PHYSICAL REVIEW A 67, 023805 (2003
Spectroscopic measurement of an atomic wave function
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We present a simple spectroscopic method based on Autler-Townes spectroscopy to determine the center-
of-mass atomic wave function. The detection of spontaneously emitted photons from a three-level atom, in
which two upper levels are driven by a classical standing light, yields information about the position and
momentum distribution of the atof\. M. Herkommer, W. P. Schleich, and M. S. Zubairy, J. Mod. GFt.

2507 (1997)]. In this paper, we show that both the amplitude and phase information of the center-of-mass
atomic wave function can be obtained from these distributions after a series of conditional measurements on
the atom and the emitted photon.
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[. INTRODUCTION tions in the field of atom interferometf5] and atom optics
[16]. In this paper, we propose a possible experimental situ-
Preparation and measurement of a quantum state hawion to measure both the amplitude and phase properties of
been an avenue of great interest ever since the advent #ie quantum character of the center-of-mass motion of an
quantum mechanidd]. There has been an upsurge of activ-atomic beam. Our method is very different from either the
ity in the field in recent yearf2]. Preparing a quantum state interferometric or the tomographic method. It is primarily
is probably the easier task of the two; once the observablBased on three interesting and well-known phenomena. The
property required is chosen, a measurement of this obser{l'st one is Autler-Townes spectroscofil7], which implies
able delivers the required quantum state, through so-callenat the spontaneous emission spectrum of a driven three-
“collapse” of the wave function. However, to determine the level atom shows splitting of the emission line. The second
complete quantum state of a system one has to perform @€ is Autler-Townes microscofy8], which suggests that
whole set of measurements, as a single measurement reveHks splitting depends on the position of the atom in the
only a particular aspect of the state. Thus, in general, quarfitanding light field. The third one is that the detection of a
tum state measurement is an immensely complicated erfPontaneously emitted photon from an atom passing through
deavor. a standing light field localizes the atdi9]. Each atom from
Various interesting proposals have been made to measufge beam is coupled to the cavity field through its internal
the quantum states of light as well as matter. Majority of thedegrees of freedom. Thus, the modified spontaneous emis-
methods for both kinds of wave functions are based on th&ion spectrum has complete information about the center-of-
measurement of Wigner function that bears a close connedhass wave function of the atomic beam. We determine the
tion with the density operator of the systé8], thus charac- position and momentum distribution of this atomic beam
terizing the quantum state completely. There are also sever&Pnditioned on the detection of a spontaneously emitted pho-
other techniques outside this tomograpfig5] arena for  ton. Thus, the atom is left in its internal ground statt_a after the
measurement of the quantum state of the radiation fielgdetection of the photon. We show that the amplitude and
These include methods based on absorption and emissigihase information of the center-of-mass wave function are
spectroscopy6], conditional measurement of atoms in a mi- qontained in t_he measured position and momentum distribu-
cromaser cavity7], and more[8]. Similar study of the mat- tions, respectively.
ter wave field includes probing the quantum motion of the
trapped at_0m$9] or ions[l(_)], or measurement of center-of- Il. THE SCHEME
mass motion of an atomic beam in transverse as well as
longitudinal direction, with the techniques used to probe the The proposed experimental situation is illustrated in Fig.
atoms being either tomographic or interferomeffi¢]. Ex- 1. A three-level atom interacts with a classical standing light
perimentally, tomographic method has been applied to théeld of wave vectork=2m/\=w,./c aligned along thex
vibrational state of a diatomic molecul@2] and interfero- ~ direction. Here, we assume the transitipc)-|a) of the
metric method for the holographic reconstruction of molecu-three-level atom to be in resonance with the driving field and
lar wave packet$13] and electronic Rydberg wave packets the transition|a)-|b) to be coupled to the reservoir of
[14]. In essence, measurement of a quantum state of light aracuum mode$k}, thus giving rise to spontaneous emission
matter is possible by utilizing the interaction between theon that transition.
two and measuring the effect of it on one to predict the We assume that the atom is moving with a sufficiently
guantum state of the other. high velocity such that its interaction with the driving field
Measuring the center-of-mass quantum state of an atomidoes not affect its motion along thedirection, which can
beam is particularly of interest due to its possible applicatherefore, be treated classically. We also assume that the in-
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z  Detector Constructing the usual Schdimger equation of motion

