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Influence of two parallel plates on atomic levels
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This paper is devoted to the study of the influence of two parallel plates on the atomic levels of a hydrogen
atom placed in the region between the plates. We treat two situations, namely, the case where both plates are
infinitely permeable and the case, where one of them is a perfectly conducting plate and the other, an infinitely
permeable one. We compare our result with those found in literature for two parallel conducting plates. The
limiting cases where the atom is near a conducting plate and near a permeable one are also taken.
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[. INTRODUCTION pose here is to fill this gap in the literature. For simplicity, we
shall consider the following situationsi) a perfectly con-

It has been known for a long time that the considerationducting plate and an infinitely permeable one, which we will
of boundary conditions in the radiation field imposed, forrefer to as the CP configuration, afié) two infinitely per-
instance, by the presence of material plates, may alter ndoeable parallel plates, which we will refer to as the PP con-
only the vacuum energy, as it occurs in the Casimir effecfiguration. The former setup, used for the first time by Boyer
[1], but also the properties of atomic systems in interactiorin order to compute the Casimir effect in the context of sto-
with this field. The most common examples are the influencé&hastic electrodynamidd.7], is particularly interesting since
of cavities on the spontaneous emission rate, or on atomit leads to a repulsive Casimir pressiifef] (see also Refs.
energy levels(Lamb shift modification or even on the [18,19 and Tenoricet al.[20] for the thermal corrections to
anomalous magnetic moment of the electrgr-@ factoy. this problem. More recently, the influence of this unusual
In other words, we can say that the presence of materigdair of plates was also considered in the context of the
walls in the vicinity of atomic systems renormalizes their Scharnhost effecf21,22. Regarding the latter setup, al-
transition frequencies as well as the widths of their spectraihough it leads to the same Casimir effect as the usual case
lines. The branch of physics that is concerned with the influ{two conducting plates its influence on the radiative prop-
ence of the environment of atomic systems on their radiativérties of atomic systems are different.
properties is usually called cavity QED and the above ex- Inorder to calculate the desired energy shifts, we shall use
amples represent only a few of theffior a review see, for second-order perturbation theory, regularizing the relevant
instance, Refd.2—5]). field correlations with the aid of Schwinger’s imaginary time

In this paper we shall investigate how the energy levels ofplitting, as in Ref[8]. The results are compared with the
a hydrogenlike atom are altered when it is placed in a regiotisual case where both plates are perfect conductors, a setup
between two parallel plates, where at least one of them is aftat, from now on, we shall refer to as the CC configuration.
infinitely permeable plate. These energy modifications are From these results we shall obtain the energy shifts for an
originated from the interaction between the atom and thé@tom placed near one single conductor plate, and near an
electromagnetic vacuum fluctuations distorted by the presinfinitely permeable one.
ence of the plates, as pointed out by Poy@&rin 1966. For
the case of perfectly conducting plates, this problem was first
discussed by Barton a long time a§jé] and later on by Il. PLATES WITH DIFFERENT NATURE
Lutken and Ravnddl8]. For the particular case where only (CP CONFIGURATION )

one plate is present, the interested reader can consult Refs. | et ys start by considering the case where the atom is
[9,10]. More recently some generalizations were made byjaced between a perfectly conducting plate, located at
Barton[11,12, and Jhe13,14. Cavity QED between paral- =0, and an infinitely permeable one, locatedzatL. For
lel dielectric surfaces has also been discussed in the literatuggjs case, the corresponding boundary conditions are
[15].
However, although the influence of permeable plates in ~ R
the spontaneous emission rate has already been considered in ZXE(x,y,0t)=0, zXB(x,y,L,t)=0,
the literature[16], its influence in the atomic energy levels (1)

has not, at least as far as the authors’ knowledge. Our pur- . -
z-B(x,y,0t)=0, z-E(x,y,L,t)=0.
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It is convenient to write separate expressions for the vecshown that the perturbation caused by the magnetic field can
tor potential for the transverse electii€E) and magnetic be neglected8]. In the above expression,is the electron

