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Characterization of high-energy photoionization in terms of the singularities of the atomic
potential. II. Beyond K-shell ionization in a many-electron atom, using the example of a two

electron atom in an excited state
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We describe single photoionization of excited states of two-electron atoms by photoabsorption at high
incident photon energiesv ~but still v!m). Our description of photoionization from excited states of the
simplest many-body system is also, however, applicable for the characterization of high-energy photoionization
of a many-electron atom from any subshell. We are using an approach@Surić et al., Phys. Rev. A67, 022709
~2003!# based on asymptotic Fourier-transform~AFT! theory, in which the matrix elements for photoabsorption
processes at high energies are understood in terms of the singularities of the many-body Coulomb potential. We
obtain the dependence of the total cross section for single ionization of a two-electron atom in any initial state
on photon energy. This energy dependence, for a general initial two-electron state, is generally different from
the predictions of independent-particle approximation, and it is in qualitative agreement with recent experi-
mental observations ofL-shell photoionization in Ne andM-shell ionization in Ar. As in ground-state ioniza-
tion, the energy dependence of the dominant contribution to the matrix element is connected, through AFT,
with the e-N singularity; and it is determined by the amplitude of the lowest angular momentuml min with
which one electron can approach thee-N singularity. Whenl min50, as in the cases considered experimentally,
this gives a factor for the dominant part of the total cross section, which is the same as for the ground state,
(1/v7/2). The final state interaction reduces this energy dependence by just one additional factor of 1/v.

DOI: 10.1103/PhysRevA.67.022710 PACS number~s!: 32.80.Fb
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In this sequence of papers@1,2# we are exploring the un
derstanding of high-energy photoionization processes, wh
follows from the theory of asymptotic Fourier transform
~AFT!. Basically, the AFT of a function is determined by i
singularities. In our case this means that the high-energy
havior of cross sections follows from the Coulomb singula
ties of the basic electron-nucleus and electron-electron in
actions. In our first paper@1#, we introduced the ideas of AFT
and explored correlation issues, focussing on photoioniza
of the ground state of a two-electron atom. In this paper
discuss single ionization from higher states of a two-elect
atom, which we also find suitable as a model for a qual
tively good description of photoionization of many-electr
atoms at high energies. Our approach to high-energy ph
absorption processes in terms of generalized AFT theory
vides a unified description of photoabsorption at high en
gies.

As noted in Refs.@3,4#, it was generally thought that a
independent-particle approximation~IPA! picture of single
photoionization from any state of any atom is adequate
sufficiently high photon energies. This meant that the cr
sections1 for photoionization of annl subshell of a com-
plex atom was believed to behave as

snl
IPA5

anl

v l 17/2
, ~1!

at sufficiently high photon energiesv, whereZ is the nuclear
charge,p.A2mv is the outgoing electron momentum, an
anl is a factor independent of energy, which contains inf
1050-2947/2003/67~2!/022710~6!/$20.00 67 0227
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mation on the screening effects included in IPA. Howev
recent study of single ionization@3–6# shows that the IPA
picture is inadequate for any subshellnl of a complex atom
for which an lÞ0 electron is ionized. The cross section f
ionization of anlÞ0 subshell of a many-electron atom d
creases as 1/v9/2 for v→` @4#, due to interchannel coupling
@5# ~provided that there is also anl 50 electron present in the
atom!, and not as 1/v l 17/2 as predicted by IPA Eq.~1!.

This can already be seen in the photoionization of exci
states of two-electron atoms, which we study here. We w
show that in these situations, as discussed in Refs.@3–6#, the
total cross section is

snl
1;

1

v9/2
e2pmZa/p for lÞ0. ~2!

By including the Stobbe factorS(p)5exp(2pmZa/p) @7#,
which we will show can be pulled out, just as in the IPA ca
the asymptotic behavior described by Eq.~2! is valid already
in the energy region considered experimentally in Ref.@5#
and near the energy region considered in Refs.@3,6#.

