
PHYSICAL REVIEW A 67, 013808 ~2003!
Phase-coherent all-optical frequency division by three
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The properties of all-optical phase-coherent frequency division by 3, based on a self-phase-locked
continuous-wave~cw! optical parametric oscillator~OPO!, are investigated theoretically and experimentally.
The frequency to be divided is provided by a diode laser master-oscillator power-amplifier system operated at
a wavelength of 812 nm and used as the pump source of the OPO. Optical self-phase-locking of the OPO
signal and idler waves is achieved by mutual injection locking of the signal wave and the intracavity
frequency-doubled idler wave. The OPO process and the second-harmonic generation of the idler wave are
simultaneously phase matched through quasi-phase-matching using two periodically poled sections of different
period manufactured within the same LiNbO3 crystal. An optical self-phase-locking range of up to 1 MHz is
experimentally observed. The phase coherence of frequency division by three is measured via the phase
stability of an interference pattern formed by the input and output waves of the OPO. The fractional frequency
instability of the divider is measured to be smaller than 7.6310214 for a measurement time of 10 s~resolution
limited!. The self-phase-locking characteristics of the cw OPO are theoretically investigated by analytically
solving the coupled field equations in the steady-state regime. For the experimental parameters of the OPO, the
calculations predict a locking range of 1.3 MHz and a fractional frequency instability of 1.6310215, in good
agreement with the experimental results.
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I. INTRODUCTION

Continuous-wave ~cw! optical parametric oscillators
~OPOs! are widely tunable sources of coherent light in t
near and mid infrared. In addition to their importance f
applications in high-resolution spectroscopy, cw OPOs
also promising candidates for wavelength-flexible, pha
coherent, all-optical frequency dividers and synthesizers
high-precision optical metrology, due to their high efficienc
high resolution, and high precision@1#.

Recently, a phase-coherent link between the current t
standard~microwave atomic clock based on Cs! and optical
frequencies in the visible and near-infrared range has b
realized by using a cw mode-locked laser followed by wid
band optical comb generation in a nonlinear fiber@2#. Nev-
ertheless, in order to measure with the same precision
unknown optical frequency lying further in the infrared th
the frequency comb~i.e., beyond 1.5mm in the mid infra-
red!, subsequent steps of phase-coherent frequency divi
are required. A promising candidate for this task is all-opti
division by the integer number 2 or 3 using a cw OPO. Su
phase-coherent division of a visible or near-infrared f
quency from a comb or a laser can be realized by an O
with the mid-infrared idler frequency tuned to precisely on
half or one-third of the pump laser frequency.
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The precision of such frequency division is characteriz
by the divider’s stability, i.e., the deviation of the idler fre
quency from the exactly divided pump frequency. While t
phase sumfS1f I of the idler and signal waves adiabat
cally follows the pump phase, the phase differencefS2f I

undergoes a diffusion process@3#. In order to achieve phase
coherent frequency division, this diffusion has to be su
pressed by some phase-locking mechanism. The resi
variance of the phase difference then determines the di
er’s stability. The required phase coherence of the idler w
respect to the pump field oscillation~and thus of the division
by an integer number! can be achieved either by an ele
tronic or by an optical phase control of the OPO fields.

In the case of an electronic control, the frequency a
phase difference between the signal and idler waves ne
first to be determined via a beat measurement which ge
ates a rf error signal, if the signal and idler frequencies
sufficiently close to each other. The electronic error sig
can then be used to control the OPO frequencies and ph
via a tuning element in the OPO setup, e.g., a piezoelec
transducer, which controls the OPO cavity length. For a
vision by 2, based on an OPO tuned close to degeneracy
error signal can readily be achieved by directly beating
signal with the idler wave@4#. Electronically controlled divi-
sion by 3 is more involved, because the idler wave needs
to be frequency doubled before a beat with the signal w
can be measured in the rf range@5,6#.

Another problem with electronically phase-locked div
sion by 3 is a slow response time, which limits the stabil
of the divider. The optical power available after externa
frequency-doubling the OPO idler output wave is low, typ
cally in the nanowatt range, such that the rf error sig

g-

ch,
.
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needs to be averaged over milliseconds to seconds for a
ficiently high signal-to-noise ratio in the feedback loop. A
other limitation could be the response time of the piezoe
tric transducer, which also lies on the order of millisecon

An all-optical phase locking does not suffer from the
restrictions. It rather offers a response as fast as the inv
bandwidth of the OPO’s cold cavity modes, which is on t
order of tens of nanoseconds.