(TM) modes in the following way: position operator of the atom with the origin taken in its
nucleus.
k00 =V xUg5(x), Separating the contributions for the energy stiff) due
™ ™ (3)  to the degenerate states and nondegenerate states, denoted,
ko (X)=VX[VXU ()], respectively, byn’) and|¢), we write
where we defined n,olr-E(x)|n’ k,\)[?
UL E(x) =Ne,sin(kz)e' T, N’k wk
(4) . 2
N - (2) |<n,0|rE(x)|€,k,)\>|
0= mezcos(kz)e'kT " ;k"x EnT 8¢ Wi ' (12

Using selection rules valid for central potentials, or prop-
erties of the vacuum field, the energy contribution coming
from the degenerated atomic states(" can be written as

and used the following notation:=x;+zz. The wave vec-
tor is given by

_(n+12)w )
k= (K ,kp) = (Ky Ky, — =k, I<0|E|k ME
(kt,kz) = (kg z) L (1) 22 2 |<n|x|n >|22
5
kekyeR, N=0,12... (13
; : Employing Schwinger’s method of imaginary time split-
and hence, the corresponding frequencies read ting we obtain(see the Appendix
=[K2+{(n+1/2)m/L}?]*2 6
etk in+ 1amiLy] © S KOEKME 5 KOIEKNE 1 K
The normalization constam = \/2/k2L is obtained from  kx Wk K Wy 21X Wy
the condition
. = ——5-G.(2)
f d3XAL* (X)- Ak, (X) = 4728,y 1 Sy S(kr—K5). (7) 512w
2
Therefore, we can write the vector potential between the > KOIEAK, M) = ! G_(2), (14)
plates as kA wy 25637
* d2k 1 . where we defined
A(X)= 2 — —_[alAkx)e e+ H.,
\ZEM 1 (2m)2 2wy G.(2)={n(32/2L)+ {y(3,~ 2/2L) — £ (3, 1/2+ z/2L)
t) ;
where the anihilation and creation operators satisfy the well- —{n(3,1/12=z2L)+| —| *£12{g(3), (19

known commutation relations
B with £ and g being the Huruwitz and Reimann zeta func-
[aﬁ, ay 1=4128,\ 6o (K1 — K3, (9)  tions, respectively. As a consequence, the contribution com-
ing from the degenerated levels to the energy shifts are given
with all other commutators being zero. by
Our purpose here is to study the effect of the vacuum field
fluctuations on the energy levels of an atom placed in a re- i e?
gion between the plates. With this goal, we shall use pertur- A&y ’=— 512713 <
bation theory and assume that the fields do not vary appre-

2 LKnIxIn)P+Knlyln) )G (2)

ciably in the atomic scale@lipole approximation The first +2[(n|zIn")PG_(2)]. (16)
nonvanishing contributions to the energy shifts are obtained
in second order ire from Let us now address our attention to the contribution com-
5 ing from the nondegenerate levels. For this case, we shall
Ae.—e? 2 [(n,0fr - E(x)[m;k,\)| (10 consider separately two limiting regimes, namely, where the
"7 R En— Em— Wk ’ atom is near one plate and when it is far away from the
plates.

with |n;k,\):==|n)®|k,\), where|n) designates an atomic  Near one of the plates, it can be shown that the dominant
state with energye,, and |k,\), is a field state with one contribution comes fronw,>e,— &, [8]. Hence, neglecting
photon with momenturrk and polarization\. It can be &,—&, and using, as before, arguments based on selection
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rules for atomic transitions with spherical symmetric poten- UIE(X): Ne,cog kz)e'kTX,

tials, or properties of the vacuum fields, it can be shown that 23)
the two contributionsAsgl) and Asﬁz) [Egs. (1)) and (12)] N ‘

take the same form. Consequently, using the completeness of UM(x) = mezsin( kz)e'TX,

the atomic states, we get

n
o2 k=——, Nn=012..., kg keR. (24)

