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Teleportation of a Bose-Einstein condensate state by controlled elastic collisions
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A protocol for teleportation of the state of a Bose-Einstein condensate trapped in a three-well potential is
developed. The protocol uses hard-sphere cross collision between the condensate modes as a means of gener-
ating entanglement. As Bell state measurement, it is proposed that a homodyne detection of the condensate
quadrature is performed through Josephson coupling of the condensate mode to another mode in a neighboring
well.
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I. INTRODUCTION Il. MODEL

Tel tati f ¢ tat d by B The observation of BECs of diluted trapped neutral atoms
eleportalion of quantum states, proposed by ennet[tg] and the recent achievement of all-optical confinement of
et al. [1], was first realized for light polarization statg®), a BEC[9] and condensation on a microelectronic cfp]

owing to the possibility of generating nonlocal entanglement, o e stimulated a large research program on BEC of diluted
between partiesthe quantum channein this system[3].  neytral atom gases. Of particular interest is the study of a

Although many proposals and _experimental reaIiza}ions oBEC in a confining potential. In Ref11] the dynamics of a
nonlocal entanglement of massive partiola®oms and ions  Bec in a double-well potential was modeled. In that model,
exist[4], up to now there has been no experimental evidencgoherent oscillations due to tunnelliidosephson-like cou-
of the teleportation of massive particles st¢f8. Indeed, jing) [7] between the two wells are suppressed when the
nonlinear interactionga valuable resource for deterministic ,,mber of atoms exceeds a critical valiself-trapping. In
generation of entanglemenare always present in many- fact the barrier separation between the two wells has a cen-
particle systems. An interesting question then arises—igrg| role as it determines whether the Josephson coupling
what extent can the teleportation protocol be applied to Mas;enveen modes is negligible in contrast to cross collisions,
sive many-particle systems? A strong candidate for massiVhen the wave functions of the two modes considerably
particle state teleportation is the condensate state of a mattg(,e”ap_ A dynamic process can be envisaged where the two-
field, where nonlinear interactions appear quite naturally age|| parrier is lowered and raised back adiabatically, such
elastic collisiond6]. , that the elastic collisions leave the two modes in an en-
In this paper we propose an experimental protocol fofangled state12—a hallmark of teleportation protocols.
teleportation[1] of mode states of an atomic Bose-Einstein g is the mechanism we focus on here. We extensively use
condensatéBEC) trapped in an optical lattice potential, by conrolled collisions between condensate modes, by adiabati-
using controllable elastic collisions and Josephson couplynga||y turning off and on the potential barriers in an optical
[7] between modes for both the quantum channel formatiofiice potential, in order to teleport the state of one conden-
and measurement stage. Elastic collisions are a fundamentalie mode. to another mode. located inside the trap, but de-
resource for both the formation of the entanglement and thg)-ajized from the first one. This sequential process is de-

parity operations needed to correct the teleported state. F‘Eﬁcted in Fig. 1. Initially we describe the general approach
the measurement stage, we propose a balanced homodyRg entanglement generation and measurement and at the end
detection of the BEC modes quadratures, valid for a smallye give a specific but clarifying physical implementation of
condensate. By measuring the difference of population ifpe time varying potential, for optical lattices.

two condensate modeshe central mode and a reference Extending the model in Ref11], we consider a BEC
mods interacting via Josephson coupling the central modgrapped in a symmetric three-well single-particle potential

quadrature is determined. V/(r) with minima atr, r,, andr; disposed along theaxis.