To control the phases of an OPO divider with all-optic
methods, one of the output waves is phase locked by inj
ing another optical wave, similar to injection locking of la
sers@7#. If the injected wave is generated by the OPO itse
the method is termed self-phase-locking. The most obvi
example for such self-phase-locking is a frequen
degenerate, type-I phase-matched cw OPO, where the s
and idler wave polarizations are parallel, such that the sig
wave phase-locks the idler wave and vice versa@8#. Fre-
quency division by 2 can also be achieved with a type
phase-matched cw OPO~with orthogonal signal and idle
polarization! by introducing a wave plate in the OPO cavi
@9#.

All-optical division by 3 was recently demonstrated in o
previous work with a cw OPO, where the signal wave
injection locked through the intracavity frequency-doubl
idler wave @10,11#. In Ref. @12#, a theoretical model was
developed and numerically evaluated to analyze its ste
state and dynamics. Here, we use a different approac
analytically predict the self-phase-locking behavior of o
divider OPO, and we compare the predicted locking ran
and frequency stability with experimental results. We m
sured an optical locking range of the OPO between 0.5 an
MHz, depending on the setup, and we measured a fracti
frequency instability of the division of smaller than 7
310214 for a measurement time of 10 s~resolution limited!.
These experimental results agree well with the theoretic
predicted values.

In the next section, we derive analytical expressions
the locking range and the frequency stability of the se
phase-locked OPO by solving the coupled field equation
the steady-state regime. In Sec. III, we describe the exp
mental setup to measure the locking range and stability
the frequency divider, and we discuss the results obtai
with this setup.

II. THEORETICAL ANALYSIS

The basic concept for optical self-phase-locking is inje
tion locking @7# of a cw OPO by an optical wave whos
frequency is close to the signal or idler frequency. For
present example of optically self-phase-locked division by
we use a cw OPO, where intracavity frequency doubl
@second-harmonic generation~SHG!# of the idler wave gen-
erates the injected field to phase-lock the signal wave of
OPO. The schematic setup of the experiment is shown in
upper part of Fig. 1, while the lower part shows a cor
sponding frequency diagram of the nonlinear processes
volved.

The OPO consists of an optically nonlinear crystal in
linear two-mirror cavity. The cavity is assumed to be res
01380
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nant for the pump~P!, signal ~S!, and idler ~I! waves. We
assume that the crystal simultaneously provides ph
matching for the OPO process and for SHG of the id
wave. Further details on such a crystal will be described
Sec. III. Via the OPO process, the pump frequencyvP is
divided into a signal frequencyvS and an idler frequencyv I
with the ratiovP :vS :v I of approximately 3:2:1. By SHG of
the idler wave, an additional wave (S8) at the frequency 2v I
is generated, which is close to the signal frequencyvS . The
difference between the two light frequencies is defined
dvªvS22v I . Due to phase matching of the idler SHG
difference-frequency mixing~DFM! of the doubled idler
waveS8 with the pump wave should enable the generation
a field with a frequencyvP22v I ~labeledI 8), which devi-
ates fromv I again bydv. For an overview, these nonlinea
processes are indicated in the lower part of Fig. 1 by arro

If the frequency differencedv is adjusted by tuning the
phase-matching wavelengths and the cavity length of
OPO, such thatdv becomes smaller than a characteris
frequency differencedv lock , i.e., udvu<dv lock , one expects
injection locking of the signal and idler waves by the wav
S8 and I 8, respectively. The full interval of 2dv lock within
which injection locking occurs is called the locking rang
This injection locking of the OPO waves is analogous to
well-known injection locking of lasers@7#. In a laser injec-
tion locking occurs if the frequencies of the injected wa
and the free-running wave of an oscillator lie within th
locking range. In this case the free-running wave assum
precisely the frequency of the injected wave. The sa
should occur in an OPO, with the difference that, in t
considered OPO injection locking, both waves are genera
by the same process, namely, optical parametric oscillat
This situation can thus be termed self-injection-locking.
the case that the signal and the idler waves are injec

