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Decay of superfluid turbulence via Kelvin-wave radiation
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The decay of superfluid turbulence in the limit of low temperature is studied by numerical simulations of
vortex ring collisions. In particular we excite Kelvin waves and study the loss of vortex line length due to
Kelvin-wave radiation. Although the effect is small, the decay constant is not inconsistent with recent experi-
ments on vortex lattices in dilute Bose-Einstein condensates, and on superfluid turbulence in helium at very
low temperature. We also consider the character of the decay when both vortex reconnections and Kelvin-wave
radiation are present.
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One of the most challenging problems in fluid mechanicsdoes not dominate, i.e., in the limit of low temperature. Al-
is the development of a complete hydrodynamical descripthough the GP model does not accurately represent the phys-
tion of turbulence. Progress is often made by studying fluidécs of superfluid helium-4, it has been shown to provide
where the theoretical description can be simplified. For exqualitative and sometimes quantitative insight into the criti-
ample, low-temperature superfluids such as liquid hefiim ~ cal velocity for vortex nucleatioh10,11], vortex line recon-
or the recently discovered dilute Bose-Einstein condensateiections12], vortex ring collisiond13], the decay of super-
[2] are particularly attractive due to the dramatic reduction influid turbulence[14], and sound emission due to vortex
viscosity. In a superfluid, the turbulent state consists of deconnection$7].
network of interacting vortices known as a “vortex tangle” 10 study sound emission due to vortex motion we excite
[1]. In superfluid helium-4 the vortex tangle is strongly Kelvin waves on a vortex ring and measure the length of the
coupled to an interpenetrating normal fluid and the systeniing as a function of time. The Kelvin waves are produced by

shares many of the features of classical turbuléBteHow-  colliding two or more vortex rings. The initial state is con-
ever, in the limit of low temperature, the normal fluid is Structed from stationary vortex ring solutions of the uniform

negligible, but experiments still indicate a temperature-flow equation found by Newton’s methdd5]. The desired
independent decay of the turbulence sfatk In this case, configuration is obtained by multiplying the individual vor-
the emission of sound either by vortex reconnections or vort€X ring states. This initial state is then evolved according to
tex motion is the only active dissipation mechanism. Simi-the dimensionless GP equation,
larly, the time scale for the formation of vortex arrays in ) i 5
dilute Bose-Einstein condensates is also temperature inde- igp=—3V0+(¥°— 1), (1)
pendent suggesting that vortex-sound interactions may also . o i . .
be important in this relaxation proce&. In an earlier work ~ USing a semi-implicit Crank-Nicholson algorithm. In dimen-
we showed that significant sound energy is released durin |onIess_un|ts, distance and velocity are measured in terms of
vortex reconnectiong7]. However, at the typical vortex line the healing lengttf and the sound speet] respectively. In
densities of superfluid helium-4 experimefdss), or in the ~ addition, the asymptotic number density is rescaled to
regular structures found in a vortex latti8] one might Unity. The computation box with volumé= (50)° is divided
expect that vortex reconnections are relatively infrequentinto 10° grid points with a spacing of 0.5. A grid spacing of
and that the continuous emission of sound by accelerating-25 was also used to test the accuracy of the numerical
vortices may be the dominant dissipation mechanism. Unformethods. The time step is 0.02 and a typical simulation is run
tunately there is a scarcity of quantitative predictions of thefor 1.5x 10° steps. Simulations have been performed with
significance of vortex motion as a dissipation mechanism iriwo, three, and four vortex rings with radii ranging from 2.86
superfluid turbulence. Analytical results for the sound radit0 18.1 healing lengths. To convert the dimensionless units
ated by moving vortices exist only for simple cases such as #to values applicable to superfluid helium-4, we take the
corotating pair[8]. Furthermore, conventional numerical humber density as,=2.18<10°® m"2, the quantum of cir-
simulations of superfluid turbulence based on vortex filaculation asx=h/m=9.92x10"% m?’s™*, and the healing
ments governed by incompressible Euler dynarftios Biot-  length as £/\2=0.128 nm[16]. This gives a time unit
Savart lavy [9] are unable to describe sound emission. 2mwE% k=2 ps, and therefore, for superfluid helium-4 our
An elegant model of quantum fluid mechanics is providedsimulations would correspond to a real time of 6 ns. Whereas
by the Gross-Pitaevsk{iGP) equation. The GP model repre- for a sodium vapor condensate wgh-0.2 um [6], the time
sents an extension of Euler fluid mechanics to include theinit is ~15 ns giving a simulation time of45 us.
quantization of circulation, vortex core structure and vortex- In the first example we consider a collision between a
sound interactions. It provides a good description of the dylarge and a small vortex rings. Such collisions are important
namics of dilute atomic Bose-Einstein condensates in situan vortex tangle dynamics because small vortex rings are
tions where the dissipative effect of the thermal componenoften produced in collisions between larger struct(iles. A
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FIG. 2. The vortex line lengtf as a function of time for the
collision shown in Fig. 1. During the reconnection there is a sudden
loss of line length due to the emission of a sound pulse. Subse-
quently the length decays due to Kelvin wave radiation. The bold
line is a fit to a function of the form¢=¢y1+asin(2mt/T
+d) I(A+xft/V), where the period of the oscillation3,=134
+1, corresponds to the time for the Kelvin wave to go halfway
around the vortex ring. A linear fit to [/ againstt betweent
=500 andt=2900 determines the coefficient in E{), x-
~0.006+0.001. These data are for a grid spacing of 0.25 healing
lengths.
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Kelvin-waves around the vortex ring. The minima corre-
spond to the time when the two Kelvin wave packets over-

