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Entangling two Bose-Einstein condensates by stimulated Bragg scattering
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We propose an experiment for entangling two spatially separated Bose-Einstein condensates by Bragg
scattering of light. When Bragg scattering in two condensates is stimulated by a common probe, the resulting
guasiparticles or particles in the two condensates get entangled due to quantum communication between the
condensates via the probe beam. The entanglement is shown to be significant and occurs in both number and
quadrature phase variables and depends strongly on the relative detuning of the two pumps and the relative
atom-field coupling strengths of the two condensates. We present two methods of detecting the generated
entanglement.
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Apparently puzzling, yet most profound, first formulated nance of an electronic excited state of the atoms. The fre-
as a paradokl], quantum entanglement lies at the very heartquencies and the directions of propagation of these fields are
of quantum information processing and many issues in théo chosen such that Bragg-resonafugase matchingcon-
foundations of quantum mechanics. Generation and manipwitions of scattering in both the condensates are fuffilled. The
lation of entanglement is, therefore, of prime interest. BoseHamiltonian of the system isH=Hp+Hg+Hg+Hap
Einstein condensatéBEC) [2] of weakly interacting atomic +Hgr. Retaining the dominant momentum side modes
gases seem to be suitable macroscopic objects for producirggd —q only under Bragg-resonance condition, in the Bogo-
many-particle entanglemeri8]. A BEC has intrinsic en- liubov approximation, HA:hwg’l(&gl&qlJr al
tanglement character due to reduced quantum fluctuations in
momentum space. For instance, in the condensate grou 5 1o )
state, a pair of mutually opposite momentum modes is maxi®q, =[(@q, + #/f)“— (u/f)*]7* is the frequency of Bogoli-

qla_ql)‘
ereag, represents guasiparticle with momentgpy and

mally entangled in atomic number variables. ubov's quasiparticle. Here, wa=h2q§/2m, and u
Stimulated resonant Bragg scattering of light by a conden— #2¢72/2m is the chemical potential with ¢
sate generates quasipartic[ég, predominantly in two mo- = (8mnyay) Y2 being the healing length. SimilarlyHpg

mentum side modeg and —q, whereq is the momentum . g, ~f » P Lo ) o
transferred from light fields to the atoms. Bragg spectroscopy_hqu(ﬁqz'ngJr'B*Qz'B*qz)’ with B, being the quasiparti-
[6] with coherent or classical light produces coherent state§le operator of the condensdeThe pumps are treated clas-
of the quasiparticles in a BEC. When these quasiparticles argically. Letc represent the common probe field mode, then
projected into a particle domain, that is, into the Bogoliubov-the field HamiltonianHF:hwgéTé, where w; is the fre-
transformed momentum modes, they form two-modequency of the probe. The quasiparticle operaﬁn(;&) are
squeezed as well as an entangled stdie Bragg spectros- . A~ .
copy can also generate tripartite entanglenjéhtRayleigh  'clated to the particle operatoatb) by Bogoliubov trans-
scattering of light by a condensate under certian condition§ormation : aq:uqaq_vqaiqa where Uq:(Ué_l)ll2
can produce super-radianc&8] and entangled atom-photon :[%((wq+ ,u/ﬁ)/wg‘— 1)]*2. The atom-field interaction
pairs[8]. Spin degrees of freedom of a spinor BEG] are  Hamiltonian for condensata is
also useful in describing entanglement in spin variables.
Apart from BECs, multiatom entanglement in other macro-
scopic systems has been realizEtD] on the basis of Hap=exp—iwit)igaci(al +a_g)+Hec., (D)
collective-spin squeezind1,12. Furthermore, the entangle- i h
ment in collective-spin variables of two ensembles of gas-
eous Cs atoms has been experimentally demonstfagid ﬂ q
Continuous variables such as the quadratures of a field mode L3
(which are analogous to position and momenkurave also
been employed14] in entanglement studies.

