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Probabilistic teleportation of a three-particle state via three pairs of entangled particles
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A scheme for teleporting an arbitrary three-particle state is proposed when three pairs of entangled particles
are used as quantum channels. Quantum teleportation can be successfully realized with a certain probability if
the receiver adopts an appropriate unitary-reduction strategy. The probability of successful teleportation is
determined by the smallest coefficients of the three entangled pairs.
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Quantum teleportation has received much attention b
theoretically and experimentally in recent years due to
important applications in quantum calculation@1,2# and
quantum communication@3–11#. Quantum teleportation wa
originally proposed by Bennettet al. @3#. In their scheme, an
unknown two-level particle state is transmitted from a sen
~Alice! to a receiver~Bob! via a quantum channel with th
help of some classical information. The quantum channe
presented by a maximally entangled Bell state and the o
nal state can be transferred to the receiver deterministic
Experimental demonstration of quantum teleportation w
realized with the polarization photon@1# and a single coher
ent mode of a field@4# in optical systems. Several schemes
quantum teleportation of a two-particle entangled state
using a three-particle entangled state as quantum chan
were presented@5–9#. Recently, quantum teleportation of
three-particle entangled Greenberger-Horne-Zeilinger~GHZ!
state to three distant users by local measurement was
posed@10,11#. In the scheme of teleportation, an unknow
three-particle entangled state and a two-particle entan
state are used as quantum channels.

In this Brief Report, the teleportation of an arbitrary u
known three-particle state via entanglement swapping is
vestigated. In our scheme, three nonmaximally entang
particle pairs are used as quantum channels. After Alice
erates the Bell-state measurements, Bob performs a c
sponding unitary-reduction transformation followed by
measurement to reconstruct the original state. The proba
ity of successful teleportation is determined by the smal
coefficients of three entangled pairs.

An arbitrary three-particle entangled state with unkno
coefficientsx i ( i 50,1, . . . ,7) can bewritten as

uc&1235~x0u000&1x1u001&1x2u010&1x3u011&

1x4u100&1x5u101&1x6u110&1x7u111&)123,

~1!

where

ux0u21ux1u21ux2u21ux3u21ux4u21ux5u21ux6u21ux7u251,

and
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$u000&123,u001&123,u010&123,u011&123,u100u123,u101u123,

u110u123,u111u123%

is the basis of an eight-dimensional Hilbert space. To telep
the stateuc&123 from Alice to receiver Bob, Alice needs to se
up three distant entangled pairs~particles 45, 67, and 89!
between herself and Bob, which are located, respectively
the following entangled states with unknown amplitudesa,
b, c, d, e, andf:

uc&455au00&451bu11&45 ~ uau21ubu251!, ~2!

uc&675cu00&671du11&67 ~ ucu21udu251!, ~3!

uc&895eu00&891 f u11&89 ~ ueu21u f u251!. ~4!

Alice uses these states as quantum channels between
and herself. Sincea, b, c, d, e, and f are unknown probabi-
listic amplitudes of these states, the simplest situation isuau
5ubu5ucu5udu5ueu5u f u51/&. Generally speaking, all the
coefficientsa, b, c, d, e, and f are different, and withuau
Þubu, ucuÞudu, and ueuÞu f u. Without losing generality, we
may assumeuau<ubu, ucu<udu, andueu<u f u, and particles 1,
2, 3, 4, 6, and 8 belong to Alice while particles 5, 7, and
belong to Bob. For other combinations of the inequality, su
asuau>ubu, ucu<udu, andueu<u f u, similar results can be ob
tained.