This paper is organized as follows. In Sec. Il we presentye assume that the three lowest states of the potential are
the model for three_ interacting condensate modes trapped Klosely spaced and well separated from its higher levels, and
a three-well potential. In Sec. Ill we propose the teleportaynat many-particle interactions do not significantly change

tion protocol using controlled collisions as a means to genspig situation, to allow a three-mode approximation. The po-
erate entanglement. In Sec. IV we turn to the measurementiial expanded around each minimum is

stage, presenting a scheme of homodyne detection of the
BEC phase. In Sec. V we present the operations of parity and
displacement needed in order to correct to the required state,
the state of the condensate mode at the receiver station. In
Sec. VI we present a physical implementation of the con-

trolled collision on optical lattices. In Sec. VIl a discussion iswherev(z)(r—rj) is the parabolic approximation to the po-
given. tential in the vicinity of each minimum. The normalized

vV(n=VAr—rp+..., j=123, )
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(i) If the potential wells are well separated only self-
collision terms are important and the many-body Hamil-
tonian reduces to

2 2
Hy=Eo(cici+cheo+cles) +7ik[ (c])%ci+ (c])%c]

+(ch)2c3], (4)

where k=U /24 Vs, and V= [d3r|ug(r)|* is the effec-
tive mode volume of each well. In such a situation, no cross
collisions or Josephson tunneling occur.

(ii) If the potential wells are not well separated Josephson
tunneling[7] between neighboring wells occurs and in the
diluted atomic gas regime it prevails over cross collisions.
The many-body Hamiltonian then becomes

" > 5

FIG. 1. Sequential collision for entanglement formation. H.=E~(clci+cle+cle)+4 — (el +clea+ Hoe
2= Eo(C1C1+C3Co+C3Ca) + 5 (C1C2F CoCa+ H.C)

2.2 2.2 2.2
single-particle ground stateiy(r) of the local potential Thrl(e) e (cy) eyt (Cy)cs], ®)

V2(r), with energyE,, defines the local mode solutions of where Q=2R/% is the tunneling frequency between two
the individual wells. If the position uncertainty in the state minima, with

uo(r) is much less than the separation of the minima of the

global potential, the overlap between the modes of each well,

€, is much less than unity and the modes are approximately = druF (NIV(N =VO(r—r)u o(r), i=12.
orthogonal[11]. The many-body Hamiltonian describing an

atomic BEC in this potential is 6)

We assume that in equilibrium state, regiferules out,
A and the modes can be treated independently. If the barrier
H=f d3x¢T(r)( —2—V2+V(r))¢(r) separating modes 2 and 3 is lowered adiabaticadly/dt
m <(E'—Eg)/#], in order to avoid transitions to other states
(of energyE’), the two respective modes overlap and strong
f dProf(Dy (e, (2 cross collision occurs a¥.= 2% kCic,clics. When the bar-
rier is raised back adiabatically, bringing the system to the
wherem is the atomic mass,J,=4w#2a/m measures the equilibrium regime, the two modes split again, but now hav-
strength of the two-body interactioapeing thes-wave scat-  ing a nonlocal entanglement generated by the cross collision
tering length,(r,t) and ¢'(r,t) are the Heisenberg picture term, over the time the two modes overlapped. In such a case
field operators, which annihilate and create atoms at positiod nonlocal quantum channel would be formed between con-
r, and normal ordering has been used. In the three-modéensate modes 2 and [33] as we describe in following
approximation the field operators are expanded in terms o$ection.

the local modes and the Heisenberg picture annihilation and
creation operators read as I1l. TELEPORTATION PROTOCOL

1 4magh?
+ —
2 m

The following protocol is more efficient if the condensate
modes are initially prepared in coherent states, but we may
Cj(t):f d®ruf (ny(r,b), (3)  assume a general initial state expanding it in the coherent
state basis|,),= [ d2aa,|a), and |yp)s=Jd*Bbgl B)s,
so that[ c;,c]= djx to ordere®. With this prescription, and for modes 2 and 3, respectively. The dynamics governed by
retaining terms up to ordeg, one arrives at two distinct H,, together with the cross collisiovi;, gives for modes 2
regimes. and 3 alone

[’

|¢(t)>=f d?ad®Ba,bge a8 >

mn=0 m!n!