FIG. 1. Scheme for an OPO with intracavity idler SHG f
frequency division by 3~upper part, M1, M2 are cavity mirrors!,
and frequency diagram of the involved nonlinear processes~lower
part!. By SHG of the idler waveI, the waveS8 is generated, which
is separated from the signal waveS by dv. At the same time, via
DFM of the doubled idler wave with the pump wave, a field (I 8) is
generated that deviates fromI again bydv. For further details, refer
to the text.
8-2
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PHASE-COHERENT ALL-OPTICAL FREQUENCY . . . PHYSICAL REVIEW A67, 013808 ~2003!
locked by the wavesS8 and I 8, the pump, signal, and idle
waves should oscillate with the exact frequency ratio
vP :vS :v I53:2:1. Thecorresponding signal and idler fre
quencies are indicated in Fig. 1 by dashed lines.

If the free-running wave of a laser is injection locked,
phase is also determined with respect to the phase of
injected wave, i.e., both waves oscillate phase coherentl
similar effect should be observed for a self-injection-lock
OPO: Without locking, the phasesfS and f I of the signal
and the idler waves are free with respect to each other. O
their sum is determined by the phase of the pump wave@3#.
When the OPO waves are self-injection-locked, howev
their phase differencefS2f I is determined as well. There
fore, the three OPO waves oscillate in phase with each o
and the frequency division of the pump laser can be ca
phase coherent.

In the following, we start from the coupled wave equ
tions of an OPO with intracavity idler SHG, to derive an
lytically the locking range of the OPO and to determine
theoretically expected frequency stability.

A. Coupled field equations

The nonlinear wave mixing processes taking place in
OPO can be summarized in the mean-field, plane-wave
proximation by three coupled equations for the OPO inter
electric fieldq(t)5qP(t)eiVPt1qS(t)eiVSt1qI(t)e

iV I t. The
carrier frequenciesVP , VS , andV I are chosen to posses th
exact ratio of 3:2:1, respectively. The amplitudesqP , qS ,
andqI are slowly varying envelopes, which contain also t
frequency deviation of the OPO fields from those carrie
i.e., they contain the frequency deviation of the OPO lig
fields from phase-coherent division by 3,vS2VS and v I
2V I . We choseVP[vP , such that the carrier frequencie
VP , VS , and V I are determined by the pump laser fr
quencyvP . The coupled equations for the field amplitud
can then be written as follows@13#:

dqP

dt
52

1

2
~kP2 iDP!qP1 iDqSqI1F,

dqS

dt
52

1

2
~kS2 iDS!qS1 iDqI* qP1

1

2
iGqIqI ,

dqI

dt
52

1

2
~k I2 iD I !qI1 iDqPqS* 1 iGqSqI* . ~1!

The field amplitudesqx are normalized so that the squares
their absolute values give the intracavity photon numb
Nx5uqxu2, where the indicesx5P, S, and I designate the
pump, signal, and idler waves, respectively. The cavity de
rates

kx5Fxu ln@~12Tx1!~12Tx2!~12Ax!
2#u ~2!

are defined with the power transmissionsTx1 andTx2 of the
cavity mirrors M1 and M2, respectively~see Fig. 1!, and the
passive single-pass lossesAx . Fx5(c/2)@Lcav1(L1
1L2)(nx21)# are the free spectral ranges of the cavity w
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the geometrical cavity lengthLcav, the geometrical crysta
lengths L1 and L2 of the OPO crystal and the SHG
crystal, respectively, and the refractive indices of the crys
nx . Dx are the detunings of the OPO’s cold cavity mod
from exact division by 3. A zero detuning of the pump cav
from the pump frequencyDP50 is assumed because in th
experiment the pump cavity length is electronically locked
the pump laser wavelength.

To investigate frequency division by 3, we only consid
the case that the value ofdv is so small that the fieldsSand
S8 ~and thus alsoI and I 8) fall within the same mode of the
cold cavity, so that injection locking can occur. In the expe
ment we tuned the pump frequency and the cavity len
such that the free-running OPO~without measuring the idler
SHG frequency! oscillated with maximum output power an
thus minimum threshold. For this case we can assume
both the signal and idler waves oscillate at the cold cav
mode center frequencies@14#. The light frequenciesvS and
v I are detuned from the exact divider frequenciesVS andV I
by DS and D I , respectively, i.e.,vS5VS1DS and v I5V I
1D I . From the two conditions of energy conservation,vP
5vS1v I andVP5VS1V I , and fromvP[VP , it follows
that the detuningsDS and D I are of the same value, bu
opposite sign. For the power-optimized OPO we can th
replace the signal and idler cavity detuning parameters b
single parameterD with DªDS[2D I . The detuningD cor-
responds to the deviation of the signal and idler light f
quencies from the desired frequencies of the divider, wh
lie at precisely two-thirds and one-third of the pump fr
quency, respectively. This definition of the frequency detu
ings is depicted schematically in Fig. 2.