view is shown below each frame. The rings collideg &t110. The lap. By fitting the oscillations to a sine wayshown bold in

. ; J:i . 2) we find that the period is 1341. This corresponds to
reconnection produces a sound pulse which appears as a small do i locity of . h d of 4. Th
in thet=120 frame. a Kelvin-wave velocity of 0.44 times the speed of sound. The

dispersion relationship for Kelvin waves[i$7]

sequence of density isosurface plots illustrating the collision
are shown in Fig. 1. Both vortex rings propagate in the posi- _ Ko
. o ; . ) w= k“In
tive x direction with their propagation axes offset by the 4
radius of the larger ringR;=18.1. The collision occurs at o _ . .
t=110, and leads to the destruction of the small vortex ringWhere in dimensionless unltfk=277 and the core sizen
The vortex energy is converted into a sound pulse and Kelvire 1/1/2, therefore, the group velocity of a Kelvin wave with
waves. The sound pulse propagates away from the large vogenter wavelength is
tex ring and appears as a density minimunm=afi20 in Fig. 72
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FIG. 1. Sequence of density isosurfachg|f=0.35) illustrating
a vortex ring collision with ring radiR; =18.1 andR,=2.86. A top
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1. The Kelvin-waves appear as two kinks which propagate o
around the vortex ring in opposite directions. Vg™
In Fig. 2 we plot the vortex line length as a function of
time. The vortex line length is evaluated numerically by A velocity of 0.44 corresponds to a Kelvin wavelength of 5.3
searching for phase singularities, estimating the length ofealing lengths, which agrees with a measurement made
vortex line within a grid cube and summing over all cubes.from Fig. 1. In this intermediate wavelength region, the
We have checked the accuracy of the method by performingelvin-wave group velocity3) is only weakly dependent on
the same calculation with a grid spacing of 0.25 and 0.5. Thevavelength (0.4v,<0.63 for 5<A=<35). Consequently,
two calculations agree within a fraction of the healing length.there is very little dispersion of the Kelvin-wave packet.
During the reconnection dt=110, the vortex line length is During the Kelvin-wave oscillations the mean vortex line
stretched from its initial value of 2(R;+R,)~130, and length gradually decreases. It is interesting to compare the
then decreases dramatically due to the conversion of energybserved length decrease with that expected for a Kelvin-
into sound[7]. After the collision the small vortex ring dis- wave cascade, where energy is transfered to a much shorter
appears completely while the mean radius of the large vortewavelengths with a cutoff below a critical wavelength. In
ring is slightly larger,R;=18.8. this case the vortex line density=¢/V can be described by
The vortex line length oscillates due to the motion of thean equation of the formi18]
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500 1000 1500 2000 FIG. 4. Sequence of density isosurfacpg|f=0.35) illustrating
Time (in units of 2n§2/1<) a collision involving four converging vortex rings each with radius
] ] ) - R=18.1. A large number of reconnections result in the generation
~ FIG. 3. The vortex line length as a function of time for a colli- f smajl structures which annihilate into sound energy producing
sion between vortex rings with radi,=18.1 andR;=5.74. The o)y two vortex rings byt=740. Note that because of the periodic

initial increase in the vortex line length is due to stretching d”’ingboundary conditions the loop structures connect on opposite faces
the first collision. Subsequently there are a large number of reconss the numerical box.