We will first recall some relevant results about single io
ization and the AFT approach from Paper I, and then we w
analyze situations, related to those studied in Refs.@3–6#, in
a two-electron system, using our approach in terms of sin
larities. This means that we consider two electron init
states which, in an IPA picture, can be represented as if
electron is in anl 150 state while the other electron is in a
l 25LÞ0 state. However, since in the actual physical situ
tion l 1 and l 2 ~each angular momentum separately! are not
©2003 The American Physical Society10-1
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SURIĆ, DRUKAREV, AND PRATT PHYSICAL REVIEW A67, 022710 ~2003!
good quantum numbers, but rather only total angular m
mentum L ~we are neglectingL-S coupling, as explained
below!, we will talk about situations in which the total an
gular momentum isLÞ0 and for which there is a finite~and
perhaps significant! probability of finding one electron with
angular momentuml 150 while the other is in a statel 2
5L. @Note thatl 1 andl 2 here are not the usual spectroscop
angular momenta labels of the two electrons. In the us
spectroscopic notation these angular momenta labels
taken as good quantum numbers.# We will also include all
other allowedl 1 and l 2. Our approach in terms of singular
ties shows that, as in ground-state ionization, the energy
pendence of the dominant contribution to the matrix elem
is connected, through AFT, with thee-N singularity: it is
determined by the amplitude of the lowest angular mom
tum l min with which one electron can approach thee-N sin-
gularity. Whenl min50, this gives a factor for the dominan
part of the total cross section, which is the same as for
ground state, (1/v7/2). Final-state interaction can change th
energy dependence by just one additional factor of 1/v in the
leading order, as in the cases described by Eq.~2!.

The analysis as well as the effect is closely related to
analysis of ionization of the ground state with excitatio
into lÞ0 states given in Paper I. There we have dem
strated that, after absorption of the photon~determined by
the cusp at thee-N coalescence!, the remaining bound elec
tron can be moved from an initials state into a non-s state by
the final-state interaction; this final-state interaction adds
one power of 1/p ~to the power determined by the cusp!,
independent ofl. In the situation we are considering here, w
show that, asymptotically, the power of the leading contrib
tion is determined by the cusp, giving a 1/p3 power ~in an
IPA model this would mean that the photon is absorbed
the s electron!, and by the final-state interaction, which,
moving the electron from thel 2Þ0 to the finall 50 state,
adds just one additional power in 1/p. The final result is that
the vacancy is in thel 2Þ0 state, and the matrix element h
the leading power 1/p4 for any totalLÞ0. This is a strong
modification of the IPA result, Eq.~1!.

The differences between single ionization in a tw
electron atom and in the IPA case are the correlations
tween the two electrons~in both the initial and the fina
states!. In the case of single ionization of a two-electro
atom, we have argued in Paper I, using the AFT theor
that the dominant contribution to the total cross section
associated with thee-N coalescence, as in the one-electr
case, whether or not the atom is in its ground state. Howe
while the dominant contribution to the single-ionization to
cross section~summing over all final bound states, i.e., ex
tations are not distinguished! of the ground state of a two
electron atom does not involve final-state electron-elect
interaction~and it involves initial-state correlation only in
normalization factor!, regardless of the form used, the dom
nant contribution in the case of single ionization of a high
state does generally involve final-state electron-electron
teraction. This final-state electron-electron interaction le
to predictions of an energy dependence of the cross sec
for single ionization, which are different from the IPA pre
dictions, as we will discuss below.
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Our unified approach~AFT modified by Coulomb inter-
action! is based on the close relation between high-ene
photoabsorption matrix elements and asymptotic Fou
transforms of functions with singularities~by a singularity
we mean a point where a function is not differentiable!. Ac-
cording to the AFT theory, the asymptotic Fourier transfo
of a function with singularities is determined by the behav
of the function in the vicinity of these singularities@8,9#.
Since photoabsorption at high photon energies require
least one large outgoing electron momentum, we may ge
ally argue that the analysis is equivalent to the analysis of
asymptotics of Fourier transforms. A slow asymptotic d
crease for largep, such as 1/pn in a 1/p asymptotic power
expansion, of the Fourier transform~FT! of a well localized
function, comes only from the singularities of that functio

