that dif
ent wave functions forl 50 andl 52 will need an additional
computer code to evaluate the integrals. Equation~5a! of @9#
is the same as Eq.~10.8! of @21#. By comparing Eq.~10.8! of
@21#, the closed-shell equation, and our Eq.~3! we found that
the main difference is the factors 2Nlw(2l 11)/(2l i11)K2

and 4w(2l 11)/K2 whereNl in Eq. ~10.8! of @21# represents
the electron number in the initial state, andl i is the initial
orbital angular momentum of the excited electron. Since
two factors are equal to each other, the results from
~10.8! of @21# and our Eq.~3! should be the same. We no
that our Eq.~3! is simpler than Eq.~10.8! of @21#. Also, the
difference between our approach and those of Davis and
nanoglu@22# and Wells and Miller@23# lies in that, contrary
to our method, in both of these calculations the summa
over the magnetic quantum numberm has not been effected

The GOS for the oxygen 2p4(3P)→2p3(4S)3s(3S) tran-
sition has been calculated using Eqs.~3!, ~6!, and ~7!. The
wave functions for the ground state, 2p4(3P), and excited
state, 2p3(4S)3s(3S), were evaluated, respectively, in th
Hartree-Fock and Hartree-Fock frozen core approximatio
The radial part of the wave function for each state was r
resented by 1000 points. Our GOS results are plotted w
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the experimental data in Fig. 1 as a solid line. As the diff
ential cross sections and the GOS’s are related through
~3.1! of @2#, the DCS’s from the measurements of Kan
et al. @24# at an impact energy of 100 eV and Vaughan a
Doering @25# at 200 and 150 eV have been transformed
GOS’s and are indicated in Fig. 1 by the black circles a
circles and crosses, respectively. By carefully choosing
momentum transferredK, a minimum of the GOS was found
aroundK51.26 a.u. From the data of Kaniket al. we found
that at K51.15, 1.37, and 1.81 a.u. the GOS50.002 09,
0.001 48, and 0.001 51, respectively. Although the extra
lated experimental data above show a minimum atK
51.37 a.u., we recommend more experimental investiga
of the position of the minimum around the predicted val
for confirmation. The significance of the minima of the ge
eralized oscillator strengths has been discussed by Ino
@2# and Inokutiet al. @26#. Briefly, a zero-value minimum of
the GOS occurs when the relevant dipole matrix element
function of K2 changes its sign. A nonzero minimum of th
GOS may signal a failure of the first Born approximatio
thereby manifesting the importance of multielectron corre
tions. The position of the minimum is related to the nodes

FIG. 1. GOS’s vs K2 for the oxygen 2p4(3P)
→2p3(4S)3s(3S) transition. The solid line is our results using Eq
~3!, ~6!, and~7!; black circles are from the measurements of Kan
et al. @24# at an impact energy of 100 eV; and the circles a
crosses are the experimental results of Vaughan and Doering@25# at
200 and 150 eV, respectively.
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the radial parts of the orbitals of the wave functions of t
active electron involved in the transition. Consequently,
minimum provides a stringent test of the accuracy of
calculated wave functions when the results of calculati
are compared with those of measurements. Recently, m

TABLE I. Optical oscillator strengths for the oxyge
2p4 (3P)-2p3(4S)3s (3S) transition.

Authors Expt. Theory

Bell and Hibbert@27# 0.0496~R matrix!
Bell and Hibbert@27# 0.0511~CI!

Fischer@28# 0.0419
Ganas@29# 0.0560

Readeret al. @30# 0.050
Jenkins@31# 0.05360.006
PresentHF 0.057
.
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electron correlation effects on the position of the minimu
have been investigated in various atomic transitions@15,16#.

WhenK2→0, the GOS converges to the optical oscillat
strength. The result of our calculation is given in Table I. T
calculation used the experimental excitation energy@24#, w
59.51 eV, in Eq.~3!. Table I lists the OOS’s obtained b
different authors. Our OOS is in reasonable agreement w
those from measurements@30,31# and other calculated re
sults @27–29#.

In conclusion, we have obtained a formula to calculate
GOS’s for the transitions of both open-shell and closed-s
atoms. The GOS for the oxygen 2p4(3P)→2p3(4S)3s(3S)
transition has been investigated, and a minimum of
GOS has been found at around the momentum transfeK
51.26 a.u. More measurements are recommended to con
the predicted position of the minimum.
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