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Entangling two Bose-Einstein condensates by stimulated Bragg scattering

B. Deb and G. S. Agarwal
Physical Research Laboratory, Navrangpura, Ahmedabad 380009, India

~Received 7 October 2002; published 10 February 2003!

We propose an experiment for entangling two spatially separated Bose-Einstein condensates by Bragg
scattering of light. When Bragg scattering in two condensates is stimulated by a common probe, the resulting
quasiparticles or particles in the two condensates get entangled due to quantum communication between the
condensates via the probe beam. The entanglement is shown to be significant and occurs in both number and
quadrature phase variables and depends strongly on the relative detuning of the two pumps and the relative
atom-field coupling strengths of the two condensates. We present two methods of detecting the generated
entanglement.
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Apparently puzzling, yet most profound, first formulate
as a paradox@1#, quantum entanglement lies at the very he
of quantum information processing and many issues in
foundations of quantum mechanics. Generation and man
lation of entanglement is, therefore, of prime interest. Bo
Einstein condensates~BEC! @2# of weakly interacting atomic
gases seem to be suitable macroscopic objects for produ
many-particle entanglement@3#. A BEC has intrinsic en-
tanglement character due to reduced quantum fluctuation
momentum space. For instance, in the condensate gro
state, a pair of mutually opposite momentum modes is m
mally entangled in atomic number variables@4#.

Stimulated resonant Bragg scattering of light by a cond
sate generates quasiparticles@5#, predominantly in two mo-
mentum side modesq and 2q, whereq is the momentum
transferred from light fields to the atoms. Bragg spectrosc
@6# with coherent or classical light produces coherent sta
of the quasiparticles in a BEC. When these quasiparticles
projected into a particle domain, that is, into the Bogoliubo
transformed momentum modes, they form two-mo
squeezed as well as an entangled state@4#. Bragg spectros-
copy can also generate tripartite entanglement@4#. Rayleigh
scattering of light by a condensate under certian conditi
can produce super-radiance@7,8# and entangled atom-photo
pairs @8#. Spin degrees of freedom of a spinor BEC@9# are
also useful in describing entanglement in spin variab
Apart from BECs, multiatom entanglement in other mac
scopic systems has been realized@10# on the basis of
collective-spin squeezing@11,12#. Furthermore, the entangle
ment in collective-spin variables of two ensembles of g
eous Cs atoms has been experimentally demonstrated@13# .
Continuous variables such as the quadratures of a field m
~which are analogous to position and momentum! have also
been employed@14# in entanglement studies.

We here propose a scheme for producing quantum
tanglement between two spatially separated BECs o
weakly interacting atomic gas. The entanglement we c
sider is in momentum modes of BECs. The schematics of
proposed experiment is shown in Fig. 1. The condensateA
and B are illuminated by pump lasersL1 andL2, respec-
tively. A single stimulating probe field acts on both the co
densates. This common probe can be a single-mode field
ring cavity. All these three fields are detuned far off the re
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nance of an electronic excited state of the atoms. The
quencies and the directions of propagation of these fields
so chosen such that Bragg-resonance~phase matching! con-
ditions of scattering in both the condensates are fulfilled. T
Hamiltonian of the system isH5HA1HB1HF1HAF
1HBF . Retaining the dominant momentum side modesq
and2q only under Bragg-resonance condition, in the Bog
liubov approximation, HA5\vq1

B (âq1

† âq1
1â2q1

† â2q1
),

whereâq1
represents quasiparticle with momentumq1, and

vq1

B 5@(vq1
1m/\)22(m/\)2#1/2 is the frequency of Bogoli-

ubov’s quasiparticle. Here, vq1
5\2q1

2/2m, and m

5\2j22/2m is the chemical potential with j
5(8pn0as)

21/2 being the healing length. Similarly,HB

5\vq2

B (b̂q2

† b̂q2
1b̂2q2

† b̂2q2
), with b̂q2

being the quasiparti-

cle operator of the condensateB. The pumps are treated clas
sically. Let ĉ represent the common probe field mode, th
the field HamiltonianHF5\v3ĉ†ĉ, where v3 is the fre-
quency of the probe. The quasiparticle operatorsâ(b̂) are
related to the particle operatorsâ(b̂) by Bogoliubov trans-
formation : âq5uqâq2vqâ2q

† , where vq5(uq
221)1/2

5@ 1
2 „(vq1m/\)/vq

B21…#1/2. The atom-field interaction
Hamiltonian for condensateA is

HAF5exp~2 iv1t !\hAĉ†~ âq1

† 1â2q1
!1H.c., ~1!