We first look at the general behavior of two-electro
bound states at coalescences~singularities!. The dominant
contributions to the high-energy photoabsorption total cr
sections and~double-ionization! spectrum are connecte
with two-particle singularities. The properties of the bou
states at these coalescences are understood sufficiently
to permit analysis of the energy dependence of the photo
sorption cross sections at high energies. In general, the
gular behavior of a solution of the Schro¨dinger equation at
the coalescence of two particles, of chargesqi and qj , re-
duced massm i j , and at small interparticle distancesr i j is
given @10–12# by

C~r1 ,r2 , . . . !5(
l,m

S r i j
l F11

qiqjm i j

l11
r i j GYl

m~ r̂ i j !fl,m

1Ol,m~r i j
l12 ;r1 ,r2 , . . . ! D , ~3!

wherefl,m is a function of all other interparticle coordinate
~all except ther i j in which the function is expanded! and
Ol,m(r i j

l12 ; . . . ) denotes a remainder, a function which d
pends on all coordinates and which in the vicinity of t
r i j 50 singularity vanishes faster thanr i j

l11 for r i j →0. The
lowest nonvanishingfl,m depends on the state of the sy
tem. For the ground state of He~a spin singlet!, for example,
the lowest nonvanishingf is f0,0 for both thee-e ande-N
coalescence. Expansion~3! is valid if all other interparticle
distances are large compared tor i j . This is sufficient for our
purposes, as discussed in Paper I and also further below

The matrix element for single ionization from the initia
two-electron stateCLM(r1 ,r2) with total momentumL, re-
sulting in a bound electron with quantum numbers (n,l ,m),
is

M (1)5A2E e2 ip•r1Fp
(2)* ~r1!Cnlm* ~r2!Dp,nlm

(2)*

3~r1 ,r2!I 2e~r1 ,r2!CLM~r1 ,r2!d3r 1d3r 2 , ~4!

whereI 2e(r1 ,r2) is thee-g interaction. As in Paper I, in Eq
~4! we have written the final-state wave functionC f(r1 ,r2)
as a product of a continuum Coulombic wave function e
(2ip•r1)Fp

(2)(r1) representing the outgoing electron,
bound-electron wave functionCnlm* (r2), and a factor
0-2
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Dp,nlm
(2) (r1 ,r2) that contains everything else. This factoriz

tion is formal but convenient for our purpose, as will be cle
later. In Eq.~4! we are neglectingL-S coupling. This means
that we factorize the two-electron wave functions into a s
part ~which, in a two-electron system, can be a symme
triplet or an antisymmetric singlet! and a coordinate part
Further, sincev!m, we neglect the interaction of radiatio
with electron spin. This means that the initial state and fi
state are either both spin singlets~symmetric coordinate part!
or both spin triplets~antisymmetric coordinate part!. The
asymmetric form, Eq.~4! ~the outgoing electron is inr1,
while the bound electron is inr2), is obtained after employ
ing the symmetry properties of the wave functions~both are
either symmetric or antisymmetric in coordinates! and the
interaction.

Our approach is to represent the integrand in terms of
simpler functions that describe it in the vicinity of the co
lescence. As in our previous cases, we use Coulombic fu
tions that satisfye-N Kato cusp conditions.

CLM~r1 ,r2!5 (
l 1m1

(
l 2m2

F 1

Nn1 ,l 1
C

Cn1l 1m1

C ~r1!f l 2m2

l 1m1~r2!

1Ol 1m1
~r 1

l 112 ;r1 ,r2!G , ~5!

whereCn1l 1m1

C (r1) are hydrogenlike bound-state wave fun

tions. InCn1l 1m1

C (r1), we do not specify the principal quan

tum numbern because we may take any particularn ~for
which l 1 exists! in Eq. ~5! to the order we are considering.~A
specific choice ofn might be justified by specific physica
reasons, but we do not discuss this point further.!