(ae—i(EO/ﬁ—K)te—iKmt)m(Be—i(Eo /ﬁ—x)te—iK(m+ n)t)n| m>2| n>3 ’
(7)
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which, fort=m/2k, turns out to be the entangled state givenideal atom counter. Here instead, we describe an alternative
by scheme for phase determination similar to the optical bal-
anced homodyne measurement, where the Josephson cou-
pling [7] plays the role of an atomic beam splitter. Consider
1 _ ‘ . . .
| (k)= _J d2ad?Ba, b [(1—i)|ae™19),|Be %), two condensate modes separated by a barrier, as irf Réf.
2 P A two-mode approximation is assumed. Neglecting cross
collision terms(once the overlap of condensate wave func-

i) —ae %), — ge~ ¢
+(1+1)] —ae™'%),| - g )], ®) tions is negligible the Hamiltonian for the two modes is
where ¢=(Ey/h — k)/2x. Choosing properly the frequency
. hQ
of the modes[E, /% — k) a set of approximately orthonormal H=Ey(c'c+b™b)+—(c'b+b'c)
states |<I>J-> can be generated folEy/fi=(j+1)k, | 2
=0,1,2,3, respectively, as +7ik[(ch2c2+ (b)202]. (12)
1 Defining new operators asS,=(1/2N)(c'c—b'b), S,
D))= _f d2ad?Ba b, (1—1)| (=) )| (=i)B)s =(i/2N)(cb—cb'), S,=(1/2N)(c'b+cb'), where N
2 =(c'c+Db'b), the equations for the evolution of these op-
@+ = (=) el = () B)d]. (9 crawrsae
From now on we suppose that the condition for the genera- S=-Qs, (13
tion of |®y), i.e., Eq/fi=k, is met. . _
A simple teleportation protocqtL3] based on homodyne §=0S5,—2ie)S,—4eQINSS,, (14
measurement of the condensate modes phases can be per- ]
formed. Let us say the condensate mode 1, called hereafter S,=—2ieQS,+4€e(QNSS,, (15)
the target mode, is prepared in an unknown superposition of ) ) _ o
the specific forn{14], wheree= «/Q1<<1. A semiclassical solution fa8, is given
up to first order ine by
e [ dPe(Aly)+Bl- ), (10 S,(1)=[S.(0) + et(2Nzoyo—iX0)JcosQt

: - . - 0) — et(2Nzgxg+iy)]sin i, 16
whereA andB are constants respecting normalization condi- [5,(0) = et(2NzoxoFiyo)] (16
tions. Now if the modes 1 and 2 are made to collide, the,gjig only for eN<1, i.e., for k<Q, a small number of
whole condensate state is left as particles and also for a short time. To derive this solution,
the above operators are expanded s X.€X,, Sy
=>,€Yn, and S,=3,€,z,. Assuming initially an equal

%f d?ad?Bda,be.{—i]y)|a)(AlB)—B|—B))+|v)| number of atoms in both wells, the soluti@t6) simplifies to
—a)(A|=B)+B|B)) +i[— v a)(Al-B)—B[B)+|— )l S(t) = —Sy(0)sinQt+ 2€tNzpy,cosQt +i etyosin L.
—a)(AlB)+B|-B))}, (1) an

. Consider the following semiclassical picture for the op-
a three-partite entangled state composed of four eIementg 9 P P

We can distinguish each element by the phase of mode 2 anJatorSy'

target. Notice that although the protocol is encoded in con-

tinuous variables states, the protocol itself is discrete as only i . .

four equiprobable outcomes are possible. Thus, after the dis-  (Sy)= §|/3|(<CT>G'9_<C>97'9): —|BIXo- a2, (18
tinction of the target and mode 2 phases, only two bits of

classical information have to be sent to the mode 3 at thgvhere the mod® was prepared in a coherent state given by

receiver station. B=|Ble'’. It is easy to observe then that feN<1, att
=/2Q, Eq. (17) gives the well-known result for balanced
IV. HOMODYNE DETECTION OF BEC PHASE homodyne detection, plus a small correction,

If a joint measurement on both modes 1 and 2 can be
envisaged to distinguish the phase of each condensate mode, . TE
the complete Bell state measurement is realized. Tomogra- (S(m120)) = BI(Xg- zr2) +1 55 (Vo)
phic reconstruction of the condensate state would allow the
distinction between the two different phases. Such an ap-e., the difference between the numbers of atoms in the two
proach is based on optical homodyne tomografds}, using  wells determines the quadrature phase of one of the matter
an arrangement composed of an atomic beam splitter and dields. This method is, however, sensitive to the exact deter-