FIG. 1. The scheme for creation of entanglement.A andB are
two condensates,L1 andL2 are pump lasers, andL3 is a common
entangling probe field. The wave vectors of L1 and L2 arek1 and
k2, respectively; probe’s wave vector isk3. The fields are in the
Bragg resonance with the momentum modeq1(2)56(k1(2)2k3) of
the condensateA(B) for blue~1! and red~-! detuning of the respec
tive pump from the probe.
©2003 The American Physical Society03-1
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where v1 is the frequency of theL1 pump and hA

5ANAVA*d3r exp(iq1•r )uC0
A(r )u2f q1

is the effective atom-

field coupling constant. Here,NA is the number of atoms in
condensateA, VA is the two-photon Rabi frequency of a
atom in A, C0

A(r ) is the ground state of the condensateA,
and f q1

5uq1
2vq1

. HBF is given by the similar expression a

HAF with a replaced byb and the subscriptsA and 1 re-
placed by B and 2, respectively. hB

5exp(ik3XAB)ANBVB*d3r exp(iq2•r )uC0
B(r )u2f q2

, where

XAB is the separation between the two condensates. Here
dependency of the effective coupling constants on the t
number of atomsNA(B) can be noted. This holds good if th
zero-momentum state~condensate! remains macroscopically
occupied during the dynamical evolution meaning that
dynamical depletion of this state is negligible. This is phy
cally more appropriate if we work below the super-radian
threshold@7#. The Heisenberg equations of motion are

ȧ̂q1
52 ivq1

B âq1
2 ihAĉ†, ~2!

ȧ̂2q1

† 5 ivq1

B â2q1

† 1 ihAĉ†; ~3!

ċ̂†52 id1ĉ†1 i @hA* ~ âq1
1â2q1

† !1hB* ~ b̂q2
1b̂2q2

† !#;

~4!

ḃ̂q2
52 i ~vq2

B 1d12d2!b̂q2
2 ihBĉ†, ~5!

ḃ̂2q2

† 5 i ~vq2

B 2d11d2!b̂2q2

† 1 ihBĉ†; ~6!

whered1(2)5v1(2)2v3. The operators have been redefin
to eliminate fast time dependence. The above five equat
can be written in a matrix formẊ52 iMX . In the absence
of any dissipation or for a time short enough compared to
damping times, the dynamics of the system would be ma
controlled by the eigenvalues of theM matrix. LetG2 denote
the two-photon resonance linewidth andGc the cavity line-
width. We choosevq1,2

B @G2 and hA,B@Gc so that we can

work in a reversible dynamical regime.
We next discuss how to quantify entanglement betw

two BECs. If the entanglement occurs in number opera
of the quasiparticle modes 1 and 2, then it can be quanti
by the parameter@11,4#

jn~1,2!5^@D~ n̂12n̂2!#2&/~^n̂1&1^n̂2&!. ~7!

If jn,1, then the two modes are entangled. If the entan
ment is described by two noncommuting Gaussian opera
X̂ and P̂ which are analogous to position and momentu
variables, then the entanglement parameter is defined by@15#

jp~1,2!5 1
2 @^@D~X11X2!#2&1^@D~P12P2!#2&#. ~8!

The two modes are entangled in quadrature phase, whejp
,1.

For numerical illustration, we consider two homogeneo
identical Na condensates. We consider two cases; cas~I!
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both the pumps are blue detuned from the common probe
this case, pump photons are predominantly scattered into
probe mode at both the condensate sites. In case~II !, first
pump (L1) is blue detuned and the other (L2) is red detuned
from the probe. In this case, at siteA, pump photons are
predominantly scattered into the probe mode while at
other siteB, probe photons are scattered into the pump mo
We here enlist the important results:~1! In case~I!, if the
effective coupling (h) of B(A) is stronger than that ofA(B),
then entanglement arises betweenq1(2q1) of A and
2q2(q2) of B only, other pairs of modes are immune to a
entanglement.~2! In case II, if hB.hA , the modesq1 of A
and 2q2 of B are involved in entanglement. In Fig. 2, w
display entanglement parameters between these two ch
modes as a function of time for case~I! @Fiq. 2~a!# and case
~II ! @Fig. 2~b!#. A comparison between Fig. 2~a! and 2~b!
shows that the entanglement in case~II ! can be very large
compared to that in case~I!, particularly in free-particle re-
gime (q@j21). Figure 2~a! exhibits that the entanglemen
parameter at long time diverges hyperbolically, while it o
cillates all the time in Fig. 2~b!. The reasons for this contras
are that in the case of Fig. 2~a!, two of the five eigenvalues o
M matrix are complex, while in the case of Fig. 2~b! all the
eigenvalues are real. Far below the free-particle limit,

