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Scissors mode of an expanding Bose-Einstein condensate

M. Modugno, G. Modugno, G. Roati,* C. Fort, and M. Inguscio
INFM-LENS and Dipartimento di Fisica, Universita` di Firenze, Via Nello Carrara 1, 50019 Sesto Fiorentino, Italy

~Received 5 July 2002; published 24 February 2003!

We study the scissors mode of a free-expanding Bose-Einstein condensate. We find that the irrotational
character of the superfluid flow within the condensate has dramatic consequences on the evolution of the
scissors oscillation. After a short expansion the oscillation is amplified and distorted, while asymptotically it
recovers its initial sinusoidal behavior, with an enhanced amplitude. We investigate this phenomenon by using
a technique to excite the scissors mode in a condensate held in a magnetostatic potential.
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The close connection between Bose-Einstein conde
tion in dilute atomic gases and superfluidity has been sho
by recent research. The most striking signatures of supe
idity observed are quantized vortices@1#, reduction of dissi-
pative phenomena@2,3#, scissor modes@4,5#, and irrotational
flow @6,7#.

In particular, the observation in a Bose-Einstein cond
sate~BEC! of the scissors mode, which is a shape-preserv
angle oscillation@4#, has provided the connection betwe
superfluidity in atomic gases and in nuclei@8#. The phenom-
enon was studied theoretically for a BEC confined in a m
netic potential@4#, while the experiment reported no chang
of the oscillation during the ballistic expansion@5#. On the
other hand, recent studies of the expansion of a BEC initi
confined in a rotating trap@6,7#, have shown that a rotatin
condensate expands in a distinctively different way with
spect to a nonrotating one, due to the quenched momen
inertia of the superfluid.

In this paper we show that these two phenomena are
tually connected, since a scissors oscillation is a tim
dependent rotation of the condensate. In our analysis we
that superfluidity affects in a peculiar way the evolution
the scissors mode of a free-expanding BEC. Because o
changing moment of inertia, a scissors mode initially exci
in the trap is significantly perturbed during the first phase
the expansion, but it remarkably recovers the sinusoidal
havior at longer expansion times. Our predictions are c
firmed by an experiment with an elongated BEC held in
magnetostatic potential. For this experiment we develo
technique, which also allows us to investigate the expans
of a rotating superfluid in a regime where the implications
the irrotationality are the most dramatic.

The wave function of a condensate at zero tempera
can be conveniently written in terms of the densityr and the
phaseS,

c~x,t !5Ar~x,t !eiS(x,t)/\. ~1!

In the Thomas-Fermi approximation the Gross-Pitaev
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equation forc can be transformed in two coupled hydrod
namic equations for the densityr and the velocity v
5“S/m @9,10#,

]r

]t
1“~rv!50, ~2!

m
]v

]t
1“S v2

2m
1U~x,t !1gr D50, ~3!

whereU is the trapping potential,g54p\2a/m is the cou-
pling strength,m is the atomic mass, anda is the interatomic
scattering length.

Here we are interested in the solution of Eqs.~2! and ~3!
which corresponds to a scissors mode. We consider a
monic potential of the form

U~x,t ![
1

2
mvho

2 (
i j 51

3

xiWi j ~ t !xj , ~4!

whereW5WT for symmetry reasons, with initial condition
Wi j (t,0)5v i

2d i j /vho
2 and vho[(vxvyvz)

1/3. By tilting
the trap potential by a small angleu0i around thez axis at
t50, one can excite a scissors mode in thex-y plane, that
oscillates about the rotated trap eigenaxes by the angle

u0~ t !5u0icos~vsct !, ~5!

with frequencyvsc5(vx
21vy

2)1/2 @4#. In this case Eqs.~2!
and~3! can be solved exactly with a quadratic ansatz for
condensate density and phase@10,11#

r~x,t !5
mvho

2

g S r0~ t !2
1

2 (
i , j 51

3

xiAi j ~ t !xj D , ~6!

S~x,t !5mvhoS s0~ t !1
1

2 (
i , j 51

3

xiBi j ~ t !xj D . ~7!

Therefore, in general the system can be described by
time-dependent dimensionless parameters:r0 , S0 , Ai j , and
Bi j @A and B are 333 symmetric matrices, reflecting th
symmetry property ofU, with Ak3505Bk3 due to the van-
ishing of Wk3(t), k51,2]. These parameters obey the fo
lowing set of first-order differential equations@11#
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dr0

dt
5r0TrB,

dS0

dt
5r0 , ~8!

dA

dt
52ATrB1$A,B%, ~9!

dB

dt
5W2A2B2, ~10!

with boundary conditions determined by the equilibrium d
tribution of the condensate att[vhot50. Notice that these
equations depend on the number of atomsN and on the scat-
tering length a only through the initial value ofr0(0)
50.5aho

2 (15Na/aho)
2/5, aho5A\/mvho being the harmonic

oscillator characteristic length.
The subsequent angular motion is evaluated in term

the rotation which diagonalizes the quadratic part of the d
sity r(x,t), ~that is the matrixAi j ). The angle of rotation is
fixed by the relation@6#

tan~2u0!5
2A12

A112A22
. ~11!