(19
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mination of the reference phage which for condensates is r

a central problenj16]. Here it is simply assumed that the
reference phase can be determined by the experimentalist.
With such a quadrature matter field measurement at hand it is
possible to distinguish between coherent states|lkeand

| — @), which is the necessary resource to apply to both target
and mode 2 and thus distinguish between the many states of
the superposition of Eq11). Note that the requirement for a P
small number of particlesN<(/«) avoids the regime of
self-trapping, as observed in Rgt1], when the approximate
solution, Eq.(16), is no longer valid. This requirement im-
poses a severe limitation of this detection method to the
“size” of the BEC to be teleported.

even

<n>

V. RECEIVER OPERATIONS FIG. 2. Efficiency of even number count event for the auxiliary

The two bits of classical information obtained as de_mode prepared in number stdtiashed ling coherent statédotted

scribed above are transferred to the receiver mode 3. NO\RPe)t’ ?r?d Sq”EeZEd dvacrl:um ?tam)lid ling). iOttomh?XitSh retpre- i
one has to apply the operations needed to transform the coﬁ?n S the number and conerent average numuer, while the fop axis IS
i . o . Tqr the squeezing parameter of the squeezed vacuum. Right axis is
densate state mode 3 in the receiver station into the requir q -
. - or the whole process efficiency.
state. Depending on the results of the joint homodyne mea-
surement described above, the condensate mode 3 is left in

one of the following states: |¢>aC:f dzﬁdzg;bﬁag

e
(20 X2

—1/21¢?

Jn!

(ge—iZW[(Eo/ﬁ—K)/K])nln>a

| @svyalpy+ai- s,
® (A|— B~ 127l(Eo/h—k+m)/xly

+B|Be—i27T[(E0/fl—K+n)\)/K]>)c. (24)

| @svyalm-8l-8), (21

Now suppose a number projective measurement is made on
the auxiliary condensate, projecting it pjm). The normal-
ized conditioned state of the central condensate is

a<m|cb>ac

(@)= NTH M@)ol

which for \=(Eq /% — k) = k/2 turns out to be

(22

| @svyal-s)+8la),
(25)

- | @avyal-5)-8la)). (23

@)= [ dp,alpe™) 18- g™ )., (29

In order to transform the condensate staf@®, (22), and  and now, ifmis even the central condensate mode is left in
(23) into the required stat€20), operations of parity and the required state, if it is not the experiment is to be repeated.
displacemenf13], in principle, can be realized, as described Thus the number of atoms in the auxiliary condensate mode
below. determines the parity of the central condensate mode. In Fig.
2 we plot the efficiency of this process by summing over all

A. Parity the even number probabilities,

A parity operation involving only atomic systems may be
envisaged for a two-species BEC with the cross collision
strength given by A=Upp/2aV.s;, Where A+«
=Upna/2 Vo= Upgpl2hVess [14]. Supposing the central for the auxiliary mode prepared in three distinct states. The
condensate initially in the stat@2), we require to transform dashed line is for the auxiliary mode prepared in a number
it to Eq. (20). The auxiliary condensate is prepared in anstate with average number of atofis). As is expected in
arbitrary state expanded also in the coherent bagls  this case, the probability of success is constantly 0.5, inde-
=fd2§a§|§>. Due to cross collision the state of this systempendent of the atom number. The dotted line is for a coherent
at timet=27x/xk is state. We see that when the auxiliary mode is prepared in this