FIG. 2. ~a! Entanglement parametersjn ~solid! andjp ~dashed!
betweenq mode ofA and -q mode ofB as a function of time in
microsecond when both the pumps are blue detuned by the s
amount from the probe. For both the condensates,q52j21, vq

B

50.21 MHz, andd15d250.17 MHz. The coupling constantshA

51.62 MHz,hB51.25hA . Both the condensates are initially in th
ground states and the common probe field is in coherent state
average number of photonsnp510. The inset to~a! shows en-
tanglement parametersjn ~solid! and jp ~dashed! as a function of
hB /hA for a fixed timet50.75ms. The other parameters are th
same as in~a!. ~b! Same as in~a! but entanglement is now betwee
the particles rather than quasiparticles and with first pump detu
to the blue and the second one detuned to the red of the com
probe, q58.33j21, vq

B52.96 MHz, d152d252.92 MHz, hA

52.22 MHz, hB51.25hA , andnp5100.
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find that the entanglement in both the cases is not so larg
case~I!, the entanglement diminishes in the free-particle
gime. ~3! For equal couplings, there is no entanglement
tween any pair of modes in any case. Inset to Fig. 2~a! shows
the variation of entanglement parameters as a function of
ratio of the two coupling constants at a fixed time in case~I!.
The coupling parameters can be made different either
using pump lights of different intensities or by taking diffe
ent atom numbers for the two, otherwise identical cond

sates.~4! We find entanglement both in quasiparticle (â, b̂),

and particle or atomic modes (â, b̂). It is worth mentioning
that in a single condensate, as shown in Ref.@4#, coherent
light scattering can generate entanglement only in ato
modes, and not in quasiparticle modes.

The light scattering events occurring atA and B are not
independent, since a quantum communication has been
between the generated quasiparticles inA andB via the com-
mon probe. When the second condensate interacts with
probe, the probe has back action on the first condensate.
we treated the commonprobe classically, then the Hamil-
tonian@Eq. ~1!# would have been linear in the atomic oper
tors. A Hamiltonian linear in bosonic opeartors cannot g
erate nonclassical correlation. Therefore, theprobe must be
treated quantum mechanically. Light scattering by either
condensate generates entanglement~reduced quantum fluc
tuation! between the scattered atom and the emitted~scat-
tered! photon. This entanglement can only be imprinted in
an atom in the other condensate when the photon~carrier of
entanglement! emitted by the former condensate is absorb
by the latter condensate. In both the cases~I! and ~II !, a
quasiparticle in2q is likely to be produced when the prob
photon is absorbed and then emitted into the pump mode
case~I!, 2q is the off-resonant mode in both the condensa
while in case~II !, it is resonant in one of the condensate
This explains why we find entanglement only betweenq and
2q and also why it is much larger in case~II !.

To explain the results further, we here resort to an
proximate analysis. Let us considerd15d25d and q15q2
5q. Suppose,vq1(2)@hA(B) andd1(2)@hA(B) , then we can
neglect in the Hamiltonian the diagonal terms proportiona
vq1(2) and d1(2) . This approximation enables us to obta
solutions of the Heisenberg equations in an analytical fo
Let us write the quadraturesXA(q)51/A2(âq1âq

†), PA(q)

52 i1/A2(âq2âq
†), and similarly for XB(2q) and PB

(2q). Using the analytical solutions, we calculatejp51
2hAhBt2(12hA /hB), which is less than unity~the two
modes are entangled in quadrature variables! if hAhBt2(1
2hA /hB).0, which is only possible ifhAÞhB and hA
,hB . Similarly, we can prove that for2q ~off resonant! of
A andq ~resonant! of B, jp511(hBt)2(12hA /hB), which
is always greater than unity forhA,hB and less than unity if
hA.hB . For the same resonantq mode ofA andB, jp51
1hBt2/21(hA