Aep=AeD+Ael)=— [(n(x+y?) |G (2) L

512713
Following the same procedure as that employed for the

+2(n|22In)G_(2)]. (17 CP configuration, we obtain after a lengthy but straightfor-

, ) ward calculation that the energy shifts when the atom is near
Far away from the plategretarded regime it can be e of the plates are obtained from
shown that the dominant contribution comes fram<e,

—eg, [8]. Discarding noww,, the contributionAsﬁf) be- 2
comes Ae,= [{n|(x2+y?)|n)F . (2)+ 2(n|Z?|n)F _(2)]
64mL 3
2 (25)
(2)_ 2 |<n|x,|€>| ) 2
Ay =e z. Eg: en—&y kE; KOIE[k. M) (18) where we defined
Using the definition of the static electric polarizabilities of L\3
leveln, Fo(2)=0u(32L)+ {u(3-2L) £ 2¢r(3)+| 5 | -
(26)
22 |(nlx; |€>|2 .- :
(19 Away from the plates, the contributions coming from the
&¢™&n degenerated states to the energy shifts are obtained from

as well as the matrix elements of the electric-field operator
obtained in the Appendix, we have in the diagonal basis of Asf})—

2 LKnIx|n)F+Knlyln)P)F..(2)

atomic states, 64mL3 7,
2 +2[(n|zIn")PF_(2)], (27)
o T G(e) 7 7
Aey’=— o6L 4 (axt+ay+a,) 5 T 750~ %2360 and the contributions from the nondegenerated states, in a
(20) basis that diagonalizes the atomic states, read
where we defined Ae@e w? . - 1) 2
n 96L4 (aX CYy aZ) ( ) 15 15aZ
G(9)_600319 cosé o (29)
Sin40 S|n20 . Where
To have the total shift away from the plates we must consider 3 >
the contributionsAe!Y) andA&(® of Egs.(16) and (20). F(0)= : _ (29)
sin (0) S|n2( )
I1l. TWO INFINITELY PERMEABLE PLATES
(PP CONFIGURATION) IV. COMMENTS AND CONCLUSIONS

_Considering now the PP configuration, that is, two infi-  This section is devoted to comparing the results obtained
nitely permeable parallel plates, the boundary conditions om this paper, and the results presented in IR&.where we

the electromagnetic fields are now given by have the CC configuration, that is, two conductor plates. For
this boundary condition, the energy shifts of an atom placed
7% B(x,y,04)=0, 5% B(x,y,L,t)=0, near one of the plates come from

. . (22 o2

2 Exy,00=0, z-E(xy,L,0)=0. Aey== SN0 EYAIMF - (2)+ 2|2 n)F . (2)]
Using the same gauge as befoke-(A=0 with A°=0), and (30)
writing separately the vector potential for the TE and TM
modes, as we did for the CP configurati@ee Sec. )| we The contributions to the shifts due to the degenerated
have states come from
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ferent behaviors even for those cases where the Casimir en-

15001 ergies are the same, since the atom probes locally the quan-

tum vacuum fluctuations, while the Casimir energy is a
1000 ] global quantity.

Now we present a table with numerical results, showing

500 the energy shifts computed for the lowest hydrogen levels
when the atom interacts with the radiation field in vacuum

0 05 ] 15 2 7% state submitted to the three boundary conditions mentioned

6 above. For simplicity, we assume that the atom is placed at

- the midle point between the plates<L/2). The results are

in units of {x(3)(am) 2a/32L° (the results for CC plates
can be found in Ref.8]).