We here propose a scheme for producing quantum en- L1 L2
tanglement between two spatially separated BECs of a A B
weakly interacting atomic gas. The entanglement we cOn- g 1. The scheme for creation of entanglemeénand B are
sider is in momentum modes of BECs. The schematics of thgy, condensates,1 andL2 are pump lasers, arid3 is a common
proposed experiment is shown in Fig. 1. The condensates entangling probe field. The wave vectors of L1 and L2 layeand
andB are illuminated by pump laseisl andL2, respec- k,, respectively; probe’s wave vector ks. The fields are in the
tively. A single stimulating probe field acts on both the con-Bragg resonance with the momentum magg,)= * (k1 ()~ k3) of
densates. This common probe can be a single-mode field oftae condensata(B) for blug(+) and red-) detuning of the respec-
ring cavity. All these three fields are detuned far off the resotive pump from the probe.
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= NAQASd%r expay - 1) Wo(r)|?fq, is the effective atom- a !

WE0.8

where w; is the frequency of theLl pump and na 12 1.2 \/ .
& !

field coupling constant. Her®\ 4 is the number of atoms in

condensated, (), is the two-photon Rabi frequency of an a
atom in A, \If’g(r) is the ground state of the condenséte W
andfql= Ug, ~Vq, Her is given by the similar expression as 0.8;

Har With « replaced byg and the subscripté and 1 re-

placed by B and 2, respectively. g 0.60 0'5 ] 5
=exp(kaXag) VN (e/d’r expla, )| Wo(r)|*fy,  where 10 ' '

Xag IS the separation between the two condensates. Here, the : 1 )

dependency of the effective coupling constants on the total \ \

number of atomdN,g) can be noted. This holds good if the a 3 \

zero-momentum stat@ondensateremains macroscopically w050 ' \

occupied during the dynamical evolution meaning that the - P

dynamical depletion of this state is negligible. This is physi- N \ y

cally more appropriate if we work below the super-radiance 0.01 . . . .

threshold[7]. The Heisenberg equations of motion are 0 2 4 6 8 10
t (us)

FIG. 2. (a) Entanglement parametes (solid) and &, (dashed
N N R betweeng mode of A and g mode ofB as a function of time in
aiql=iwglaiql+i nAcT; (3 microsecond when both the pumps are blue detuned by the same
amount from the probe. For both the condensates2é71, wE
A R, ~ ~ ~ ~ . =0.21 MHz, andé;= §,=0.17 MHz. The coupling constantg,
ct=—isct+i[ n/’i(aql+ atql) + ”E(BQ2+'8T—C42)]’ =1.62 MHz, 75=1.257, . Both the condensates are initially in the
(4) ground states and the common probe field is in coherent state with
] average number of photong,=10. The inset to(@ shows en-
ﬁqu _|(w52+ 81— 52),3q2_| nec’, (5) tanglement pgrame_teﬁ,jsohd) and &, (dashegl as a function of
nglmp for a fixed timet=0.75us. The other parameters are the
- - 4 oy same as irfa). (b) Same as ifa) but entanglement is now between
Blg,=i(wq,= 611 8) B, TinsC’; (6)  the particles rather than quasiparticles and with first pump detuned
to the blue and the second one detuned to the red of the common
where 6 ;)= w1 ()~ w3. The operators have been redefinedprobe, q=8.3%"1, w§:2.96 MHz, §,=-5,=2.92 MHz, 7,
to eliminate fast time dependence. The above five equatiorns2.22 MHz, »g=1.257,, andn,=100.

can be written in a matrix fornX=—iMX. In the absence

of any dissipation or for a time short enough compared to alboth the pumps are blue detuned from the common probe. In

damping times, the dynamics of the system would be mainlyhis case, pump photons are predominantly scattered into the

controlled by the eigenvalues of thé matrix. Letl', denote  probe mode at both the condensate sites. In ¢hgefirst

the two-photon resonance linewidth afig the cavity line- pump (1) is blue detuned and the othdr2) is red detuned

width. We choosewg >T, and 7, g>T S0 that we can from the probe. In this case, at sife pump photons are

work in a reversible ldzynamical regime. predominantly scattered into the probe_ mode while at the
We next discuss how to quantify entanglement betweeRther siteB, probe photons are scattered into the pump mode.

two BECs. If the entanglement occurs in humber operatory\f{fe hgre enIisIF the imfgrt;\nt_ results) InhcaStre](l),d;f éhe
of the quasiparticle modes 1 and 2, then it can be quantifiefTeCtive coupling @) of B(A) is stronger than that &(B),