nections which result in the production of smaller rings. After
=1100 a sequence of reconnections leaves only one vortex ringith the results in Fig. 2. Second, collisions involving three
which then decays by Kelvin-wave radiation. The decay betweeortex rings reproduce the same characteristic decay with
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ously, x,~0.006. events interspersed with gently sloping regions of Kelvin-
wave radiation. All the simulations show that the Kelvin-
dL K ) wave decay coefficient is independent of the initial condi-
FraR e o (4 tion. This can be explained by the fact that the radiation
spectrum is dominated by short wavelength Kelvin waves

wherex= 21 in dimensionless units, ang, is a dimension- [19].

less coefficient. A linear fit to 1/ using the data from Fig. 2 450

for times betweent=500 andt=2900 gives a coefficient,

x2~0.006+=0.001. A much larger valuey,~0.3, is sug- 400

gested by experiments on superfluid helilt8] and by vor- ’%”

tex dynamics simulations, where an energy cutoff is assumed £350

[9]. However, the lower value is not inconsistent with experi- 5

ments on superfluid helium and atomic condensates in the £300

limit of low temperature. From Ed4) the time at which. is £

reduced to one half i$=2n/(kx,Ly), whereL, is the line §250

density att=0. SubstitutingL ,=10'" m~?, corresponding o

to the low-temperature superfluid helium experiments of %200

Davies et al. [5], one obtainsT~1 s, which is the same §

order of magnitude as the experiment. Similarly, in the case >150

of sodium vapor condensates substitutingy=1.5

X109 m~2 (estimated from the parameters given in Ref. 100 , . .

[6]) andk=1.7x10"8 m?s ! yields T~4.1 s, compared to 0 1000 2000, 3000

an experimental valug=8.5 s observed at the lowest tem- Time (in units of 2n&"/x)

perature. FIG. 5. The d f vortex line | in line) for the colli-
To test the generality of this result we repeated the calcu; - 5. The decay of vortex line lengtthin line) for the coll

lation for diff initial diti - llision i | sion involving four converging vortex rings shown in Fig. 4. For
.atlo_n for di erent |p|tla con |t|0|j.s. First, a collision involv- <800, there are a large number of reconnections resulting in a
ing initial vortex rings with radiiR;=18.1 andR,=5.74

T ) dramatic decrease in length. After-800, only two rings remain
produces the decay shown in Fig. 3. In this case, the small,q there are no more reconnections unti2400. In this region

vortex ring is not completely destroyed in the initial colli- the |oss of vortex line length follows the prediction for Kelvin
sion. Instead after making repeated reconnections with th@aves with a decay coefficient consistent with the data from Figs. 2
main vortex ring betweeti=400 andt= 1250, it annihilates and 3. A decay characterized y=0.3 is plotted(thick line) to
att~1250 leaving only the large ring. The large vortex ring illustrate the difference between a reconnection dominated decay
then decays by Kelvin-wave radiation at a rate consistenand that due to Kelvin-wave radiation only.
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Finally, it is interesting to compare the effect of Kelvin- It is clear from Fig. 5 that one may distinguish between
wave radiation with the behavior at higher vortex line den-two types of superfluid turbulence decay, a fast sound-burst
sities where reconnection events are more frequent and edominated regime and a much slower Kelvin-wave domi-
ergy loss by direct emission of sound bursts is imporf@ht  nated regime. In the experiments on atomic conden$éies
To create a large number of reconnections we consider fouhe different time scales for formation and decay of the vor-
initial vortex rings, propagating inwards, as in the first frametex |attice may be associated with these two regimes. During
of Fig. 4. The propagation axes are offset by one healingormation, one has a disordered high-density vortex tangle
length to break the symmetrithe symmetric case cOm- cqorresponding to the fast reconnection dominated decay,
pletely annihilates in the first few hundred time unitd  \yhereas once the lattice is formed vortex reconnections be-
similar system, although with a very different length scale,.ome infrequent and the slow Kelvin-wave decay is ob-
has been studied using a classical vortex filament calculatiogge(d.