—1000

—1500 4
Energy Double
shifts Casimir permeable Boyer
FIG. 1. Graphic forG(#6).
AeSth —1008 1008 0
. g2 A€t —576 432 —54
Aeft)= == 2 [(KnixIn )+ KnlyIn)P)F-(2) Aeld) ~216 288 27
" A —162(25+\241) 1296(3+\3) —60,75(1+ y33)
+2[(n|zIn")PF . (2)] (B) AW —162(25-241) 1296(3-\3) —60,75(1-33)
(1) _ _
for any distance from the plates. AE?%;J 6156 5184 364,5
Far away from the plates, the enegy shift contributionsAe?»l)l —3726 4212 182,2
coming from the nondegenerated states, in a basis that diagd® €31 —1782 1620 —60,75
nalizes the atomic states, read A€ —-972 1296 121,5
Ae® (ayt ay+ )(F(a L, 39
& = — o o o - = U
" L4l ¢ Y 15/ 15°¢ We can see from the above table that the energy shifts for

(32 the CC and PP plates are of the same order, while for CP
. ] : i plates they are one order of magnitude smaller. Note that for
with the functionsF(6) andF ..(2) defined in Eqs(29) and  the Casimir effect, the CP configuration also leads to a

(26), respectively. _ o smaller force, in modulus, than the CC original configura-
It is interesting to note that the functidf(0) is strictly o, put they are of the same order of magnitude.
positive along its domairisee Ref.[8]), but the function As a last comment, let us analyze the limiting cases where

G(6) can be positive or negative, as shown in Fig. 1, whichthe atom is near a unique perfectly conducting plate as well
gives completely different behaviors for the energy shift conz5 5 unique perfectly permeable one. For the former case, we

tributions (28) and (32) compared to Eq(20). take in Eq.(17) the limit of the atom located near the con-
In order to do a numerical analysis of our results, let usyycting plate, namely, we just makéL —0:

restrict ourselves, from now on, to atoms not too highly ex-

cited. In this case it can be shoW8] that the contributions o2
coming from the nondegenarated atomic states, E3f, Ag(n):__3[<n|(X2+y2)|n>+2<n|zz|n)]. (39
(27), and(16), are relevant to the energy shifts. Their signs 64wz

are determined from the signs of the functidhs(z) and _ ) .
G.(2); the former are strictly positive and the latter can  This same result can be obtained fromtken and Ravn-

change their signs, giving negative shifts for the CC configu-dal'S paper(8]. _ _
ration, while positive shifts for the PP configuration. Note ~For the second case, it would be better for calculations to
from Egs.(31) and(27) that these contributions to the energy have a formula that gives the energy shifts for an infinitely
shifts have opposite signs. Further, the roles of the IongituIi’e”””eab.Ie plate Eﬁ_zoy and a perfectly conduptmg one at
dinal and transverse field fluctuations are also interchanged= L. This expression can be obtained by making the substi-
For the CP configuration, the shifts can be positive or negatution z——(z—L) in Eq. (17):

tive.
Here we can point out some differences between these 2 2, .2
energy shifts and the Casimir effect, another important mani- &n= T 512WL3{<n|(x +y)IMG.(~[z-L])
festation of the vacuum fluctuations. For the Casimir effect,
the PP and CC plates give the same attractive Casimir force, +2(n|Z2n)G_(—[z—L])}. (35

while for CP plates we have a repulsive Casimir fo(bat
with the samel dependence as for the other two boundaryWe can then take the limi#/L— 0, giving for an atom near
conditions. In contrast, for the energy shifts we expect dif- one infinitely permeable plate the energy shifts
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2
° LI+ yDIn)+ 2012 )

A8(n): (36)

We could also have obtained this expression taking the
limit zZ/L—0 in Eq.(25) as well. Note that the energy shifts
for one conducting platé34) and one perfectly permeable
one (36) have opposite signs and same magnitude.