0.6
s 0811214186
NgM,
~

- . -
aq = —lwg ag —i 7ac’, (2

by the parametejrl1,4] then entanglement arises betwegp(—q;) of A and
’ —0»(q,) of B only, other pairs of modes are immune to any
fn(1,2)=<[A(ﬁ1—ﬁz)]2>/(<ﬁl>+<ﬁz>)- 7) entanglement(2) In case ll, if pg> n,, the modeg); of A

and —q, of B are involved in entanglement. In Fig. 2, we
If ¢£,<1, then the two modes are entangled. If the entangledisplay entanglement parameters between these two chosen
ment is described by two noncommuting Gaussian operatorgodes as a function of time for cagle [Fig. 2(a)] and case
% and P which are analogous to position and momentum{!!) [Fig- 2b)]. A comparison between Fig.(@ and 2b)

variables, then the entanglement parameter is defingtgy ~Shows that the entanglement in cd#lg can be very large
compared to that in casg), particularly in free-particle re-

fp(1,2)=%[([A(X1+X2)]2>+([A(P1—Pz)]2>]. (8) gime (> ¢1). Figure 2a) exhibits that the entanglement
parameter at long time diverges hyperbolically, while it os-
The two modes are entangled in quadrature phase, \yhen cillates all the time in Fig. @). The reasons for this contrast
<1. are that in the case of Fig(&, two of the five eigenvalues of
For numerical illustration, we consider two homogeneousM matrix are complex, while in the case of FigbRall the
identical Na condensates. We consider two cases; @ase eigenvalues are real. Far below the free-particle limit, we
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find that the entanglement in both the cases is not so large. In

case(l), the entanglement diminishes in the free-particle re-

gime. (3) For equal couplings, there is no entanglement be-

tween any pair of modes in any case. Inset to Fig) 8hows

the variation of entanglement parameters as a function of the

ratio of the two coupling constants at a fixed time in cdse A

The coupling parameters can be made different either b
pling p y FIG. 3. The scheme for verification of the entanglement. Apart

using pump lights of different intensities or by taking differ- from pump lasers, two extremely weak verifying probes of the same

ent atom numbers for the two, otherwise identical conden]zrequency as that of entangling probe—one each for each

sates(4) We find entanglement both in quasiparticte, (3),  condensate—are switched on. The probes actiné amd B have

and particle or atomic modes( b). It is worth mentioning ~momentumk, and —k,, respectively. The momentum of pump

that in a single condensate, as shown in R4f, coherent 'aser forAis k;, while that forB is —k;.

light scattering can generate entanglement only in atomic

modes, and not in quasiparticle modes. Substitutingn, = afaq andn,=g" B_ in Eq. (7) we can
The light scattering events occurring Atand B are not  expresst, =1— R/((ny)+(n,)), where

independent, since a quantum communication has been set

between the generated quasiparticles imndB via the com- =824 2 _ 9.2 2_ 2

mon probe. \?Vhen the s(,:‘econ[()j condensate interacts with the R=BmAl L= 2mat 4npl( 3= 7)) ©

probe, the probe has back action on the first condensat.e. H%%dn is the initial number of photons in the coherent probe

we treated the commoprobe classically then the Hamil- P

. : ? . beam. Now, &,<1 implies thatR>0 which amounts to
tonian[Eq. (1)] would have been linear in the atomic opera-( I72)2>1+1/(1+4n.), that is, 7> On the other
tors. A Hamiltonian linear in bosonic opeartors cannot gen-hZﬁd”?f _ theng F’>'1 We a'\lys]g c:r? out an alterna-
erate nonclassical correlation. Therefore, piiebe must be tive a’nalngg :](?éheck V\;]hetﬁer the two resg)/nant m
treated quantum mechanicallyLight scattering by either ySIS . arlef Ny
condensate generates entanglenfeatuced quantum fluc- andB exh|p|t any entanglement in oth_er parameter regimes.
tuation between the scattered atom and the emitzht- By neglecting the off-resonant modeq in both the conden-

tered photon. This entanglement can only be imprinted intoSates and keeping only the resonant mode, it can be analyti-