The state of the system isuC&5uc&123uc&45uc&67uc&89 at
this time. The four Bell states of particles 14, 26, and 38 c
be expressed as

uF6& i j 5
1

&
~ u00& i j 6u11& i j ), ~5!

uC6& i j 5
1

&
~ u01& i j 6u10& i j ), ~6!

wherei j 514, 26, and 38, respectively. In order to realize t
teleportation, Alice first operates a Bell-state measurem
on particles 1 and 4. Then she performs another Bell-s
measurement on particles 2 and 6. Finally, she measure
Bell state of particles 3 and 8. There are probably 64 kinds
outcomes in all,
©2003 The American Physical Society05-1
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^F6u38̂ F6u26̂ F6u14C&5
1

2&
~acex0u000&611ac f x1u001&161adex2u010&661ad f x3u011&)5791

1

2&

3~116bcex4u100&616bc f x5u101&166bdex6u110&666bd f x7u111&)579, ~7!

^C6u38̂ F6u26̂ F6u14C&5
1

2&
~ac f x0u001&611acex1u000&161ad f x2u011&661adex3u010&)579

1
1

2&
~116bc f x4u101&616bcex5u100&166bd f x6u111&666bdex7u110&)579, ~8!

^F6u38̂ C6u26̂ F6u14C&5
1

2&
~adex0u010&611ad f x1u011&161acex2u000&661ac f x3u001&)579

1
1

2&
~116bdex4u110&616bd f x5u111&166bcex6u100&666bc f x7u101&)579, ~9!

^C6u38̂ C6u26̂ F6u14C&5
1

2&
~ad f x0u011&611adex1u010&161ac f x2u001&661acex3u000&)579

1
1

2&
~116bd f x4u111&616bdex5u110&166bc f x6u101&666bcex7u100&)579, ~10!

^F6u38̂ F6u26̂ C6u14C&5
1

2&
~bcex0u100&611bc f x1u101&161bdex2u110&661bd f x3u111&)579

1
1

2&
~116acex4u000&616ac f x5u001&166adex6u010&666ad f x7u011&)579, ~11!

^C6u38̂ F6u26̂ C6u14C&5
1

2&
~bc f x0u101&611bcex1u100&161bd f x2u111&661bdex3u110&)579

1
1

2&
~116ac f x4u001&616acex5u000&166ad f x6u011&666adex7u010&)579, ~12!

^F6u38̂ C6u26̂ C6u14C&5
1

2&
~bdex0u110&611bd f x1u111&161bcex2u100&661bc f x3u101&)579

1
1

2&
~116adex4u010&616ad f x5u011&166acex6u000&666ac f x7u001&)579, ~13!

^F6u38̂ F6u26̂ F6u14C&5
1

2&
~bd f x0u111&611bdex1u110&161bc f x2u101&661bcex3u100&)579

1
1

2&
~116ad f x4u011&616adex5u010&166ac f x6u001&666acex7u000&)579. ~14!
cle

ea
to
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In the above equations, the notes ‘‘6’’ or ‘‘ 1’’ from right to
left correspond to the Bell-state measurements of parti
14, 26, and 38, respectively.

After these measurements, Alice informs Bob of her m
sured results via a classical channel. Next, Bob will try
01430
s

-

reconstruct the original state with his particles 5, 7, and 9
the standard teleportation scheme@3#, this is achieved by
performing an appropriate unitary transformation on Bo
particles. However, at present, the states of particles 5, 7,
9 in Eqs.~7!–~14! depend not only ona, b, c, d, e, andf, but
5-2
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TABLE I. Unitary transformationsU1 corresponding to the states of particles 5, 7, and 9.

