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Nonrelativistic energy of the hydrogen negative ion in the p? 3P¢ bound state
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By using a Hylleraas configuration-interaction explicitly correlated expansion we compute an upper bound
to the energy of the @ °P® bound state of H. The result is converged on eleven significant digits. It
improves the previous best upper bound on the sixth significant figure.
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[. INTRODUCTION result we obtained as an upper bound to the energy of the
2p? 3P state is far below the extrapolated value of Jauregui
There is still strong interest in reaching the limits of nu- and Bungd7]. This led us to perform an extrapolation based
merical exactness by computing energies of small atoms witbn more elaborated ClI computations than those of R@f.
increasing accuracy. The leading cases are the helium atoithe extrapolated result is below but close to the upper bound
and heliumlike ions. This includes the hydrogen negativewve obtained within the ,,-correlated expansion.
ion, which is the most challenging because negative ions are

much more demanding as the electron correlation is Il. HYLLERAAS ClI COMPUTATION
considered.
The H™ ion has only two bound states: the groursf £S We applied an explicitly correlated trial function of the

state and the doubly excitedh? 3P state. The former has HYlleraas Cl type:

been investigated both theoretically and experimentally. For Imax

references see recent papers of Drake, Cassar, and Nistor (/. 1.)= YL=10. O c lr e (r
and Sims and Hagstrof2] where the ground-state energy (rura) ,21 i Z)iJZv L AT A1(2)
has been computed with an extremely high precision. The
other bound state of H 2p? 3P, has not been observed till

date.llt was predicted Complétationaﬂggﬂngarlyd40h years - This expansion differs from the Hylleraas-type one used in
ago. lts energy was computed repeatedly 8| and there is Refs.[4,8]. Several angulall terms are included explicitly

no doubt about its existence. The problem of its experimenta,.!md not only thepp one. Apart from the configuration terms

nonappearance is due to the lack of an initial state from, ;. v=0, low powers ofr 1, are used as correlation factors,
which it could be reached.

For h a small tem an extremelv high ; the first one being most important. The radial functi@{s)
or such a small system an extremely nign accuracy cap, ., Slater-type orbitals with various exponent parameters,
be obtained by using expansions that depend explicitly O hich may be optimized. This kind of approach to the ex-
the interelectronic distanag,. Recent computations for the

H- ground state performed by Drake, Cassar, and Nfdibr plicitly correlated expansion problem was introduced by

converged up to eighteen significant digits. Surprisingly. tthimS and Hagstron9] under the name Hylleraas Cl, and
results one can find in the literature for thp?23P® state are ndependently by Waricki [10] who named it superposition

far f h L The best btained bof correlated configurations.
ar from such a precision. the best oné was obtainéd by |, e present work, several such expansions were used

Jaur_egui _ano! Bung_e[?] 24 years ago. They used a differing in the number of angular terms explicitly included,
qonﬂgl_Jratlon-lnteracgor(CI)—expansmn of only 108 con- | a0, and in the maximum power of tha, distance vy ...
figurations and obtained the energy0.125 3547166 a.u. rg}e nonlinear parameters were partially optimized. The re-
i Its are collected in Table |. The best upper bound energy
{ahnd efr:rapr?latgdtthherr obtat|n|1|n§|1|0.125 3;55 08(10) at.ut.' Onf we obtained is—0.12535545124 a.u. This result is con-
h'e other dan ,b eD arq:s dy ﬁraas- ype féognpg a 'Ondofirmed by our computations using various particular trial ex-
:<'S sltate, doge ky8 rakg ]anl t gnlrzespgg:tgee Y f;nyarh, pansions(Table ). So we believe that the decimal digits
eeble, and Drak¢s] gave on y—b. a.u. thoug iven above are converged. Our result is far below the pre-
they used about 50 thousand linear terms containing powe ous upper bound as well as below the extrapolated result,

of 1, up to the 82nd one. both obtained over 20 years ago by Jauregui and B{ifige
This implies that computing accurately the energy of the y go by ¢ Unp

