PHYSICAL REVIEW A 67, 014304 (2003
Bose-Einstein condensate collapse: A comparison between theory and experiment
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We solve the Gross-Pitaevskii equation numerically for the collapse induced by a switch from positive to
negative scattering lengths. We compare our results with experiments performed with Bose-Einstein conden-
sates off°Rb, in which the scattering length was controlled using a Feshbach resonance. Building on previous
theoretical work we identify quantitative differences between the predictions of mean-field theory and the
results of the experiments. In addition to the previously reported difference between the predicted and observed
critical atom number for collapse, we also find that the predicted collapse times systematically exceed those
observed experimentally.
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Most experiments on dilute gas Bose-Einstein condenandk=0.55 for cylindrically symmetric solutions 7] using
sateg BECs are performed with atoms that have a repulsivethe experimental parameters of tféRb collapse experi-
two-body interaction. Exceptions are the experimentsion  ments[4].

[1,2] and, more recently, ofPRb[3,4]. For ®Rb a Feshbach We have confirmed these GP predictions for the experi-
resonance allows the two-body interaction strength to benental case with cylindrically symmetric numerical solu-
tuned over a wide range of attractive and repulsive values. Itions. We also performed full three-dimensional numerical
particular, the scattering length has been rapidly switchedolutions, and found that slight departures from cylindrical
from positive (repulsive interactionto negative(attractive ~ symmetry had no effect on the critical numiés]. Conse-
interaction values, leading to the collapse and subsequenguently, there is a disagreement near the two standard devia-
explosion of the condensate. Recently, the large positivéion level, which should be regarded as significant.
scattering lengths attainable in this system have been used to We also report a quantitative discrepancy between the
produce atom-molecule condensagp predictions of the GP model and experiment. Under certain

In the following we report on our modeling of tfRb  conditions, the GP predicted time to the initiation of collapse,
collapse experiment§3], using the Gross-PitaevskiGP)  teapse IS Systematically longer than that observed in the
equation for the expectation value of the field operatorexperimentg3].

[6—9]. Saito and Uedf10], Adhikari[11,12, and Santos and Finally, we discuss the possiblility that these discrepan-
Shlyapnikov[13] have also modeled these experiments bycies result from quantum field effects beyond the GP ap-
numerical solution of the cylindrically symmetric GP equa- proximation. We therefore now derive the GP equation from
tion. Saito and Ueda concluded that this describes the cothe quantum field theory.

lapsing and exploding dynamics at least qualitativiel@]. The second-quantized Hamiltonian for a dilute gas, in
Following their suggestion, we report a more quantitativeterms of the field operato¥ (r,t), is

comparison between the theoretical and experimental results,

and find significant differences. S e 1 PSP T

The series of experiments on the collapse and explosion H:f dr'HoW + Ef drdr" W V(r—r)w'w,
of ®Rb BECs challenges theoretical models in a number of 2)
ways[14]. A body of theoretical work based on the GP equa-

tion predicts the critical number of atom, for collapse to Where\if’:xir(r',t) and Hy is the single particle Hamil-
be significantly larger than is observed. The expression fotonian for the kinetic energy and trapping potential,
the critical number is
h? 2, 1 2,2, 2,2, 2.2

H0=—mV + 5 M@ X+ gy + wyz%), ©)
Ta|’ @ i i - 25 85
wherem is the atomic mass (1.4110 “° kg for **Rb), and
w; is the trap frequency along Cartesian axim the limit of

— ) _ particles separated by distances much greater than the scat-

where ap,= VAi/(mw) is the harmonic oscillator scale tering lengtha we approximate the two-body potential bysa
length, withe the geometric mean of the trap frequencies infunction interactior{6—9]
the three Cartesian directions, aads the scattering length.
Experimentally, k=0.46+0.06 [4], whereask=0.57 for Amh?a

spherically symmetric solutions of the GP equatjds,16, Vir=r’)=gaé(r=r"), g= m @

The Heisenberg dynamical equation for the field operator is
*Electronic address: craig.savage@anu.edu.au then
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1.61
Taking the symmetry-breaking approach we assume that the : ; 5
field expectation value is not zero and define it as the GP L S T S

wave function(‘W(r,t))=®(r,t), normalized to the number B R - A S S

of particlesN, ;g , : :
N= | |®(r,t)|?dr. 6 )
[ 1) © I
Then taking the expectation value of the Heisenberg equation 0Bk
(5) gives :
P o 04 5 , 10 15 20
ihECD:HOCI)Jrg(\IfT\If\If). 7) time (ms)

FIG. 1. Experimental and numerical results for the number of
If we assume that the expectation value factorizes, as @atomsN versus time after a switch from= +7a, to a= —30a,.

would, for example, if the system were in an eigenstate offhe experimental pointsX() are from Fig. 1b) of Donley et al.
the field operator, [3]. The numerical results are fét;=190x10 28 cm® s7? (filled

circles and fork;=78x10"28 cnf s71 (+). Other parameters are
(PO =d* DD, (8)  as given in the experimental papf8]: No=16 000, radial fre-
quencyw,=2mX17.5 Hz, axial frequencw,=27x6.8 Hz.