Alice’s measurement results Bob’s unitary transformations

uF6&38, uF6&26, anduF6&14 (u0&^0u6u1&^1u)5^ (u0&^0u6u1&^1u)7^ (u0&^0u6u1&^1u)9

uC6&38, uF6&26, anduF6&14 (u0&^0u6u1&^1u)5^ (u0&^0u6u1&^1u)7^ (u0&^1u6u1&^0u)9

uF6&38, uC6&26, anduF6&14 (u0&^0u6u1&^1u)5^ (u0&^1u6u1&^0u)7^ (u0&^0u6u1&^1u)9

uC6&38, uC6&26, anduF6&14 (u0&^0u6u1&^1u)5^ (u0&^1u6u1&^0u)7^ (u0&^1u6u1&^0u)9

uF6&38, uF6&26, anduC6&14 (u0&^1u6u1&^0u)5^ (u0&^0u6u1&^1u)7^ (u0&^0u6u1&^1u)9

uC6&38, uF6&26, anduC6&14 (u0&^1u6u1&^0u)5^ (u0&^0u6u1&^1u)7^ (u0&^1u6u1&^0u)9

uF6&38, uC6&26, anduC6&14 (u0&^1u6u1&^0u)5^ (u0&^1u6u1&^0u)7^ (u0&^0u6u1&^1u)9

uC6&38, uC6&26, anduC6&14 (u0&^1u6u1&^0u)5^ (u0&^1u6u1&^0u)7^ (u0&^1u6u1&^0u)9
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also onxi ( i 50,1, . . .,7), so Bobcannot be rotated back t
the desired state only by performing a unitary transform
tion. If a unitary-reduction operation is introduced, this pro
lem can be solved as follows.

First, Bob needs to establish a correspondence betweexi
( i 50,1, . . . ,7) andu000&579, u001&579, u010&579, u011&579,
u100&579, u101&579, u110&579, andu111&579, shown in Eq.~1!,
respectively. This can be achieved by performing a unit
transformationU1 on particles 5, 7, and 9. For instance,
the first measurement result of Alice isuC2&14, the state of
the system collapses into^C2u14C&, and the entanglement i
established between particles 2, 3, and 5. Then Alice m
sures the Bell state of particles 26 and 38, respectively. If
measurement results areuF1&26 and uC1&38, the state of
particles 5, 7, and 9 collapses into the following state:

^C1u38̂ F1u26̂ C2u14C&

5
1

2&
~bc f x0u101&1bcex1u100&1bd f x2u111&

1bdex3u110&)5791
1

2&
~2ac f x4u001&

2acex5u000&2ad f x6u011&2adex7u010&)579.

~15!

That is, after three measurements, the entanglement am
particles 1, 2, and 3 disappears, the new entanglement am
particles 5, 7, and 9 is set up, and the entanglement swap
occurs. Next, Alice informs Bob of her measurement res
by a classical channel. Bob operates unitary transforma
according to Alice’s measurement results,

U15~ u0&^1u2u1&^0u!5^ ~ u0&^1u1u1&^0u!7

^ ~ u0&^1u1u1&^0u!9 , ~16!

which will transform the stateŝC1u38̂ F1u26̂ C2u14C& into

U1(^C1u38̂ F1u26̂ C2u14C&!5
1

2&
~bc f x0u000&

1bcex1u001&1bd f x2u010&1bdex3u011&)579

1
1

2&
~ac f x4u100&1acex5u101&1ad f x6u110&
01430
-
-

y

a-
e
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n

1adex7u111&)579. ~17!

It is evident that Bob must operate relevant unitary tra
formation U1 against Alice’s different measurement resul
Table I shows all 64 kinds of different measurement resu
by Alice and Bob’s relevant 64 kinds of unitary transform
tions. It will be mentioned that the note ‘‘6’’ of particles 5,
7, and 9 in the right column is dependent on the Bell-st
measurements of particles 14, 26, and 38, respectively.
note ‘‘6’’ will be ‘‘ 1’’ if the Bell state is ‘‘1,’’ while in the
other case it will be ‘‘2.’’

Secondly, Bob introduces an auxiliary two-state particleA
with the initial stateu0&A and performs a collective unitar
transformation on particles 5, 7, 9, andA. In order for Bob to
reconstruct the original state under the ba
$uc0&579u0&A ,uc0&579u1&A% ~where uc0&579 stands for the ba-
sis of an eight-dimensional Hilbert space!, a unitary transfor-
mation ~a 16316 matrix! may take the form

U25S A1 A2

A2 2A1
D , ~18!

whereA1 andA2 are 838 matrixes and can be expressed

A15diag~a0 ,a1 ,a2 ,a3 ,a4 ,a5 ,a6 ,a7! ~19!

and

A25diag~A12a0
2,A12a1

2,A12a2
2,A12a3

2,A12a4
2,

A12a5
2,A12a6

2,A12a7
2!, ~20!

respectively, whereai ( i 50,1,2,3,4,5,6,7 anduai u<1) de-
pends on the state of particles 5, 7, and 9. In Eq.~17!, one
may take

a05
ae

b f
, a15

a

b
, a25

ace

bd f
, a35

ac

bd
, a45

e

f
,

a551, a65
ce

d f
, a75

c

d
. ~21!