The same Eqs.~8!–~10! can be used to study the expansi
of the condensate after the release from the trap (W[0),
with the appropriate initial conditions.

Experimentally we study the scissors mode of a BEC
87Rb atoms in an elongated potential created by a QU
magnetostatic trap@12#. The potential has a cylindrical sym
metry around the x axis, with frequenciesvx52p
316.3 Hz and vy5vz52p3200 Hz, with the y axis
aligned along the direction of gravity. The BEC is typical
composed by 105 atoms. In all the measurements we rep
no thermal component was detectable.

Since the trap is static, the scissors mode cannot be
cited with the technique demonstrated for time-orbitin
potential traps@5#. However, we can take advantage of t
fact that gravity breaks the symmetry of the magnetic pot
tial resulting in anharmonicity even at the trap minimu
Actually, we found that the eigenaxes of our magnetic t
are rotated in thex-y plane in a localized region around th
minimum. The rapid motion of the condensate through s
deformation is therefore equivalent to a sudden rotation
the trap, like that considered in Eq.~5!. In fact, when we
excite a dipolar oscillation along the weakx axis by a sudden
displacement of the trap minimum, a scissors mode app
as soon as the BEC travels for the first time through
minimum. Since for an elongated BEC the scissors m
proceeds essentially atvy@vx , it is possible to study sev
eral scissor oscillations before the BEC travels again thro
the center of the trap. By choosing an appropriately sm
dipolar amplitude, we observe a ‘‘pure’’ scissors mode w
amplitudeu0i.15 mrad, without any apparent shape def
mation.

To study such mode, we need first to recall the pecu
behavior of a rotating BEC during the expansion after rele
from the trap@6#. In fact, due to the irrotational nature of
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superfluid (“3v50) the moment of inertiaQ of a conden-
sate is quenched with respect to the rigid body valueQ rig
@13#,

Q5
^x22y2&2

^x21y2&2
Q rig . ~12!

Therefore, due to conservation of energy and angular m
mentum, a rotating condensate cannot reach a symm
configuration during the expansion, and undergoes a ra
rotation causing the inversion of the ‘‘long’’ and ‘‘short
axes. In particular, if at release the condensate is rotatin
the x-y plane, with its long axis forming a small angleu0
with the x axis, as shown in Fig. 1, initially it will start
expanding in the short direction. Then, when the aspect r
approaches unity, after a fast rotation, the condensate
continue to expand in the other direction~the ‘‘long’’ one!
@4#, see Fig. 2.

We have studied the evolution of the rotation angleu of
the condensate as a function of the expansion timetexp, as
shown in Fig. 2~a!. The measurements are performed by
leasing the condensate after a fixed evolution timet of the
scissor oscillations in the trap. For comparison we also p
the angle evolution of the thermal cloud just above cond
sation, which has been put under rotation with the same te
nique described above. Note that the rotation of the ther
cloud can be experimentally investigated only until the clo
becomes spherical attexp.1/vx . Initially, the expansion of
the BEC and the thermal cloud is almost indistinguishab
being characterized by the angular velocityV0 at release
from the trap. This is due to the fact that the moment
inertia of an elongated condensate is close to the rigid b
value @see Eq.~12!#. The quenching becomes important
soon as the aspect ratio approaches unity, where the non

FIG. 1. Absorption images of a rotating, elongated Rb cond
sate during the ballistic expansion. In~a! the BEC has just been
released from the trap (texp52 ms), and in~b! it has expanded for
23 ms. The other two pictures, not to scale, show the correspon
evolution of a scissors mode. The initial oscillation about the ho
zontalx axis ~c! is transformed in an oscillation about the verticay
axis for long expansion times~d!.
8-2
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sical behavior of the condensate is evident, as predicte
Ref. @6#. Indeed, its rotation undergoes a fast accelera
@Fig. 2~b!#, followed by a slow evolution towards a
asymptotic angle, close but smaller thanp/2. The agreemen
of experiment and theory is quite good. In contrast, the ro
tion angle of the thermal cloud continues to follow the p
dicted behavior@6#

u~ t;texp!5u0~ t !1arctan@V0~ t !texp#, ~13!

as shown in Fig. 2~a!. This figure shows that the use of ve
elongated condensates allows for the investigation of no
regimes where the superfluid expansion is dramatically
ferent from the classical one.