21hB
2)2t4/4, which is always greater tha

unity. In the same way, we can show that for the remain
mode pair (2q, 2q), jp is also greater than unity. Next, w
prove that to generate entanglement in number varia
(jn), the two coupling parameters should also be differe
02360
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Substitutingn̂15âq
†âq and n̂25b̂2q

† b̂2q in Eq. ~7! we can

expressjn512R/(^n̂1&1^n̂2&), where

R58hA
2 t4@hB

222hA
214np~hB

22hA
2 !# ~9!

andnp is the initial number of photons in the coherent pro
beam. Now,jn,1 implies that R.0 which amounts to
(hB /hA)2.111/(114np), that is,hB.hA . On the other
hand, ifhB<hA , thenjn.1. We also carry out an alterna
tive analysis to check whether the two resonant modesq of A
andB exhibit any entanglement in other parameter regim
By neglecting the off-resonant mode2q in both the conden-
sates and keeping only the resonant mode, it can be ana
cally proved thatjp(q,q)511sinh2(ht) and jn(q,q)51
1@11np /np11#(hA

22hB
2)2/(hA

21hB
2)2sinh2(ht), that is,

both the parametersjp andjn are always greater than unity
Here,h5AhA

21hB
2.

We next show how a setup as shown in Fig. 3 can
utilized to verify the generated entanglement after switch
off the lasersL1, L2 and detuning the probe~cavity! further
faroff the atomic resonance so that cavity cannot exert
influence on the atoms. Two different pairs of verifyin
pump-probe Bragg pulses are then applied to the cond
sates. The modesq of A and2q of B are in Bragg resonanc
with the respective Bragg pulses. The atom-field coupling
both the condensates is very small compared to the Bogo
bov frequencyvq

B . Let ĉprobe,A andĉprobe,B denote the veri-
fying probe-field modes for the condensatesA andB, respec-
tively. By neglecting the off-resonant termsâ2q

† âq and

â22q
† â2q in the Hamiltonian, the time evolution of the ou

put probe modes, in a frame rotating with pump-probe
tuning d, can be written as

ĉprobe,A
(out) . ĉprobe,A

( in) 1
hA

d2vq
B
„exp@ i ~d2vq

B!t#21…âq
†

1
h1

d1vq
B
„exp@ i ~d1vq

B!t#21…â2q . ~10!

ĉprobe,B
(out) is given by a similar expression as above witha

replaced byb; and the subscriptsA and q replacedB and
2q, respectively. The output probes have oscillating part
frequency d2vq

B proportional to the quasiparticle ampl

FIG. 3. The scheme for verification of the entanglement. Ap
from pump lasers, two extremely weak verifying probes of the sa
frequency as that of entangling probe—one each for e
condensate—are switched on. The probes acting onA and B have
momentumk2 and 2k2, respectively. The momentum of pum
laser forA is k1, while that forB is 2k1.
3-3
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tudesaq andb2q , and at frequencyd1vq
B proportional to

the amplitudesa2q andbq . Therefore, phase-sensitive me
surements of the spectral components of the output pr
beams corresponding to these frequencies would pro
measures of the quasiparticle operators which can be
ployed to calculate the entanglement parameter in num
operators, i.e.,jn . For calculating entanglement paramete
in quadrature phase variables, both the output probe be
coming fromA and B, can be mixed via a beam splitter t
form the superposition operatorsS which can be measure
by a similar phase-sensitive detection scheme~not shown in
Fig. 3!.

Following the recent experiment of J. M. Vogelset al.
@16#, we also suggest that the quasiparticles can be dete
by imparting a large momentum to them with addition
Bragg pulses. Alternatively, in the large-momentum regi
(q@j21), the Bragg-scattered atoms which essentially
.M

e
id

.
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have as free particles (vq
B}q2), can be outcoupled by

switching off the trap. Since entanglement is between t
opposite momentum states, by proper geometric arran
ment, the two moving entangled atomic ensembles can
made to collide and interfere. From the interference patt
obtainable via absorption imaging, the atomic number fl
tuations can be deduced using the theoretical model use
Ref. @17#, and thus entanglement parameter in number v
ables can be calculated.

In conclusion, we have theoretically demonstrated h
light scattering leads to quantum entanglement between
Bose-Einstein condensates. The generated entanglemen
be useful in quantum communication using coherent li
@18#. We have particularly focused on the conditions und
which the entanglement can be obtained. We have also
gested how the generated entanglement could be verifie
using Bragg scattering of far-off-resonant fields.
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