The unitary transformation U2 will transform
U1(^C1u38̂ F1u26̂ C2u14C&) ^ u0&A into
5-3
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TABLE II. Values of ai ( i 50,1,2,...,7) corresponding to the states of particles 5, 7, and 9.

States of particles 5, 7, and 9 a0 a1 a2 a3 a4 a5 a6 a7

U1^F
6u38̂ F6u26̂ F6u14C& 1

e

f

c

d

ce

df

a

b

ae

bf

ac

bd

ace

bdf

U1^C
6u38̂ F6u26̂ F6u14C&

e

f
1

ce

df

c

d

ae

bf

a

b

ace

bdf

ac

bd

U1^F
6u38̂ C6u26̂ F6u14C&

c

d

ce

df
1

e

f

ac

bd

ace

bdf

a

b

ae

bf

U1^C
6u38̂ C6u26̂ F6u14C&

ce

df

c

d

e

f
1

ace

bdf

ac

bd

ae

bf

a

b

U1^F
6u38̂ F6u26̂ C6u14C&

a

b

ae

bf

ac

bd

ace

bdf
1

e

f

c

d

ce

df

U1^C
6u38̂ F6u26̂ C6u14C&

ae

bf

a

b

ace

bdf

ac

bd

e

f
1

ce

df

c

d

U1^F
6u38̂ C6u26̂ C6u14C&

ac

bd

ace

bdf

a

b

ae

bf

c

d

ce

df
1

e

f

U1^C
6u38̂ C6u26̂ C6u14C&

ace

bdf

ac

bd

ae

bf

a

b

ce

df

c

d

e

f
1

n
to

of
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1

2&
ace~x0u000&1x1u001&1x2u010&1x3u011&1x4u100&

1x5u101&1x6u110&1x7u111&)579u0&A

1
1

2&
@cA~b f !22~ae!2x0u000&1ceAb22 f 2x1u001&

1A~bd f !22~ace!2x2u010&] 579u1&A

1
1

2&
@eA~bd!22~ac!2x3u011&1acAf 22e2x4u100&

1aA~d f !22~ce!2x6u110&] 579u1&A

1
1

2&
~aeAd22c2x7u111&)579u1&A . ~22!

Then Bob measures the state of particleA. If the measured
result isu1&A , the teleportation is failed. If the measureme
result isu0&A , the state of particles 5, 7, and 9 collapses
0

01430
t

1

2&
ace~x0u000&1x1u001&1x2u010&1x3u011&

1x4u100&1x5u101&1x6u110&1x7u111&)579. ~23!

The teleportation is successfully realized. The probability
successful teleportation isuadeu2/8.

For the other cases, the values ofai ( i 50,1,2,3,4,5,6,7
and uai u<1) of unitary transformationU2 that corresponds
to the states of particles 5, 7, and 9 are shown in Table
There are eight kinds in all.

In conclusion, a scheme for teleportation of an arbitra
three-particle state via entanglement swapping is propo
In this scheme, the quantum channel is composed of th
nonmaximally entangled particle pairs by sender~Alice! and
receiver~Bob!. Synthesizing all 64 kinds of conditions, th
total probability of successful teleportation is 8uaceu2, where
a, c, ande are the smallest coefficients of the three entang
pairs, respectively. When uau5ubu5ucu5udu5ueu5u f u
51/&, the total probability equals 1. This means that if t
quantum channels are composed of three Einst
Podolskey-Rose~EPR! states, complete teleportation can
realized by this method.
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