A for |¢(t)) using the Hamiltoniar(1) and splitting different
internal state components, we arrive at the equations of mo-
tion for the probability amplitudes:

1B) ! Cao=—¥Ca0—i9Cc0, A3

Atom : .
Energy levels Ceo=—19C,0. (4)

FIG. 1. Three-level atom interacting with a classical standing
light field of wave vectork=2w/\=w,./c aligned along thex
direction. The transitioric)-|a) of the three-level atom is in reso- ) o
nance with the driving field and the transitita-|b) is coupled to ~ Wheredy=wa,— vy and 2y is the spontaneous emission rate
the reservoir of vacuum modd&}, thus giving rise to spontane- from level |a) to level|b).
ously emitted photons that can be detected thereafter. Two of the above Eqg3) and(4) can be coupled together

and solved easily to determir@, . With the assumption
teraction time of the atom with the standing light field is that the atom is initially in levela), the solution for the
sufficiently small. As a result, the transverse center-of-masamplitudeC, o takes the form
position of the atom does not change significantly compared
to the wavelength of the field during the interaction time.

Thus, we can neglect the kinetic ener§§/(2M) of the
atom in the interaction Hamiltonian under the Raman-Nath
approximation. v ) > >

The interaction Hamiltonian, in the dipole, rotating wave, - ——4g (X)smf‘(%vy —49°(x)t)|. (6)
and the Raman-Nath approximations is given by Y

Cp,=—ighe " Cyp, (5)

CaolX,t) =€ "2 cost{3\y*—4g*(x)t)

This expression can in turn be substituted in ESg),

£ —hg(x)[|c)(al +|a><c|]+h2 [gk(x)ei(“’ab‘ Vk)t|a> which after integrqtion yield_s the desirgd exprgssion for
K belk(x,t). Our aim is to obtain complete information about

the wave function of the atom from the spontaneously emit-
ted photon, therefore, we need to consider times which are
large compared to the atomic decay time, itez,y 1. This
ensures that the photon has indeed been emitted. In this long-
time limit, we arrive at the following steady-state value:

X(b| b+ g (x)e~(“ab~ WY b)(a|b]]. )

Here g(x) =G sin(xx) is the position-dependent Rabi fre-
quency, associated with the)-|c) transition and the opera-
torsby, andb; describe the annihilation and creation of pho-
tons in the reservoir modes with wave vectkr and Gy g lkxcost s
frequencyy, = ck. The parameteg,(x) = G exp(kx cosé) is Cp 1, (X, )
the coupling strength associated with the spontaneous emis-

sion of a photon at an angkwith respect to the axis and
w,p IS the transition frequency between the levis and

" GZSi(kx)— 52+ 160y @

All the information required to regenerate the center-of-
mass atomic wave function is contained in the expression for

|b). o . ,
. ... the probability amplitude given by E¢7). We elaborate the
We would like to show that the spontaneously emlttecjdetails of how to extract this information in the following

radiation yields information about the atomic wave function. :

; ™ . section.
For this purpose, we solve the Sctiloger equation corre-
sponding to the Hamiltonian given by E(.). To start with
we express the atom-field wave vectar(t)) of the com-
plete system as

I1l. EXTRACTING THE AMPLITUDE AND PHASE
INFORMATION OF THE CENTER-OF-MASS
WAVE FUNCTION

_ We now discuss how the conditional states of the system
t))y= [ dxf(X)|X)[C,o(X,t)|a)|0)+C;o(X,t)|C)| O A : X
|9 (®) f (IPOLCagx.D]a)0)+Cedlx,)[c)|0) provide information about the center-of-mass wave function

of the atomf(x). The wave functiorf(x) is in general com-
+2 Cb,lk(xat)|b>|1k>- 2 plex and has both the amplitude and phase. One needs to
k deal with the amplitude and phase parts individually and
N extract one after the other.