Peven= E P(m):mzenTr{|a<m|q)>ac|2}i (27)

m=even
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none of the above operations are unitary, being dependent on
selective measurements, and thus irreversible. A figure of

merit of the whole process can be given by adding the prob-

ability of success of each event and dividing by the number

of equiprobable events,

P=(1+Peent Pot PeyenPp)/4, (30

where Py, the probability of success of the displacement
operation, is determined by the experimental control. In the
right axis of Fig. 2 we compar® for the three states con-
sidered above for the auxiliary mode, fixiltp=1. Again
we observe that for=<1.425 the squeezed vacuum is the
best state for the auxiliary mode to be prepared. In Fig. 3 we
analyzeP for the squeezed vacuum by varying battand
Pp. The efficiency decreases considerallss than 0.3)
when the squeezing parameter is high and the displacement
process efficiency is low. But, when the squeezing parameter

FIG. 3. Efficiency of success of operation for the auxiliary modejs fixed to 0, or alternativelfy, is fixed to 1, either situation
prepared in a squeezed vacuum state. has efficiency higher than 0.5 attaining the ideality Ry

N _ o =1 andr=0, the vacuum state. This situation corresponds

state the probability of success also attains the limit of 0.5;g g empty mode. Thus if the auxiliary mode can be initially

unless the auxiliary mode has less than one atom in averagepared in a vacuum state, the protocol has a high probabil-
as it attains the vacuum state. However, the state that preyy of success.

sents the best efficiency is the squeezed vacuum [§htes
depicted by the solid line in Fig. 2, by varying the squeezing V1. PHYSICAL IMPLEMENTATION
parameter in the top axis of the plot. We see that for
<1.425 the probability of success of the event is higher than A specific physical implementation of the time-dependent
0.5. This is probably the best situation for parity control.  potential can be designed, similarly to what is presented in
Ref.[17] on optical lattices. Let us consider a picture of an
B. Displacement atom driven on gdJ=1/2)—|J=3/2) transition by a one-
. dimensional optical lattice red-detuned in one-dimensional
Now, to transform the stat1) into Eq.(20), we cho0Se  jin_angle-lin configuration. The optical field can be written as

a virtgal displacement on the qentral field., defined as follows superposition of opposite helicity standing wai/s,18,
Consider an atomic beam acting as a displacement operator

over the central mode, E (2)=\2E,[ —e ?2cogk z+ 6/2)e,

+e'"2coq k. z— 0/2)e_], 31
D |}~ | dBbsfcogim(s* B))(AIB+ 5)~Bl- B+4) Loz bi2)e ] (3D
for a convenient choice of relative phase between the beams.
+isiIm(8B)1(A|B+6)+B|—B+6))}. (28)  The potential for atoms in the ground state is

Supposese R and|s|<|B|. If 6=(1+1/2)m/Im(B), for |
=0,1,2 ..., thecentral mode state is left in the required
state (but a global phase of no importanc&he displace-
ment operation can also be directly given by quadratie (
=b-+b") measurement through the homodyne detection de-
scribed in Sec. IV. As the parametei <| 8| is known to be

2U,
U(z)=-— T{Z[1+ cosf cog 2k, 2)]l

+[sin@sin(2k, z) o} — gyBo-, (32

very small, the displacement operator is given by where U, is the light shift produced by a single beam of
_ amplitudeE,, while B is a magnetic field anfl,o;} are the
Ds= e'|5‘xm1+i6X;[D5,X]=O. (29 identity and Pauli spin operators in the ground-state mani-

fold. By varying 6 the peak-peak modulation depth of the

Knowing &, the measurement of gives the required dis- potential and the distance between the=1/2) and
placement. The efficiency of this process is dependent upofim= —1/2) potential wells are changed by
the full knowledge of the above constants, and thus upon A
experimental mastering. - _

Rotations such as that proposed above can be realized by UP:§U1 3cosg+1, kAz=tan
virtual displacement. Obviously, the std#3) can be trans-
formed into Eq.(20) by sequential applications of the dis- respectively, while changing the longitudinal component of
placement and parity operations. With this procedure, thé shifts the minima of these wells. The transverse compo-
teleportation protocol is complete. Notice, however, thathent of B breaks the degeneracy of the bipotential at posi-

tang
T) 39
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" " stages,(i) entanglement formation(ii) measurement; and