By analyzing the expansion of the condensate for vari
conditions of initial angle and angular velocity at relea
from the trap, it is possible to reconstruct the evolution o
scissors oscillation for the expanding BEC. As an exam
in Fig. 3 we show the calculated evolution of the angleu
during the time of flight, for conditions corresponding
very small angular velocity and maximal angular velocity
the trapped oscillations. The behavior ofu in all these re-
gimes is qualitatively similar to that shown in Fig. 2. How
ever, in the situations of small initial angular velocity th
transient rotation is even faster than in other cases, while
asymptotic angle is closer top/2. By studying the solutions
of Eqs.~8!–~10!, we can identify three different regimes fo
the expanding scissors mode, depending on the expan
time texp. ~i! For texp,1/vx the condensate expands in
way similar to a classical gas, and the sinusoidal behavio
the scissors mode is preserved, as is possible to see from
~13!. ~ii ! When texp.1/vx the rotation angle is always clos
to 6p/4, depending on the sign of the angular velocity
release. The angle oscillation is therefore close to a sq
wave with the same phase of the angular velocity in the t
V0(t). ~iii ! For texp.1/vx the angle of the condensate a

FIG. 2. ~a! Evolution of the rotation angle for a condensa
~circles! and a thermal cloud~triangles! released with small angula
velocity from an elongated trap.~b! Evolution of the aspect ratio o
the rotating condensate. When the aspect ratio gets close to
the angular velocity shows a rapid increase. The lines represen
theoretical predictions.
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proachesp/2, and it is more convenient to study the oscill
tions of the anglef from vertical. We find that the origina
sinusoidal behavior of the oscillations is restored, with a ti
dependence which can be fitted by the form

f~ t;texp!5u0~ t !1F~ texp!V0~ t !

5u0iA11vsc
2 F2~ texp!cos~vsct1w!, ~14!

whereF is a nontrivial function of the expansion time and
the trap geometry, andw is a phase shift. This behavior i
remarkable, since in passing over the ‘‘critical’’ time regio
at texp.1/vx , the condensate does not lose memory of
initial angular velocity, and it starts to behave again as
classical gas.

We have verified these expectations in the experime
Qualitatively, we observe that the scissors oscillation ha
sinusoidal behavior just after the release of the conden
from the trap, it gets closer to square wave attexp'12 ms,
and then turns back to a sinusoid for longer expansion tim
For a quantitative analysis, since the finite resolution of
imaging system prevents us from studying the conden
inside the trap, we probe the oscillation of the condens
after a minimum expansiontexp54 ms, as shown in Fig
4~a!, and we reconstruct the scissors mode in the trap. In
4~b! we compare such a motion to the experimental sciss
mode after a long expansion of 23 ms. The initial sciss
mode is clearly amplified and phase shifted after the exp
sion. For the experimental parameters we calculate ind
that vscF(texp523 ms).10.7 is much larger than one, an
therefore the time evolution of the scissors mode is subs
tially a replica of that of the angular velocity in the trap. W
have observed a similar behavior also for collision-induc
scissor oscillations of a binary BEC system@14#.

To study the role played by the trap geometry in the a
plification mechanism, we have calculated the ratio betw
the final amplitude and the trapped one as a function of
trap anisotropyvx /vy , for various expansion times. In Fig

ity
he

FIG. 3. Calculated rotation angle of the condensate during
expansion, released at different times during the scissors oscilla
in the trap, as shown in the inset. CasesA andC correspond to small
angular velocities;B andD to the maximum velocity. The evolution
of D is the opposite ofB ~negative angles!.
8-3
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5 we show the results, obtained by keeping fixed the scis
frequency to the value 2p3200.7 Hz, and varying the radia
and axial frequencies accordingly. The behavior shown
independent of the initial angleu0i , in the small-angle re-
gime. This picture confirms that in cigar-shaped traps,
typical expansion times (texp.10–30 ms), the scissor
mode amplitude is substantially amplified by the expansi
It also shows that the amplification factor asymptotica
tends to a value;2, regardless the trap geometry. It is wor
noticing that this asymptotic behavior is similar to that of
2D condensate in the limitvx /vy51, where relation~14!
can be demonstrated analytically@15#. Notice that in con-
trast, Eq. ~13! would not imply any amplification of the
asymptotic oscillations of the thermal cloud.

In general, the scissors modes are coupled to comp
sional modes, since a rotation of the condensate can ind
shape deformation for large enough rotation angles@4#. In
our trap, we can increase the angular velocity of the BEC

FIG. 4. Evolution of the scissors mode during the ballistic e
pansion. In~a! the angleu(t) after a short expansion of 4 m
~circles! is compared to theory~dashed line! to extrapolate the os
cillation in the trap. In~b! we compare the latter~continuous line! to
the oscillationf(t) after a longer expansion of 23 ms~circles!. The
data show an enhancement of the scissors mode, as expected
theory ~dashed line!.
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increasing the amplitude of the dipolar oscillation, access
the nonlinear regime, where the scissors mode couple
quadrupole shape oscillations.

In conclusion, we have shown that after an intermedi
phase, in which the oscillation is strongly perturbed, asym
totically the scissors mode of an expanding BEC recovers
initial sinusoidal behavior. The final amplitude is enhanc
with an amplification factor which depends on both the i
tial amplitude and the angular velocity. The demonstra
capability of exciting scissor oscillations in elongated co
densates opens the possibility of studying rotating super
ids in a different regime of large moments of inertia a
small angular velocities.
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FIG. 5. Calculated amplification factorA11vsc
2 F2 of a scissors

mode as a function ofvx /vy , for various expansion times:texp

525,50,100,500 ms. Here the scissor frequency is kept fixed
vsc52p3200.7 Hz and the radial and axial frequencies are var
accordingly.
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