Here, C,o(x,t) and Co(x,t) represent the position- In the first step, to extract the amplitude information, we
dependent probability amplitudes for the atom to be in the;z|culate the probabilityV(x;t|b,1) of finding the atom at
levels|a) and|c), respectively, with no photons in the res- positionx in the standing wavgiventhat we have detected a
ervoir modes andy, 5, (x,t) is the probability amplitude for spontaneously emitted photon at titnie the reservoir mode
the atom to be in leveb) with one photon in mod&. Note  of wave vectok and that the atom is in its internal stabs.
that f(x) is the center-of-mass wave function of the atom. We find this probability from the reduced state
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“o0 ~ 2. .. - 2 _ —\ 2 _
=AU )= [ o fxCog iy TOETIPAI TV OB IO oo

(8) +|f(X1_)|25x,xl’+"'+"'

. o 2 2
of the atom, wheréV'is a normalization factor. We note that +IF(xTy) 5x,xfl+|f(xg)| 5x,xg
the reduced state depends, via the coefficié]g@k(x,t), on

the outcome of the measurement. Hence, the conditional po-
sition probability, fort>y"1, is given by

+|f(xl+)|25x,xf+"')- (14)

Thus, determination ofW(x;=|b,1,) enables us to find
W(X;oo|b,1k):|<X|¢§)§$m)>|2:f(x,5k)|f(x)|2, 9) |f(>$)| at the_: points<=x[; . Note that the _n(_)rmalizgtipn f_ac-

tor is modified taV' to incorporate the trivial multiplicative

factors arising after the introduction of the Kronecker delta

where the filter function has the form symbols for the filter function.
In the next set of measurements, we shift the standing
F(X,6) = |/\/|2|Cb,1k(x,°°)|2 wave with respect to the incoming atomic wave by a small
amounte and then calculat®V(x;«|b,1,). This yields the
|Gk0|25§ values of|f(x)| atx=x, + €. Repeating the process a num-

=|N? (100 ber of times allows us to obtairi(x)| at spatial intervals of

€. One only needs to repeat the process a small number of
_ . times to cover the range in between the mesh poijts
Note that we have replacegy, in the expression fo#(X,d)  Thus the resolution of the method is governed by the small-
by its value Gy at ko=wap/C, Which is a reasonable ap- est of the three entities—the spatial skiftdistance between
proximation in the region of interest. As a consequence, théhe close-by points within a series/«, and the distance
conditioned position distribution depends only on the fre-between the close-by points of the two series
quency 8, of the spontaneously emitted photon. It is clear2«~ !sin"(5/G). These parameters depend on various ex-
from Eq.(10) that for y<G, the functionF(x, &) is sharply  perimental factors and is outside the scope of this paper. The

[ GSir(kx) — 6212+ 827

peaked at those values »tthat satisfy detailed account will be given elsewhere.
We have seen how the conditional probability distribution
sin(kx)=* §/G, (12) W(x;%|b,1) can be used to determine the amplitude of the

center-of-mass wave functiof{x). However, complete de-

8?rmination off (x) requires information about both the am-
plitude and the phase. In order to determine the phase
[with f(x)=|f(x)|expl¢)], we consider the conditional mo-

mentum distribution

and is zero everywhere else. The most general solutions
this equation are given by

4 1 4 n
X =+;sm (6/G)+ o (12 ~
W(p;t|b,2) = [(pl ™)
1 mn |V . 2
R | a — . —ipx/h
X, = Ksm (61G)+ pt (13 5 f dxf(x)Cbllk(x,t)e (15
wheren ranges over the set of integerstd, =2, .... The of the atom. To note, this relatioi15) is obtained from the

superscriptst in Egs. (12) and (13) correspond to ther reduced atomic state of E() via a projection onto momen-
signs in the transcendental E@.1). Thus, there are two se- tum eigenstates |p) through the relation (p|x)
ries of points where the filter function is sharply peaked. The= (27%) ~2exp(~ipx/A). In the steady statet$y~ '), Eq.
points in a given series are spaced bk from each other. (15) can be rewritten as
The distance between the two nearest points from different
series(for examplex, andxg) is 2« 1sin"Y(8/G). A point
worth mentioning is that both the series represented by
range over both positive and negative values onxtlais.
Therefore, thet signs in the superscripts are not to be taken s @ i[PX/h =@ () + u(x) +kx cos )
to mean the sign of, rather it is the sign of the offset from
the origin forn=0.