The partitioning@Eq. ~5!# of the exact two-electron wav
function in the vicinity of thee-N singularity is obtained
following the arguments of Paper I. When one electron
proaches the nucleus@r 1!r 0, where r 0 is the size of the
atom, r 051/(mZa)], while the other is at large distance
@r 2@r 1, andr 2 is not much smaller thanr 0], then the wave
function has an expansion in terms of angular momenta,
a partitioning due to the Kato condition as in Eq.~3!. We
have then just replaced terms from Eq.~3! with the corre-
sponding~same angular momentum! Coulombic wave func-
tions Cn1l 1m1

C /Nn1l 1
, which for smallr 1 have the same be

havior as those terms. As explained in Paper I, we will u
partition ~5! in integrations over all distancesr 2 @and there-
fore also forr 2&r 1, for which partition~5!, and also Eq.~3!,
is not correct#. However, the regionr 2&r 1 for r 1!r 0 of the
function CLM(r1 ,r2) corresponds to the triple-coalescen
point, which gives a negligible contribution to the total cro
section. The terms in the angular-momentum expansion
Eq. ~5! represent one electron approaching the nucleus w
angular momentum quantum numbers (l 1 , m1), while the
other ~distant! electron is in any state (l 2 , m2), which, to-
gether withL, M andl 1 , m1, satisfies the angular-momentu
algebra. Summation over all such terms is taken.

For the final state, the same procedure, as explaine
Paper I, leads to
02271
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C f~r1 ,r2!5C f~0,r2!Cp
C~r1!1OS 1

p1
2

;r1 ,r2D
5eip•r1Fp

(2)~r1!Cn0~r2!Dp,n0
(2)* ~0,r2!

1OS 1

p1
2

;r1 ,r2D , ~6!

whereO(1/p1
2 ; . . . ) denotes the order of the terms~remain-

der! that we are neglecting within such a procedure.
By substituting Eqs.~5! and ~6! into Eq. ~4!, the matrix

element can be represented as a sum of terms, each of w
factorizes into an absorption part and a correlation part,

ML
(1)5 (

l 1m1
(
l 2m2

Mcorr
l 2→ lMabs

l 1m1 , ~7!

where

Mabs
l 1m15E Cp

(2)* ~r1!I 1e~r1!Cn1l 1m1

C ~r1!d3r 1 ~8!

is the photoabsorption matrix element for a H-like syste
@13#, and

Mcorr
l 2→ l

5
A2

Nn1l 1
C E Cnlm* ~r2!Dp,nlm

(2)* ~0,r2!f l 2 ,m2

l 1 ,m1~r2!d3r 2 .

~9!

The correlation factorMcorr
l 2→ l is the probability amplitude for

moving the electron that is in a statel 2, after absorption of
an electron in statel 1 occurs, into the final state (n,l ,m).
Mcorr

l 2→ l depends on all these quantum numbers, but we k
explicit only l 2 and l in order to simplify the notation.@Note
the notation thatMabs

l 1m1 has the angular-momentum quantu

numbersl 1m1 of the electron that absorbs the photon;Mcorr
l 2→ l

involves the angular momentuml 2 of the other electron in
the initial state, which due to final-state correlation is mov
into final state of angular momentuml, indicated asl 2→ l .#

We are interested in obtaining cross sections accurat
the leading order in thee-e interaction for largep. For this
purpose we may employ, as discussed in Paper I, 3C func-
tions @14,15# for the final two-electron states. The 3C func-
tions are accurate including the ordermZa/p2 @1#. This
means that forDp,nlm

(2) (r1 ,r2), we use

Dp,nlm
(2) ~r1 ,r2!5GS 12 i

ma

p De1
2pma/2pF1F i

ma

p
,1,2

i

2

3~pr122p•r12!G1OS 1

p2D , ~10!

whereO(1/p2) denotes that by employing the 3C function
the error in calculating the matrix element decreases fa
than 1/p for largep. With function ~10!, the leading order of
the correlation factorMcorr

l 2→ l is accurately obtained. When th
final state of the remaining bound electron is ans state (l
50; the case in which we are interested here!, it is
0-3
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2dr2 , l 250