[20]. The decay of the vortex line length is shown in Fig. 5., symmary, we have studied the basic processes involved
The initial vortex line density is much larger than in the i, the decay of quantized vorticity by numerical simulation
previous examples, therefore, there are a larger number of \ortex ring collisions. Our results gave a numerical value
reconnections with a broad dl_strlbutlon of reconnectionsyr the decay constant that is consistent with preliminary
angles. A sequence of reconnections befer&00 results in experimental measurements on superfluid helitFh and

the formation of two large vortex rings which avoid each giomic condensatd] in the limit of low temperature. In
other untilt~2600. The decay coefficient for Kelvin-wave aqgition, we show that under conditions where vortex recon-
radiation is consistent with Fig. 2. The collisiontat 2600  pections are important a much faster sound-burst dominated
sets up another phase of repeated reconnections produciggcay may be observed. This faster time scale may account

smaller vortex rings which annihilate in collisions with larger oy the shorter relaxation-times associated with the formation
structures. This scenario of vortex tangle decay involving they yortex lattices.

production of small vortex rings is also observed in the clas-
sical vortex filament calculations of Tsubaaal. [9]. Financial support was provided by the EPSRC.

[1] Quantized Vortex Dynamics and Superfluid Turbuleecited  [10] T. Frisch, Y. Pomeau, and S. Rica, Phys. Rev. L&%.1644
by C.F. Barenghi, R.J. Donnelly, and W.F. Vin¢8pringer- (1992.
Verlag, Heidelberg, 2001 [11] T. Winiecki and C.S. Adams, Europhys. Leb2, 257 (2000.
[2] Bose-Einstein Condensation in Atomic Gadesoceedings of  [12] J. Koplik and H. Levine, Phys. Rev. Leftl, 1375(1993.
the International School of Physics “Enrico Fermi,” edited by [13] J. Koplik and H. Levine, Phys. Rev. Left6, 4745(1996.
M. Inguscio, S. Stringari, and C. Wiem&®S Press, Amster- [14] C. Nore, M. Abid, and M.E. Brachet, Phys. Rev. L&8, 3896

dam, 1999. (1997).

[3] W.F. Vinen, Phys. Rev. B1, 1410(2000; 64, 134520(2001; [15] T. Winiecki, J.F. McCann, and C.S. Adams, Europhys. |48t.
W.F. Vinen and J.J. Niemela, J. Low Temp. Ph{te.be pub- 475(1999.
lished. [16] G.W. Rayfield and F. Reif, Phys. Rel36, 1194 (1964).

[4] S.L. Davies, P.C. Hendry, and P.V.E. McClintock, Physica B
280, 43 (2000.

[5] S.L. Davies, P.C. Hendry, P.V.E. McClintock, and H. Nicol, in
Quantized Vortex Dynamics and Superfluid Turbule(Ref.

[17] R.J. Donnelly,Quantized Vortices in Helium I{CUP, Cam-
bridge, 1991

[18] W.F. Vinen, Proc. R. Soc. London, Ser.242, 493 (1957.

[19] The power radiated is proportional to a high power of the

[1]). , _
[6] J.R. Abo-Shaeer, C. Raman, and W. Ketterle, Phys. Rev. Lett. Kelvin-wave frequency3]. From Eq.(2) one finds that the
88, 070409(2002. power spectrum is sharply peaked around a wavelength of or-
[7] M. Leadbeater, T. Winiecki, D.C. Samuels, C.F. Barenghi, and ~ d€r 5 healing lengths. As the spectrum of Kelvin-waves pro-
C.S. Adams, Phys. Rev. Le8@6, 1410(2001). duced in a typical vortex ring collision is also peaked around 5
[8] L.M. Pismen, Vortices in Nonlinear Fields(OUP, Oxford, healing lengths, see Fig. 1, the decay is dominated by this
1999. wavelength region.
[9] M. Tsubota, T. Araki, and K. Nemirovskii, Phys. Reve® 11  [20] D. Kivotides, J.C. Vassilicos, D.C. Samuels, and C.F.
751 (2000. Barenghi, Phys. Rev. Let86, 3080(2002J.

015601-4