With this definition ofD, the earlier considered frequenc
difference between the signal waveS and the idler SHG

FIG. 2. Definition of the frequency detuningD ~considered, e.g.,
for the signal wave!. After a maximization of the output power via
both cavity detuningsDS and D I , the signal frequencyvS of the
free-running OPO can be assumed to have zero detuning from
cold cavity resonance, symbolized by the Lorentz-shaped s
line. D5vS2VS is the detuning of the signal frequencyvS from
the exact two-thirds of the pump frequencyVS52VP/3. The SH
frequency of the idler wave can be calculated to bevS852v I

5VS22D. The difference between the frequencies of the sig
wave and the frequency-doubled idler wave thus becomesdv
5vS2vS853D.
8-3
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waveS8 can be expressed in terms ofD as well, i.e.,

dv5vS2vS85vS22v I53D. ~3!

Consequently, the full locking range 2dv lock can be ex-
pressed as 2dv lock56D lock . For cavity detunings smalle
than the characteristic detuningD lock , i.e., uDu<D lock , one
expects injection locking of the signal and idler waves by
wavesS8 and I 8, respectively.

The pump rateF is proportional to the square root of th
external pump laser powerPP times the pump input trans
mission TP1 of the cavity mirror M1: F2

5FPTP1(PP /\vP). Assuming phase matching, the nonli
ear coupling coefficientD for the OPO process is defined a

D5
deff~1!

4nPnSnI
A~2\/«0V1!vPvSv I S L1

Lcav
D , ~4!

wheredeff(1) is the effective nonlinear coefficient,V1 the vol-
ume of the nonlinear interaction, andnx the refractive indi-
ces.

The last terms on the right-hand side~RHS! of the second
and third lines of Eqs.~1! describe the additional SHG of th
idler wave 1

2 iGqIqI and signal-idler difference-frequenc
mixing ~DFM! iGqSqI* . These processes contribute the fr
quency componentsS8 and I 8 close to the signal and idle
waves. In analogy to Eq.~4!, the nonlinear coupling coeffi
cient for the DFM process and for the idler SHG process
given by

G5
deff~2!

4nSnI
2A 2\

«0V2
vSv I

2S L2

Lcav
D , ~5!

with the effective nonlinear coefficientdeff(2) and the volume
of nonlinear interactionV2 of the SHG crystal.

The coupled field equations can be solved for two v
different regimes of oscillation. First, there is the regime
oscillation where the frequency difference between the sig
wave and the idler SHG wave is larger than the lock
range, i.e.,udvu.dv lock and, equivalently,uDu.D lock . In
this case, the solutions for the field envelopes in Eqs.~1! will
not be stationary, but a~periodic! function of time, which
means that the frequency division by the OPO is not ph
locked.

In the second regime of oscillation, where the detuning
within the locking range, i.e.,uDu<D lock , the solutions of
Eqs. ~1! will be time independent, indicating that the sign
and idler waves of the OPO divider will be self-phas
locked, such that the OPO works as a phase-coherent
quency divider. This behavior has been observed in our
vious numerical calculations@11#, in reasonable agreemen
with experimental results. In the current work, the coup
field equations~1! are solved analytically in the steady-sta
regime, and corresponding expressions for the locking ra
for the phase eigenvalues, and for the frequency stability
the self-phase-locked OPO are derived.
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B. Locking range

In the following, the nonlinear coupled equations~1! are
solved for the locking range, with the OPO cavity detuningD
being a variable parameter, which can be independently
justed in the experiment. The other construction parame
of the OPO, such as the cavity losses or the crystal’s non
ear coefficient, are fixed and can be derived from the exp
mental setup in independent measurements of, e.g., the
threshold pump power or the OPO output power.