an atom in the other condensate when the phétarrier of cally proved thatfffq"g);“;s'”f(gt)_ ??nd gn(q,q)—_l
entanglementemitted by the former condensate is absorbed’ L1+ Np/Np+ 11(7a—= 78)“/ (s + 75) “sintr(s1), that s,
by the latter condensate. In both the cagesand (II), a both the parameter§, and§, are always greater than unity.
quasiparticle in—q is likely to be produced when the probe Here, 7=\7x+ 7g.
photon is absorbed and then emitted into the pump mode. In We next show how a setup as shown in Fig. 3 can be
case(l), —q is the off-resonant mode in both the condensateditilized to verify the generated entanglement after switching
while in case(ll), it is resonant in one of the condensates.Off the laserd.1, L2 and detuning the proligavity) further
This explains why we find entanglement only betweeand ~ faroff the atomic resonance so that cavity cannot exert any
—q and also why it is much larger in cage). influence on the atoms. Two different pairs of verifying
To explain the results further, we here resort to an apPump-probe Bragg pulses are then applied to the conden-
proximate analysis. Let us considéf=8,=4 andq;=q,  Sates. The mode_q;of Aand—qofBarein Bragg resonance
=q. Supposewq1(2)> Na@) and 812> mace) , then we can with the respective Bragg pulses. The atom-field coupling in

neglect in the Hamiltonian the diagonal terms proportional tobOth the condensates is very small compared to the Bogoliu-

; s . B p p :
wq,(2) @nd 31(). This approximation enables us to obtain bov frequencywg . LetCpropen @NdCyropes denote the veri-

solutions of the Heisenberg equations in an analytical form].cylng probe-field modes for the condensaﬁeandl?, respec-

Let us write the quadrature$s(q) = 12 (aq+ af), Pa(q) tj\frelyL By_ neglecting th? oﬁ-respnant termzqaq and

_ —i1/\/§(2yq— &g)’ and similarly for Xg(—q) and Pg @_yqa—q in the Har_mltoman, the tlme evpluuon of the out-
(—q). Using the analytical solutions, we calculafg=1 put_probe modes, ina frame rotating with pump-probe de-
— namet?(1— nalmg), wWhich is less than unitythe two tuning 5, can be written as

modes are entangled in quadrature variablesyangt?(1

—nalmg)>0, which is only possible ify,# g and 7, ~(out) __A(in) 2 e By azAt
< g . Similarly, we can prove that for q (off resonank of CprobeA™ Cprobea S5— wB(exm((S wg)t]—Dag
A andq (resonantof B, £,=1+ (7gt)%(1— 5/ 7g), which q

is always greater than unity foj,< g and less than unity if ”nm

7a>71g. For the same resonagtmode ofA andB, &,=1 + (exdi(s+wpt]—1Da_g. (10
+ npt?l2+ (na+ 73)%t44, which is always greater than o+
unity. In the same way, we can show that for the remaining Cgﬁﬂgeg is given by a similar expression as above with
mode pair (-q, —q), &, is also greater than unity. Next, we replaced byg; and the subscripté andq replacedB and
prove that to generate entanglement in number variables g, respectively. The output probes have oscillating parts at

(&), the two coupling parameters should also be differentfrequency 6— wg‘ proportional to the quasiparticle ampli-

B
@q
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tudesaq and 3_4, and at frequency+ wﬁ proportional to  have as free particleswﬁocqz), can be outcoupled by
the amplitudesy_, and 8. Therefore, phase-sensitive mea- switching off the trap. Since entanglement is between two
surements of the spectral components of the output probepposite momentum states, by proper geometric arrange-
beams corresponding to these frequencies would providment, the two moving entangled atomic ensembles can be
measures of the quasiparticle operators which can be enmade to collide and interfere. From the interference pattern
ployed to calculate the entanglement parameter in numbesbtainable via absorption imaging, the atomic number fluc-
operators, i.e.§,. For calculating entanglement parameterstuations can be deduced using the theoretical model used in
in quadrature phase variables, both the output probe beanief.[17], and thus entanglement parameter in number vari-
coming fromA and B, can be mixed via a beam splitter to ables can be calculated.
form the superposition operatoks which can be measured In conclusion, we have theoretically demonstrated how
by a similar phase-sensitive detection scheéme shown in  light scattering leads to quantum entanglement between two
Fig. 3. Bose-Einstein condensates. The generated entanglement may
Following the recent experiment of J. M. Vogeds al.  be useful in quantum communication using coherent light
[16], we also suggest that the quasiparticles can be detect¢dl8]. We have particularly focused on the conditions under
by imparting a large momentum to them with additional which the entanglement can be obtained. We have also sug-
Bragg pulses. Alternatively, in the large-momentum regimegested how the generated entanglement could be verified by
(g>¢ 1), the Bragg-scattered atoms which essentially beusing Bragg scattering of far-off-resonant fields.
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