It is instructive to note that the height of the peaks for thewhere
filter function at the values ok=x,, are independent of.
The filter functionF(x, §,) can therefore be approximated,
apart from a trivial factor, by functions at these points. As ,u(x)=tan‘1(
a result, we can simplify Eq9) as

. |V)?
W(p;°°|b=1k)=m

fdx|f(x)||cb,1k(x;°°)l

2

(16)

Sky ) 17

G? sirf(kx) — &7
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Here, for the sake of simplicity, we have assun@dto be incoming wave and repeat the process again. Thus, by mak-
real. For y<G, the steady-state probability amplitude ing a number of measurements for the momentum distribu-
|Cb’lk(x’oo)| is a sharply peaked function g{ , as discussed tion and solving the resulting set of algebraic equations, one

earlier. Thus, the expression for the momentum distributiorf@n recover the phase information of the atomic wave func-

~ L . . tion in the full interval] Xmin , Xmaxl-
W(p;=<|b,1) can be simplified considerably to obtain Note that we have discussed a method to measure the

|72 atomic wave function at discrete grid points separated by the

W(p;=|b,1) = P > If(xh)|emilxex) —etq)] resolution limit of the given experimental setup. Thus, reso-
e lution of the reconstructed wave function will depend upon

A B 2 the precision with which the various parameters can be con-

+]f(x, )| e XPxa) el (18 trolled experimentally. The relevant experimental and nu-

merical issues will be discussed elsewhere. We would also
like to point out that measurement of the wave function is
conditioned on the detection of the frequency and the direc-
x(p,X)=px/h~+ u(x)+kxcosé. (19 tion of the spontaneously emitted photon. Moreover, due to
the isotropic nature of the spontaneously emitted radiation
Here we note thaf(x) only takes values- w/2 or —7w/2 at  one needs # detectors for efficient reconstruction. How-
x, depending on the sign af, and the gradient of sig). ever, it is not necessary to measure all the atoms from a
Also note the modified normalization factor which incorpo- given atomic beam. In real experimental situation, only at-
rates the multiplicative factors arising after the introductionoms whose spontaneously emitted photons have indeed been
of the Kronecker delta symbols. It is clear from Ef8) that  detected can be considered while ignoring the others.
amplitudes corresponding to the wave function at different
positions x,, , interfere. We know, in principle, all the quan-
tities in Eq.(18) except the phaseg(x,). The question is
how to recover the phase information from these interference To summarize, we have shown that Autler-Townes spec-
terms. From the amplitude measurement exercise, we alreadyoscopy comes in as a handy tool while measuring the
know the position interval, sayXmin,Xmax, IN Which the  center-of-mass wave function of an atomic beam. We have
wave function differs substantially from zero. Outside thisfurther shown that manipulating the internal degrees of free-
region, wave-function amplitude is negligible and there is nodom of an atom through the cavity field allows us to charac-
need to recover the corresponding phase information. Theerize its center-of-mass motion. The scheme is based on the
extent of this significant region determines the limiting valuefact that the spontaneously emitted photons carry the infor-
of n and the number of terms to be considered under thenation about the position and momentum distribution of an
summation sign in Eq(18). A careful look at Eq(18) also  atom that is interacting in a position-dependent manner with
shows that after expanding the terms under the summatioa classical standing light field. The information about the
sign, the resulting expression not only contains the phasamplitude of the wave function can be obtained from the
differences at the nearest-neighboring points, g.,and  position distribution by a series of measurements. The most
X,_1, butit also includes all possible combinations of phaseessential information, i.e., the phase of the wave function is
differences over the whole range xf . However, we only ~encoded in the interference term in the momentum distribu-
need the phase differences for the nearest-neighborindgPn and can be extracted by repeated measurements of the
points. To determine the unknown phase differences from thE"omentum distribution of the atom.
interference terms, we need to measure corresponding set of
values of the momentum distribution for different momenta
p. These values should be chosen randomly such that the
coefficient matrix of the resulting set of nonlinear equations The authors gratefully acknowledge the support from Air
has a nonsingular determinant. In order to recover the indiForce Research Laboratori€Rome, New York, TAMU
vidual phases from the measured phase differences, we cdelecommunications and Informatics Task Fof€ETF) ini-
assume some arbitrary initial phase. Thus it is possible tdiative, DARPA-QuIST, and the Office of Naval Research.
reconstruct the original wave function up to an arbitraryOne of us(S.Q) would like to thank the Ministry of Science
phase factor. To obtain the phases at another set of positiomsid Technology, Government of Pakistan for financial sup-
X, + €, we shift the standing wave by with respect to the port.

where

IV. CONCLUSION
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