For a simplification of the equations, we assume that
change of the steady-state field amplitudeqI induced through
the idler SHG and the signal-idler DFM processes can
neglected with regard to the gain of the OPO process. T
approximation of weak idler SHG is well justified for ou
experimental setup, where we measured that the power
of the frequency-doubled idler wave and the signal wave
smaller than225 dB. With weak idler SHG, we can regar
the complex quantityiGqI on the RHS of the last two equa
tions in ~1! as being constant, and define«ª iGqI . This
complex parameter« can be seen as an optical injection ter
between the signal and idler fields, similar to the one int
duced by Fabreet al. to describe self-injection-locking of a
type-II OPO by 2 divider@15#. Considering steady-state con
ditions @i.e. zero time derivatives on the LHS of Eqs.~1!#,
one obtains four linear coupled equations forqS andqI and
their complex conjugatesqS* andqI* :

S 1

2
~kS1 iD! 2

1

2
« 0 2 iDqP

«*
1

2
~k I2 iD! 2 iDqP 0

0 iDqP*
1

2
~kS2 iD! 2

1

2
«*

iDqP* 0 «
1

2
~k I1 iD!

D
3S qS

qI

qS*

qI*
D 5S 0

0
0
0
D . ~6!

This set of equations has a nontrivial solution~i.e., qxÞ0,
with x5S,I ) only if the determinant of the matrix on th
LHS is zero. To calculate the determinant, the complex fi
amplitudesqx are separated into real, positive amplitudesbx
and real phasesfx by settingqx5bxe

ifx, and the complex
parameter« is separated into a real, positive amplitude«̃ and
a real phaseu by «5 «̃eiu. For D this leads to the following
condition for self-phase-locked operation:

D2bP
2 5

1

8
~2kSk I22D215«̃2!6Aa~D!, ~7!

where the abbreviationa is defined as
8-4
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TABLE I. Experimental parameter values for the two OPO setups used.

Crystal length
~mm!

kP

~MHz!
kS

~MHz!
k I

~MHz!
D

(106 rad/s)
G

(106 rad/s)
2dv lock

(106 rad/s)

38 258 249 13 1435 50 8.2
60 243 236 11 630 14 3.1
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1

16
D2@~kS1k I !

219«̃2#1
1

16
«̃2S kSk I1

9

4
«̃2D .

~8!

Nontrivial solutions only exist ifD is such thata(D)>0, and
the locking range corresponds to the range of the detuninD
for which this condition is satisfied. Asa~D! is quadratic in
D and has no linear components, and since the second
rivative of a with respect toD is negative, the functiona~D!
possesses a maximum atD50 and decreases symmetrical
with the absolute value ofD. Therefore, the full locking
range 2dv lock56D lock can be determined from Eq.~8! by
settinga(D lock)50, resulting in

D lock5
S «̃2S kS1k I1

9

4
«̃2D

~kS1k I !
219«̃2

D 1/2

. ~9!

In the experiment, according to Eq.~3!, locking should thus
occur if the two light frequenciesvS and vS8 are ~via a
variation ofD! brought closer to each other thanuvS2vS8u
<dv lock53D lock . Equation~9! shows that the locking rang
is a function of the OPO’s construction and operating para
eterskS andk I , and of«̃2. The latter parameter is given b
«̃25G2bI

2, where bI
25NI is the intracavity idler photon

number. Since in our experiment we can assume thatNI is
not noticeably depleted by idler SHG, the number of id
photons can be determined from the steady-state solution
Eqs.~1! with G set to zero~i.e., no idler SHG!, which yields

«̃25
G2

D2

kSkP

4 S 4uFuD

kPAkSk I

21D . ~10!

Using Eqs.~9! and ~10!, the locking range of the OPO di
vider can be predicted, if the cavity and crystal parameterF,
kP , kS , k I , D, andG are known. The pump rateF can be
determined from the incident pump powerPP @see above Eq
~4!#. The remaining parameterskP , kS , k I , D, andG usu-
ally differ from the values calculated from Eqs.~2!, ~4!, and
~5!, mainly due to the mean-field and plane-wave appro
mation and an eventual phase mismatch. However, a co
nient way to determine these parameters is to extract t
from independent measurements. First we derived the ca
parameterskP , kS , andk I by fitting the output characteris
tics of a triply resonant cw OPO to the experimental m
surements, using slope and pump power at threshold a
ting parameters, as is described in Ref.@16#. In our
experiment, the output power was measured using ou
coupling mirrors with different, well-known reflectivities
while the idler SHG was tuned off phase matching via
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crystal temperature, so that the nonlinear coupling coeffic
for the SHG process,G in Eqs.~1!, could be set to zero. The
nonlinear coupling coefficient for the OPO processD was
then determined from the measured pump power at thre
old. Finally, after having tuned back the crystal temperat
to phase matching of the idler SHG, the power ratio of t
frequency-doubled idler wave to the signal wave was m
sured, which was used to determine the nonlinear coup
coefficientG valid in the experiments. The parameter valu
determined in the manner described are summarized in T
I. In our experiments, two different setups of the OPO
vider were used, one with a 38-mm-long crystal and
other with a 60-mm-long crystal. Correspondingly, two s
of OPO parameters were derived as described and are g
in Table I.