then we obtain the GP equation . . . :
a ment with the experimental results is good. However, it

9 should be noted that the experimental points are the “rem-
ih5®=(H0+ g|®|?)D. 9 nant” atom number, while the numerical points are the total
atom number, which overestimates the remnant atom num-

In order to model atom loss due to three-body recombinatiof€"- A smaller value o5 agrees better with the earlier

we add a phenomenological term proportional to the densitf?®ints, while overestimating the final atom number. The pre-
squared ®|2 with rate coefficienK /2 [8]: cise value ofK3 has little effect on the conclusions of this

paper, which concern the initiation of collapse.
9 , .h A These results agree with those reported by Saito and Ueda
ih— &= Ho+g|®| —|§K3|q’| . (10 [10], Adhikari [11,12, and Santos and Shlyapnikd3].
However Saito and Uedd 0] used a much smaller value of
Note that Robertst al.[19] use the noncondensed atéty, ~ the three-body recombination rate coefficier;=2
which must be divided by 3! to get our condenskte We X102 cm® s™%. This produces the collapses and revivals
assume one-body and two-body loss are negligible, as wd8 condensate size that were observed in their simulations.
true for the relevant experiments. The number of atoms thefhese only become important foK; less than about
decays as 10 26 cm® s 1. Since three-body recombination is respon-
sible for the atom loss, it is remarkable that such a wide
dN 5 range of coefficients reproduces the experimental results.
ar - _K3f |[®(r,0)]dr. (11) The three-body recombination rate coefficidty is ex-
pected to vary strongly near the Feshbach resong2@e
As an example of the ability of the GP equation to cor-Experimental determination &€ is difficult due to the low
rectly model the®>Rb [3] experiments we present Fig. 1. It is densities of®®Rb condensates. Upper bounds have been es-
the result of a numerical solution of tiewo-dimensiongl  timated to be 5% 10 2° cm® s~ 2, dropping to 1026 cmP 571

cylindrically symmetric GP equation feb(r,z), nearer the Feshbach resonaft8]. Far from resonance it
has been measured to be (4.248M0 ®cm®s 1=7.1
. h? o, T 2o 2o X 10 26 cm® st [19].
=@ =— o (Jr+1 70 +07) P+ S Mo+ w;2%) @ The cylindrically symmetric numerical simulations were

performed on a 512512 grid, 35.64um long in the axial
(z) direction and with the radial coordinate extending to
11.88 um. The corresponding spatial grid spacings were
therefore 0.07um and 0.023um. The time steps were 2.34
Parameters are the same as those of Kln.df Donleyet al.  ns. All simulations were performed on a multiprocessor ma-
[3]. Specifically, the ground state of the GP equationdor chine[21], using up to 32 processors, and tRe4lP algo-
=+7ay was switched in 1 ms t@=—30ay, wherea, rithm developed by the BEC theory group of R. Ballagh at
=0.0529 nm is the Bohr radius. For the three-body recomithe University of Otago[22]. This is a pseudospectral
bination rate coefficieri;=190x 10 2 cm® s™! the agree- method with a Runge-Kutta time step. The cylindrically

o B
+g|<1>|2<1>—i§K3|<I>|4<I>. (12
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! theless, the disagreement is not unprecedented since, as we
o0l discussed earlier, the GP model also overestimates the criti-
cal number for collapse.
£ The estimates of qapse DY Saito and Ueddl0] (their
2 151 1 Fig. 3 are between 5%low a) and 10%(high a) smaller
g than ours. This is consistent with the smaller three-body re-
§10_ _ | combination rate coefficieni; they used. However, their
results are still significantly longer than the experimentally
10 time (ms) 20 measured times.
5} S We have confirmed these cylindrically symmetric simula-
; tions by performing full three-dimensional simulations. In
1 , q particular we broke the cylindrical symmetry by using trap
% 20 20 60 30 100 frequencies of 17.2417.47x6.80 Hz[4].
lacolapse /agl We were unable to substantially improve the agreement

either by changing the initial condition to reflect the experi-
Snental uncertainty o= *2a,, or by varying the three-
body recombination rate coefficient. This suggests that some
of the physics determining the collapse time is not captured

FIG. 2. Experimental and numerical results for the collapse tim
teollapse VETSUS scattering lenggqpseafter a switch froma=0 to
Acollapse The experimental pointst+) and their error bars are from
Fig. 2 of Donleyet al.[3]. The numerical resultilled circles are
for K3=190x 10" 28 cm® s~ 1. Other parameters are as given in the by our GP model. . . .
Fig. 1 caption, except foNy=6000. Inset: example of the fitting Both the collapse tlme_and critical U“mber dlsc_repanmes
procedure used to determine the collapse times. Shown is a fit of th%oUId be reSP'Ved bY using a scatterlng_ length in the G,P
functional form Eq.(13) (solid line) to the GP simulation X) for model larger in magnitude thqn the experimental value. T_h|s
a=—10a,. The fit parameters here amgyapse=9.8 MS, Toecay would reduce the collapse time and decrease the critical
=0.7 ms, andN;/Ny=0.5544. number, as required. The required increases in the scattering

length magnitudes vary, ranging from a factor of 0.57/0.46
symmetric and full three-dimensional codes are independen? 1.2 for the critical number, up to a factor of about 2 for the

and were cross checked. Grid spacings and time steps Welcr:gllapsg times .for largecoiiapse I_-Iowever, the scattering
ngth is experimentally well calibratel®3], so any such

varied to ensure convergence. Overall the results were foun o
: . change would reflect a deficiency of our GP model.