1 g L (iii) receiver operations. lifi) we limited ourselves to the
situation of adiabatic time varying potentipdlV/dt<(E’
—Eg)/#] to avoid excitations to other states. (in) the ho-
modyne detection of the BEC quadrature guarantees that for
(N<Q/«), a well-diluted atomic gas and short time of in-
teraction, a condensate mode quadrature can be determined
by the difference of atoms between the central mode and an
auxiliary mode. In(iii) parity and displacement operations
were proposed to fix the teleported state at the receiver sta-
tion. Since those operations are dependent upon selective
measurements, the whole teleportation protocol is limited by
the operations’ efficiencies. The efficiency of the parity op-
eration is given by the even parity of number of atoms
present in the auxiliary state, which can be higher than 0.5
once the auxiliary condensate can be prepared approximately
4 to a vacuum squeezed state with squeezing paranmeter
-1 0 1 2 3 4 5 =<1.425. Together with the virtual displacement operations,

z those parity operations have their efficiency limited by the

full knowledge of the experimental parameters. Such is the
case for the squeezing parameteiand the virtual displace-
ment 6= (I +1/2)x/Im(B), for 1=0,1,2... . The effi-
ciency of the whole operation varies from 0.3 to 1 for an
auxiliary mode prepared in the squeezed vacuum, by varying
r and the probability of success of the displacement opera-

FIG. 4. Density map of then= 1/2 optical lattice trap potential.
Bj=0, while B, #0. Brighter zones correspond to potential
minima, z’' = 2k,;z. The sequential collision path is depicted by the
numbered arrows.

tions of linearly polarized light. By varying appropriately
one can design adiabatically time-dependent potentials

[12,17). By loading the optical potential with the condensate We stress that the proposed protocol is idealized in that

the above measurement processes will be very sensitive to
. - ) the presence of dissipation, such as collisions with noncon-
we obtain the sequential controlled collision we required, a3iansate atom§19]. We expect that, together with the re-
plctured_ n F'g' 4._The thre_e condensate modes shoul_d b uirement of a small number of particles at the measurement
loaded in neighboring wells in order to produce the require Ltage N<Q/«), decoherence effects impose a severe limi-
pro,i?]a;ll'ternative aporoach can be desianed much in th tation to the “size” of the BEC to be teleported. The com-
same way as thepgontrolled entan Ien?ent eneration i etition between Josephson coupling and cross collision
y 9 9 could also represent a limitation for the above protocol. We

atomic _engembles of Jaks‘?‘“ al. [1.2]’ with no need of a know that if the modes are prepared in coherent states this
magnetic field, but where d'ﬁefe_’“ internal spin componentsyoq not represent any problem, once the Josephson coupling
are selected to promote the minima of the potential to mov X

in relation to each other. Adiabaticity here is then related t ust adds a phase to the state. However, for other states this

the speed of the minima displacement. This alternative harﬁneiyd Sn (t)ct) Eg fi?t.hl—rh ;JnsvetZtE; gg(t)égpetltlon of those evolutions

an advantage in relation to the first one, which is that the As a last remark, throughout the paper we have assumed a

condensate modes do not need to be loaded in nelghborlnc%herent basis representation for the condensate mode states,

\;vaerlTl]s; sA;r:Oc%gm?)?)r:Zﬁt c%nod deenséa\t/\(/aitrrpgg?péoasiqg Soz]zvfn;nihiph are bette_r adapted to our discussion. Although not ex-
can be moved in relatic;n to the other two modes effecting th% icitly addressing cqherent _states for the modes, those states
required operations, despite thémode 1 and B relative ould alsc_) be considered, if each mode were actually en-
position ' tangled with another condensate to form an entangleq coher-
' ent state. The scheme could then proceed as described and
would effectively be entanglement swapping.
VII. DISCUSSION Despite the idealization, we hope that the above consid-

) erations bring some contribution to the realization of matter
In summary, we have speculated about teleportation of §e|d state teleportation in the near future.

BEC state between modes in a three-well potentialer

short distances Hard-sphere cross collision is used as a re-

source to generate entanglement between modes. For the fi- ACKNOWLEDGMENTS
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