~11!
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corr Nn1 ,l 1
C H

2 i
ma

p

A4p

l 2~ l 211!
Yl 2

m2~ p̂!E Rn0~r 2!r l 2
~r 2!r 2

2dr2 , l 2Þ0,
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where Rn0(r 2) is the radial component of the final-sta
bound electron andr l 2

(r 2) is the radial component o

f l 2 ,m2

l 1 ,m1(r2). @r l 2
(r 2) depends onl 1, too, but we do not write

it explicitly to keep the notation simple.#
In discussing the dominant contributions to the matrix

ement and to the cross sections, it is useful to recall
leading order in powers of 1/p of the Mabs

l 1 for various l 1.
Generally,l 1 can have any valuel 1>0, and for largep, the
leading order ofMabs

l 1 is @4,16#

Mabs
l 1 ;

1

pl 113
. ~12!

The leading order ofMcorr
l 2→0 can be seen from Eq.~11!. It is

Mcorr
l 2→0

;1/p whenever the interaction changes angular m

mentum, andMcorr
l 2→0

;1 for no change of angular momen
tum.

We will now consider the leading order in the photoa
sorption matrix element for single ionization from a gene
two-electronL>1 state with a final-state electron bound
an s state. The caseL50 ~in fact, ground-state ionization o
He-like system with excitation to any state! has been dis-
cussed in detail in Paper I. Other cases~generalL, with final-
state electron in any state! can be discussed along the lin
presented here and in Paper I. The only difference is
expression for the leading order ofMcorr

l 2→ l , which ~for any l )
can also be obtained using 3C functions, following Paper I
and our discussion here. The difference is only in the f
that for lÞ0, more terms are involved when the final-sta
interaction changesl 2 to l. The important general result in a
these cases is that whenever the final state interac
changes angular momentum we get one additionalp
power.

We first consider the caseL51 and then considerL>2.
We will assume that alll 1 and l 2 allowed by angular-
momentum algebra are present in expression~5!. This is gen-
erally true although the amplitude of some contributions c
in some cases, be small. The term withl 150 andl 251 gives
the leading contribution, of the order 1/p4. One electron ap-
proaches the nucleus with angular momentuml 150 and ab-
sorbs a photon, giving the factor 1/p3, Eq. ~12!. The other
electron is in the statel 251 and requires final state correla
tion, Eq. ~9!, to get into l 50, which gives an additiona
factor 1/p. Another contribution, froml 151 andl 250, is of
the same order 1/p4. All other terms, which involvel 1>1
and l 2>0, give a higher-order contribution. Note that in a
IPA model the first term~with l 150 and l 251, and which
requires final-state interaction! does not exist, while the othe
02271
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term ~with l 151 and l 250, and which does not requir
final-state interaction! gives the only contribution. For this
reason the first term is referred to as a modification of
IPA result @4#.

For L>2, the leading-order contribution to the matr
element comes from the term withl 150 andl 25L, and it is
of the order of 1/p4, as follows from Eqs.~12! and ~9!. All
other terms of the expansion, Eq.~5!, give terms of higher
order in 1/p. This can be seen by observing that all oth
terms, except the termsl 15L and l 250 ~the only term
which would exist in an IPA model, and which we may ca
the IPA term!, contain a 1/p factor from the correlation,
while the absorption factor is of higher order than 1/p3. The
IPA terms, l 15L and l 250, have, however, an absorptio
factor of the order 1/p31L which, forL>2, is of higher order
than the leading term (1/p4).

We therefore see that in the general situation the lead
contribution to the matrix element is of the order 1/p4. In
addition, from all terms in expansion~7!, we can pull out a
factor common to allMabs

l 1 . This, as discussed in Paper
results in a slowly converging Stobbe factor@exp(2pa/p)# in
the cross section. It follows that the energy dependence
the single-ionization cross section is given by

s;
1

v7/2
e2pa/p for L50, s;

1

v9/2
e2pa/p for L.0.

~13!