to be quite robust. As another test, we solved the GP equation . O . .
One possible origin of the discrepancy is the effect of

for one-half a radial period after the quenching of the col- .

X thermal noncondensed atoms. Because of the quantum statis-
lapse. As was observed experimentally, the condensate refQ- - . : .
-Tics of collisions between bosons, the interaction potential

cused onto the axis, due to the oscillation in the harmom% ) .
. - . - etween a condensed atom and an atom in another mode is
radial potential. All this, together with the agreement of our

results with those of Saito and Ueftt0], Adhikari [11,12, twice that between two condensed atoms. Hence one might
) . : . expect the presence of thermal uncondensed atoms to shorten
and Santos and Shlyapnikd3], gives us confidence in

their accuracy. Following Adhikafill], the initial condition the collapse time compared to the GP prediction, as ob-

for Fig. 1 was generated by adiabatically expanding the har§erved. Furthermore, this might be approximately corrected

monic oscillator initial state=0 1o a= + 7a. over 444 ms for by using an increased magnitude effective scattering
. . 0 .~ _length in the GP model. However, the uncondensed fraction
Figure 2 presents our calculations of the collapse time

. . ¥ much less than 10% of the total number of atqi, so
LeoliapsefOr the conditions of Fig. 2 of Donlegt al. [3]. They it seems unlikely that this effect is large enough to account

are consistent with the simulation results reported in Fig. 3 Otor the discrepancy. Furthermore, Robestsal. [4] reported
[10], Fig. 4, of[12], and Fig. 2 0f13]. The collapse times that the critical number for collapsd,, was insensitive to

were de_termmed by V|s_ually fitting plots of atom numbervalying the temperature. Therefore we do not expect finite
versus time to the functional form . ) .
temperature extensions of the GP theory to explain the dis-
crepancy[24]. &
- — —(t— Another possible origin is the formation 6PRb mol-
N=(No=Npexit = (1 teotapsd Taecad * Nr, - (13 ecules, which is ignored in our model. This is justified be-
cause the scattering lengths for which molecular formation
whereN; is the long time atom number. An example is givenhas been found to be importaf?25,2¢ are a=250(, or
in the inset to Fig. 2. We have also plotted the experimentahigher. The highest magnitude we have consideied,
results reported in Fig. 2 of Donlegt al. [3], and find a —1008,, is more than an order of magnitude smaller. Con-
small, but significant, systematic disagreement with the GRequently, we consider it unlikely that molecule formation is
results. Although the reported errors in the experimental colimportant for the initiation of collapse.
lapse times are large, the GP values tigjjapse are consis- The possible origin we favor is quantized atom field ef-
tently longer than the experimental ones. This is surprising akects. These might arise due to a breakdown of the factoriza-
the GP model is expected to be valid for the low densitiegion assumption Eq8). There have been several suggestions
preceding the collapse. If it were to fail, it would be expectedfor how the quantized field might influence the collap2@—
to do so at the high densities generated subsequently. Neve29], including a prediction of squeezing of vacuum fluctua-
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tions by the collapsing condensdtg0]. Furthermore, No- quasiprobability distributioi33,34]. We were computation-
zieres[31] has emphasized that only for positive scatteringally limited to simulations in one spatial dimension and
lengths does an energy barrier protect BECs from fragmerfound agreement with the GP collapse times at the 1% level.
tation into many populated statf#]. For negative scattering Although this preliminary work does not provide evidence
lengths, mean-field energy is released when atoms scatté quantum field effects, it is important to extend the fully
from the condensate into other modes. Fragmentation migttuantized field modeling to three spatial dimensions, and
be approximated by increasing the effective two-body intere€nce to use actual experimental parameters.

action potential in the GP model by up to a factor of 2. This_ !N conclusion, although our simulation results agree with

might explain why the experimentally observed collapseloSe Of previous authors, we have reached the conclusion
times and critical numbers are smaller than predicted b)}hat there |saS|gn|f|cantd|screpgncy between the predlctlons
mean-field theory, of the GP model and the experimental measurements. This

In order to investigate the behavior of a fully quantizedSuggests a reconsideration of modeling Rb BEC col-

atom field, we have used the gaugeunction approach re- lapse experiments.

cently developed by Deuar and Drummon@2]. This This research was supported by the Australian Research
method overcomes some of the problems that plague st@zouncil and by the National Facility of the Australian Part-
chastic simulations based on the positivefunction nership for Advanced Computin@i].
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