As a last comment, we would like to emphasize the in-

PHYSICAL REVIEW A67, 022103 (2003

III

= *+cog2kR)]

-3

ZO {1+co§2m(n+1/2)z/L]}

1
T2 sink e/2)

1 1

4|sinh(e/2—i6)

+c.c.,

creasing importance of considering the influence of perme- (A4)
able plates in different physical situatiof23,24] (see also
references thereinThis is clear, for instance, if we note that we have, omitting the limitr—0,
Casimir forces may become dominant at the nanometer
scale, and the appropriate consideration of permeable plates ) A3 1 1
can produce repulsive forces. Recall that only attractive <0|ET(Z)|0>=—(0E—+—05)E(6,9),
- L . 4L €
forces could lead to restrictive limits on the construction of AS
nanodevices. s (AS)
(0|E2 (z)|0)—4 L( de| B4 (€,0).
APPENDIX
Using the plane-wave expansion of the vector potentiaExpanding Eq(A4) in powers ofe, that is,
(8), we can easily show that
3
= 4
2 [(OIE[k\)[P=(0|EiE{[0). (A1)
' where
These correlators are plagued with infinities and must be 1
. ; . o . | " cosé
regularized. Choosing Schwinger’s imaginary time splitting, T.(0)==F——,
we write the regularized transverse and longitudinal vacuum 6 sirte
fluctuations of the electric-field operator, respectively, as (A7)
Glo _60039 cosé
(0[E2(2)]0) = lim (0] Ex(2,)Ex(z,t")[0) =85 site’
t' >t
d?k K2 we obtain
=—I|m E J ! ( wyg+ )
(2m)? @k
olE2(2)|0) = 5|6 !
><sin2(kz)ei“’(t"t), (0[Ev(2)[0)= 414 &4 (0)+360 :
(A2) (A8)
(0|E2(2)|0)=(0|E,(z,1)E,(z,t")|0) 2 7
’ T (OIEZ(2)[0)= 5| =+ 54| G(6)~ 3¢ |
5 aL 360
d?kt k
= —I|m E f 5 —
(2) wk It is not a difficult task to show that
x cod(kz)elet’ =,
( (0|EX(2)|0)=(0[E(2)|0)
wheret’ —t will be substitute byir (this is equivalent to _ E<O|E2(z)|0>
introducing an exponential cutgffFurther, defining 2 T
™ 4l GO+ ! ) (A9)
T =
A= T €=\1, 0=\z, (A3) 44| 360

The terms proportional to &# in Egs.(A8) and(A9) diverge

and in the limit ——0; however, they ar& independent, so that
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they are spurious terms with no physical significance.
Using the same procedure adopted to compute &ib.
and(A2), we can write 22m48)
5 KOIETlk P R
K,\ Wy
0|Er(z,t)|k,N){k,\|Ef(z,t")|0
i (OO KA Er(z]0) Re
tr gk @k
d?kt 1 k?
= _I|m E J’ 2 k+_
Lo 0 (2m) wy g 202m0) ——
22n+8) -
X sir?(kz)e “t' =, T
(A10)
|<O|Ez|k,)\)|2 FIG. 2. Integration contour.
K\ Wi % S
1
S (0|E(z,1)|k, A )(k,\|E(2,1)]0) §R(S)=n21 = §H(ss,a)=n2l e (A14)
I’Htk’h Wk
. and using the expansiqi\6), we have,
1|_ > d’ky 1 k?
- 2 ) 1 T.(6
Lt/ tn—o (2’77) Wy Wy |im|:(l_e2ﬂ'pl) 1 1)f ng+ Zp) _ 3_ _4( )
S p—3 3e €
X cog(kz)e' okt 1,
(Al15)
With definitions (A3) and (A4), and omitting as before the g
limit 7—0, we obtain
lim{(1—e 2™~ 127i >, Regy. (X,
5 KOEkl ] oy o) 10 ] a5 213, e k)
& w3 . Xg-(x) zgw—(éﬁ) ,
1 1
(A11) =— 2am)? —6{r(3)*5) L(3.012m) + {(3,~ 0/2m)
KOIEAK NP 7 [1_ - "
> e o3 —2=+(6,0)—f dx g (x) |, 2.7\ 3
kk k 2L e e — {(3,1/2+ 0/2m) — £(3,1/2— 0127) + 7) H
where g. (x)=(1x3)E .(x,0). In order to compute the
above integrals, we consider the analytically continued func- 1
tion = +1287T2G:(0). (A16)
9.(z.p)= ip:r(Z, 9). (A12) which gives the desired integral
z
o0 o 1
The integral alon@, [see Fig. 2 vanishes, which yields, f ngi(X)ZJ dx—E . (x,0)
using the residue theorem, ‘ ¢ X
” 2mpiy -1 ! Ti(a) ). (A17)
—(1—e 2mPiy~1| _ - _
L dxg.(x,p)=(1—e"="") { fcedzg%z,p) T3 4e 1287
. Subsituting this result in Eq/A11) and using the defini-
+27T'Zfo Reg-(x.p) . (AL3) " tion of =, we obtain the resull4) and a term that diverges
in the limit 7— 0. As before it isL independent, so that it is
With the definitions a spurious term with no physical significance.