With these sets of experimental parameters, the theore
values of the full locking range calculated by Eqs.~9! and
~10! are 2dv lock56D lock58.23106 and 3.13106 rad/s, cor-
responding to a frequency-locking range of 1.3 and 0.5 M
for the divider with the 38 and the 60-mm-long crystal, r
spectively.

To this end, it is worth noticing that in steady state, fro
Eq. ~7! one finds two different solutions for the intracavi
pump field. As above threshold the intracavity pump pho
numberNP of a cw OPO is clamped to its threshold valu
Nth @16#, these two solutions belong to two different pum
powers at threshold, which can be calculated from Eq.~7!
with Nth5NP5bP

2 :

Nth
~1,2!5

1

D2 F1

8
~2kSk I22D215«̃2!6Aa~D!G . ~11!

According to this equation, the separation of the two valu
for the OPO threshold varies with the cavity detuningD
~within the locking range!. With the definition ofa in Eq.
~8!, it can be shown that the difference of the threshold v
ues is maximum atD50 and approaches zero at the edges
the locking range, i.e., whereD5D lock with D lock given by
Eqs. ~9! and ~10!. Furthermore, the difference between t
high- and the low-threshold values increases with increas
«̃2, which is proportional toG2, as given in Eq.~10!. There-
fore, a stronger optical coupling between the signal and id
fields ~via the idler SHG process! results in an increased
difference in the threshold photon number.

A similar threshold splitting of a cw OPO has been qua
tatively observed in an experiment by Masonet al. @9# and
has been described theoretically by Fabreet al. @15#. In Ma-
son’s experiment, a type-II OPO~perpendicularly polarized
signal and idler! was operated at frequency degeneracy a
frequency by 2 divider, by injecting a small fraction of th
8-5
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signal into the idler field and vice versa. However, so far
have not observed such a threshold splitting in our exp
ment with the by 3 divider.

C. Frequency stability

By solving the coupled field equations in the steady-st
regime, we derived expressions for the locking range and
oscillation threshold. These results give the conditions t
need to be satisfied in order to obtain phase-locked freque
division by 3. In the following, we investigate the stead
state solutions of the phases of the signal and idler ou
fields with respect to the input pump phase and the detun
Thereafter we derive the stability of frequency division, i.
an expression for the residual time-averaged phase fluc
tions of the self-phase-locked OPO.

By separating the complex values into positive real a
plitudes and real phases in Eqs.~6!, the steady-state phase
for qS andqI can be rewritten as

sin~fS1f I2fP!5
1

3DbP
S kSr 1

k I

2r D ,

cos~fS1f I2fP!5
1

DbP
S Dr 1

D

2r D ,

sin~fS2f I2u!5
1

«̃ S Dr 1
D

r D ,

cos~fS2f I2u!5
1

3«̃ S kSr 2
k I

r D , ~12!

where we have used the abbreviationrªbS /bI . Note that
for the case of a cw OPO without idler SHG, i.e., for«̃50
and D50, it can be easily verified from Eqs.~12! that the
signal-idler sum phase is given byfS1f I5fP1p/2, while
the difference phasefS2f I can assume an arbitrary valu
as known from standard OPO theory@3,17#.

For a determination ofr in Eq. ~12!, we use Eq.~7! and
cos2 x1sin2 x51 to obtain

~kS
219D2!r 42~624Aa!r 22~k I

219D2!50. ~13!

In this equation, the positive sign of the term withAa cor-
responds to the high-threshold state of the OPO, and
negative sign to the low-threshold state. For the lo
threshold state, one obtains

r 25
224Aa6Ab

2~kS
219D2!