As discussed in Ref.@1#, the terms neglected in Eq.~13!
vanish with a factor 1/v faster. We may say that, asymptot
cally, the power of the leading contribution is determin
both by the cusp, giving a 1/p3 power~in the IPA model this
would mean that the photon is absorbed by ans electron! and
by the final-state interaction which, moving the vacan
from the s state to theLÞ0 state, adds just one addition
power in 1/p. The final result is that the vacancy is in th
LÞ0 state and the matrix element has the leading po
1/p4 for any LÞ0. This is a strong modification of the IPA
result.

These results are general and apply to many-electron
oms. In more complex systems, the expansions of the w
functions in the vicinity of thee-N coalescence correspond
ing to Eqs.~5! and ~6! will be similar, except that coordi-
nates, spins, and angular momenta of more electrons~not
involved in the coalescence! will be involved. In general,
each term in this expansion factorizes into a Coulom
function of the electron involved in the coalescence, an
function that describes all other electrons together, includ
the correlation of these electrons with the electron involv
in the coalescence. This follows from the behavior of a g
0-4
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eral solution of Schro¨dinger equation in the vicinity of a
singularity, Eq.~3!. The whole procedure and the concl
sions follow from this factorization.

We will now apply this general approach to an example
a two-electron system for the caseL51. For simplicity, we
ignoree-e interaction in the initial state. The purpose of th
simple example is to illustrate the size of the modificati
due to final-state interaction, the dependence of this mo
cation on the nuclear chargeZ, and how it depends on th
symmetry of the coordinate part of the wave functions.
consider both spin-singlet and spin-triplet states~which are
differently affected in two-electron system by the final-sta
interaction whenL51, as we shall see!. We take one elec-
tron to be in a staten52, l 50, while the other is in the stat
n52, l 51. Then the uncorrelated wave function is

C1M~r1 ,r2!5
1

A2
@C200~r1!C21M~r2!

1zC200~r2!C21M~r1!#, ~14!

where z51 for the spin-singlet andz521 for the spin-
triplet state. These IPA functions have correcte-N coales-
cences. Applying the above procedure, taking forC Cou-
lomb functions, we get that the total cross section
electron~summed over all polarizations of photon and ele
trons! is

sL51
1 5s2p

C S 12
z

Z
1

3

4Z2D , ~15!

where Z is the nuclear charge ands2p
C is the total cross

section for photoabsorption from a H-like 2p state. We see
that the modification depends as 1/Z on nuclear charge@17#,
and the sign of the modification depends on the symmetr
the coordinate part of the wave functions. For He, for e
ample, Eq.~15! means a 50% modification of the IPA resu
@18#. Note that in situations with a filleds subshell and an
electron in ap subshell~the situations considered experime
. A

s

k
n

n,
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ke
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tally in Refs.@3,5,6#!, only the case withz521 would con-
tribute. This is because the final-state interaction must m
an electron with the same spin projection as the ejected e
tron ~the s subshell remains filled!, and this is possible only
for z521.

In summary, we have described within a unified nonre
tivistic approach single photoionization of two-electron a
oms by photoabsorption at high photon energiesv ~but still
v!m). We have demonstrated that at high-energy, sin
ionization by photoabsorption from any state can be und
stood in terms of the singularities of the many-body Ham
tonian. We have demonstrated that the dominant contribu
to the single-ionization total cross section of a general s
involves final-state electron-electron interaction~and in-
volves initial-state correlation through thee-e interaction
when one electron is in the vicinity of the nucleus!. This
final-state electron-electron interaction leads to predicti
of an energy dependence of the cross sections for single
ization, which are different from the IPA predictions. W
have shown using our AFT approach that, due to the fin
state interaction, the energy dependence of the domin
contribution to the matrix element is connected, throu
AFT, with thee-N singularity. It is determined by the ampli
tude of the lowest angular momentum with which one el
tron can approach thee-N singularity. When the lowest an
gular momentum of the electron approaching the nucleu
l 50, as in the cases considered experimentally, the t
cross section decreases with large photon energies~but still
v!m), not faster than exp(2pa/p)/v9/2 for any initial total
angular momentumL.
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