022103-6



INFLUENCE OF TWO PARALLEL PLATES ON ATOMIC LEVELS PHYSICAL REVIEW A67, 022103 (2003

[1] H.B.G. Casimir, Proc. K. Ned. Akad. We&1, 793 (1948. [13] W. Jhe, Phys. Rev. A3, 5795(1990.

[2] Serge Haroche and Daniel Kleppner, Phys. Today1), 24 [14] W. Jhe, Phys. Rev. A4, 5932(199J).
(1989. [15] N. Nha and W. Jhe, Phys. Rev.54, 3505(1996.

[3] S. Haroche, ifFundamental Systems in Quantum OptRm- [16] D.T. Alves, C. Farina, and A.C. Tort, Phys. Rev6A 034102
ceedings of the Les Houches Summer School, Session LI, (2000.
edited by J. Dalibard, J.M. Raymond, and J. Zinn-Justin[17] Timothy H. Boyer, Phys. Rev. &, 2078(1974.
(North-Holland, Amsterdam, 1992 [18] V. Hushwater, Am. J. Phy$5, 381(1997.

[4] Cavity Quantum Electrodynamicedited by Paul R. Berman [19] M.V. Cougo-Pinto, C. Farina, and A. Teno, Braz. J. Phys.
(Academic Press, Orlando, 1994 29, 371(1999.

[5] P. L. Milonni, The Quantum Vacuuficademic Press, Boston, [20] A. Tenorio, A.C. Tort, and F.C. Santos, Phys. Rev.6D,
1993. 105022(1999.

[6] E. Power, Proc. R. Soc. London, Ser282, 424(1966. [21] M.V. Cougo-Pinto, C. Farina, F.C. Santos, and A.C. Tort, Phys.

[7] G. Barton, Proc. R. Soc. London, Ser380, 251 (1970. Lett. B 446, 170(1999.

[8] C.A. Litken and F. Ravndal, Phys. Rev.34, 2082(1985. [22] M.V. Cougo-Pinto, C. Farina, F.C. Santos, and A.C. Tort, J.

[9] C. A. Litken and F. Ravndal, Phys. S@8, 209 (1983. Phys. A32, 4463(1999.

[10] E.A. Power and T. Thirunamachandran, Phys. Re25A2473 [23] I. Klich, A. Mann, and M. Revzen, Phys. Rev. &, 045005
(1982. (2002.

[11] G. Barton, Proc. R. Soc. London, Ser4AQ, 141(1987). [24] O. Kenneth, I. Klich, A. Mann, and M. Revzen, Phys. Rev.

[12] G. Barton, Proc. R. Soc. London, Ser4AQ, 175 (1987. Lett. 89, 033001(2002.

022103-7