, ~14!

where the abbreviationb is defined asbª(24Aa)214(kS
2

19D2)(k I
219D2). Note that the conditionr 2>0 already

determines the sign ofAb, depending on the choice ofa and
b ~via a choice ofD!.
By dividing the respective sine and cosine equations~12! by
each other, the signal-idler sum and difference phases ca
calculated as
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fS1f I5fP1arccotF3D~r 11/2r !

kSr 1k I /2r G12mp,

fS2f I5u1arctanF3D~r 11/r !

kSr 2k I /r G12np. ~15!

The integer numbersm and n in these equations take int
account that the phases are defined only modulo 2p.

Equations~15! show that the sum phase of the signal a
idler fields follows the input pump phase. This behavior
well known for a standard OPO. In our divider, however, t
difference phase is also locked, i.e., it follows the phaseu of
the coupling parameter«. Furthermore, from the definition o
«ª iGqI , with the approximation of weak idler SHG, it fol
lows thatu5f I1p/2; thus the idler phase can be written

f I5
1

3
fP1 l

2p

3
1 f I~D!. ~16!

In this expression,f I(D) is defined as

f I~D!ª
1

3
arccotF3D~r 11/2r !

kSr 1k I /2r G2
1

3
arctanF3D~r 11/r !

kSr 2k I /r G
2

p

6
, ~17!

and l is an integer number. Similarly, the phase of the sig
wave can be written as

fS5
2

3
fP1k

2p

3
1 f S~D!, ~18!

where f S(D) is defined as

f S~D!ª
2

3
arccotF3D~r 11/2r !

kSr 1k I /2r G1
1

3
arctanF3D~r 11/r !

kSr 2k I /r G
1

p

6
, ~19!

with an integer numberk.
The physical meaning of Eqs.~16! and ~18! can be de-

scribed as follows. The OPO internal pump field is defin
by the external pump laser. The signal and idler phases
assume one of three distinct phase eigenvalues, which
separated by 2p/3 and numbered byl. We note that this
agrees with an earlier prediction where an all-optical divid
by n should possessn phase eigenvalues@17#. Our numerical
calculations have shown that the initial conditions duri
startup of the OPO, such as imposed through vacuum fl
tuations, determine which of the three phase eigenvalues
be assumed in steady state.

The precision of the frequency division, however, is d
termined by a residual frequency instability, which could
caused as follows. In an experiment, the frequencyvP and
thus its exact one-thirdvP/35V I , is set by the pump laser
Nevertheless, as the pump laser frequency is subject
residual thermal drift, the cavity detuningD for the signal
8-6



th

im
th
re
vi

r

m
,
d

w
-
a
m

th
o
y

e

at
re
r
d

th

an

a

q
te

-
ted

the
ntal
etup

ore

at,
the

e
f

g

the
e

ob-

cy
dler

his
ec-
a
e
lue

q.
al-
r

cy

bil-
t-
put
. In

in
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and idler waves might drift as well, because the length of
OPO cavity is locked to the pump laser wavelength~via a
Pound-Drever-Hall servo loop; see Sec. III!. Furthermore,
this electronic servo loop possesses only finite response t
which is in our experiments approximately 1 ms given by
piezoelectric transducer. Acoustic perturbations with f
quencies above 1/ms may thus rapidly change the ca
length, leading to a small and random fluctuation ofD as a
function of time.

As D enters the eigenvalues assumed by the divide
steady state@via f I and f S in Eqs. ~16! and ~18!#, these ei-
genvalues are expected to drift and fluctuate as well. A te
poral change of an eigenvaluefx(t), however, corresponds
via dfx(t)/dt, to a frequency deviation of the signal an
idler frequencies from the exactly divided values.

In our experiments, we indeed observed such a slo
drifting frequency deviation~when the OPO was not self
phase-locked!, whereas faster fluctuations could not be me
sured. Therefore we assume that the observed drift is do
nating any residual rapid frequency fluctuations, and in
following considerations we concentrate on a slow drift
the cavity detuningD as the origin of a residual frequenc
instability of the divider.