2p? °P state is a much more demanding and challenging

problem than for the ground statdn this work we try to

meet this challenge by applying a Hylleraas ClI method. The Hence, it seemed to us to be necessary to perform an
extrapolation similar to that of Jauregui and Buri@é but

+(1-2)]rg,. 1)

IIl. EXTRAPOLATED CI COMPUTATION

*Email address: mirekb@phys.uni.torun.pl
The details of electron correlations were discussed by BanyardCoulomb-hole description. They compare the? P excited state
Keeble, and Drakg¢8] in terms of the Coulomb-hole and partial- with the ground state.
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TABLE I. Explicitly correlated computations of thep3 3P In Table Il the contributions oll terms are presented for
state energy. The expansions used are characterized,pyand  different levels of radial expansiofa row corresponds to a
Vmax parameters regarding Ef). The total number of linear terms - given level of radial expansionincluding those extrapolated
iS Niora - The basis sets are contracted after thevlim canonical (35 given in Table Il for infinite radial expansion. For each
Oﬁggiﬁﬁgzlr'zdaé'ogr’] dg;’}ieto very restrictive constraints preventingge ies of 4 given level of radial suturation they were fitted to
9 P ' the formuladE,=a(l +b)°¢. Jauregui and Bundé’] used the

E same formula with thé andc parameters frozerb= 3 and

. Ve Niotar Nreduced (in a.u) c=—7. In the present investigation all three parameters
were optimized to obtain the best fit. In all the sefidsrned

1 1 342 276 —0.12534552291344 gyt to be close to- 0.5 and the exponemt~ —5.6. Thus the

1 2 198 187 —0.12535532145467  convergence of the angular contributions is much slower

1 2 273 241 —0.12535541251296  than was found by Jauregui and Buri@@ The summarized

1 2 360 292 —0.12535543420024  contribution ofl =8 terms is about 16:4108 a.u. which is

1 2 408 326 —0.12535543763169 5094 more than the value estimated by Jauregui and Bunge.

1 2 459 351 —0.12535544026560  Thjs js because in owb initio calculations the higher angu-

2 1 684 481 —0.12535544966128 |5 parts are much better represented by considerably longer

3 1 468 381 —0.12535544736695  radjal expansions than those used in R&l. Thel ja—

3 1 1026 542 —0.12535545116416  extrapolated results are given in the last column of Table II.

3 1 1800 712 —0.12535545123940  The last-row last-column resultAE” (%)= 355453060

3 2 702 488 —0.12535545098811  x 10 12 a.u., was extrapolated first with respect to the radial

3 2 1539 745 —0.12535545123037  and then with respect to the angular expansion.

4 1 468 468 —0.12535545120759 To be more confident about the extrapolated result, an-

4 1 876 859 —0.12535545124225  other extrapolation was performed in the reversed order.

4 1 1566 1197 —0.12535545124281  Table Il presents the extrapolation with respect to the radial

4 1 2456 1350 —0.12535545124284  expansion. The formul@E(n)=[p/(n+q)]" was used to fit

4 2 702 680 —0.12535545123956  the 5E|max(n) contributions at a givem,,, level. The last

4 2 1314 1118 —0.12535545124278  row contains the results extrapolated in Table Il fp,,

4 2 2349 1442 —0.12535545124280 o, So, AE,.(*)=35545306X% 10 2 a.u. is a result of

extrapolating first with respect to angular expansion and then
for n—oo. This number is essentially the same & ()
based on more extensive computations. We carried out a sebtained in Table II.

ries of Cl computations in which the trial space was system- Thus we conclude that the extrapolated energy value for
atically enlarged by adding consecutively angular tetins the 2p? 3P H™ state is—0.125 35545306 a.u. This is 0.37
and extending the number of radials. X 10" % a.u. below the extrapolated value of Jauregui and

TABLE Il. Extrapolation of Cl calculations to the infinite angular-wave expansion. The radial expansion
is characterized by related to the number of orbitals used; the number of orbitals of angular moméigum
n—I+1. AE"(I=<2) is the electron affinitywith respect to the H @ state obtained by using the expansion
built of n orbitals ofp-type andn— 1 d orbitals. The contribution§E"(l) coming from thel angular waves
were obtained from the actual Cl computatioRE. 4 is a sum of contributions frorre=9. It was obtained by
using the formulasE(l)=a/(l +b)® fitted to the SE"(I) values forl=4,...,8. Finally, AE"(«) is the
extrapolated electron affinity value obtained as a sum of allltlkentributions at a given level of radial
expansion(along a given row of the tableThe last row values were obtained by extrapolating with respect
to increasing radial expansions as given in Table Ill. The valE&(«) is extrapolated with respect to both
radial (n) and angularl() expansions(All the energy contributions are given in 1% a.u.).

SE"(1)

n  AE'(I<2) =3 =4 =5 I=6 1=7 1=8 RL, AE"(x)

13 309772659 38158479 5433495 1318993 428029 167235 74272 87928 355441090
14 309775727 38158523 5433608 1319166 428177 167420 74477 88376 355445474
15 309778423 38158310 5433678 1319264 428343 167602 74722 88912 355449254
16 309779487 38158304 5433734 1319319 428408 167683 74819 89127 355450881
17 309780116 38158272 5433761 1319358 428452 167732 74876 89252 355451819
18 309780410 38158282 5433778 1319372 428473 167755 74906 89319 355452295
19 309780629 38158274 5433788 1319390 428490 167776 74927 89365 355452639
© 309780878 38158270 5433803 1319411 428512 167803 74955 89428 355453060
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TABLE Ill. Extrapolation of ClI computations to an infinite radial expansion. The andliarave expan-
sion is characterized by the maximum numbet:df, ... Each row corresponds to a given level of angular
expansion. The last row contains the values extrapolated to the infinite angular expansion as given in Table
Il. The radial expansion increases along a rfA\E|max(n: 13) is the electron affinity obtained by using 14
— 1 orbitals ofl type forl=1, ... Inax. 6 _(n) is a contribution due to the extension of radial expansion
fromn—1 ton. anax is the remaining contribution expected to come from the enlargement of expansion
from n=19 to an infinite one. This residue is evaluated as a sum of extrapolated &&Mm3=[p/(n
+q)]" obtained by fitting the formula to théE|max(n) values ofn=14, ...,19. AE|max(00) is the electron
affinity value extrapolated to infinity with respect to the radial expangidh.the energy contributions are
given in 10 *? a.u.)

max AE|max(n:13) n=14 n=15 n=16 n=17 n=18 n=19 R’ AE,

309772659 3068 2696 1064 629 294 219 249 309780878
347931138 3112 2483 1058 597 304 211 245 347939148
353364633 3225 2553 1114 624 321 221 260 353372951
354683626 3398 2651 1169 663 335 239 281 354692362
355111655 3546 2817 1234 707 356 256 303 355120874
355278890 3731 2999 1315 756 379 277 330 355288677
355353162 3936 3244 1412 813 409 298 358 355363632
355441090 4384 3780 1627 938 476 344 423 355453062

g O ~NOUAWN

Bunge[7] and 1.8<10 % a.u. below our upper bound en- cant digits with the Cl-extrapolated value obtained also in

ergy value. The latter difference is just 2% of the gain due tdhis work. Because of the mutual confirmation of results ob-

the extrapolation. So the agreement between the energy upgined by using different basis sets we believe that 11 signifi-

per bound and the extrapolated energy value we obtained ant figures are converged. The result can be improved for

very good. Obviously, the extrapolated value is just an estifurther figures by using a higher precision numeritse

mation and the only reliable result is the energy upper bounddouble precision computer arithmetics was used in this
work) and enlarged Hylleraas Cl trial functions.

IV. SUMMARY
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