A measure for a residual frequency instability of the fr
quency divider is the full width at half maximum (WFWHM)
of the power spectrum of the beat between the gener
idler frequency and the exact one-third of the pump f
quencyWFWHM(v I2V I). First, we derive an expression fo
this deviation of the idler frequency of the exactly divide
pump frequency by assuming that the cavity detuningD var-
ies as a function of time as described. By assuming
dD/dtÞ0 and taking the time derivative of Eq.~16!, we find
a beat frequency changing with time:

v I2V I5v I2
1
3 vP5

d

dt
~f I2

1
3 fP!5

d

dt
f I~D!, ~20!

where

d

dt
f I~D!5

d fI

dD

dD

dt
. ~21!

TheWFWHM spectral width of this beat is given by the me
square value of the difference phasec Iªf I(t)2 1

3 fP(t) di-
vided by the measurement time periodT @3#:

WFWHM~v I2V I !5^@c I~T!2c I~0!#2&
1

T
, ~22!

where the angular brackets denote the statistical mean v
over many periodsT. Instead of̂ @c I(T)2c I(0)#2& we can
write ^@ f I„D(T)…2 f I„D(0)…#2& @see Eq.~20!#, where for
f I(D) we insert the RHS of Eq.~21!, after carrying through
an integration over time. The first factor on the RHS of E
~21! is constant with respect to time and can be extrac
from the mean square values, and we obtain

WFWHM~v I2V I !5S d fI

dD D 2 ^@D~T!2D~0!#2&
T

. ~23!
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In the following, we use Eq.~23! to predict an absolute quan
titative value for the width of the beat between the genera
idler wave and the desired wave with exactly one-third of
pump frequency, as would be expected for our experime
setup. For this prediction, we use the parameters of the s
with the 60-mm-long crystal~given in Table I!, because fre-
quency division with this setup was measured to be m
stable than with the setup with the 38-mm crystal.

To calculate a quantitative value for the width of the be
we need to retrieve two numbers for the two factors on
RHS of Eq.~23!. The first factor (d fI /dD)2 can be derived
analytically from Eq. ~17!. Therefore, we calculated th
function f I(D) given by Eq.~17!, as plotted as a function o
the detuning in Fig. 3. It can be seen that the value off I(D)
varies overp/3 within the theoretically expected lockin
range, i.e., forD<uD locku50.523106 rad/s, which is indi-
cated as gray background. Note that in the center of
locking range the functionf I(D) shows a linear dependenc
on D with a slope ofd fI /dD56.531027 s, while at the
edges of the locking range a nonlinear dependence is
served. Using this slope aroundD50, we obtain the value
(d fI /dD)254.2310213 s2 for the first factor.

The second factor̂ @D(T)2D(0)#2&(1/T) is retrieved
from an experiment where the drift of the beat frequen
between the signal wave and the frequency-doubled i
wave was measured, i.e., the drift of the difference (vS
22v I)53D, when the OPO was not self-phase-locked. T
experiment will be presented in more detail in the next s
tion. In a radio frequency~rf! measurement of this beat,
drift of the beat frequency of typically 2 MHz in a tim
period ofT560 s was observed. This corresponds to a va
of @D(T)2D(0)#2(1/T)52.931011 rad2/s3 for the second
factor of Eq.~23!.

Using these values for the two factors on the RHS of E
~23!, the spectral linewidth of the phase-locked OPO is c
culated to beWFWHM(v I2V I)50.12 rad/s. At the angula
frequency of the idler wave ofV I577431012 rad/s~wave-
length of 2436 nm!, this corresponds to a relative frequen
instability of WFWHM(v I2V I)/V I51.6310215 in 60 s.

A direct measurement of this residual frequency insta
ity would require first frequency-tripling the OPO’s idler ou
put wave and then superimposing it on the OPO’s in
pump frequency, to obtain a beat frequency in the rf range

FIG. 3. Idler phase shiftf I versus the detuningD, as given by
Eq. ~17!, and calculated for the experimental parameters given
Table I for the OPO with the 60-mm-long crystal.
8-7
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our experiment, however, we found it technically easier
perform a beat measurement in a different manner, i.e.
superimposing the second harmonic of the OPO’s sig
wave output on the sum frequency of the pump input and
OPO idler output wave.

This measurement ofWFWHM@2vS2(VP1v I)# ~see Sec.
III ! compares the frequency of the OPO output waves 2vS
2v I with that of the OPO input waveVP . Because the
phases of both the signal and the idler waves vary line
with D in the center of the locking range, the frequen
instability of this comparison is proportional to the frequen
instability of the idler output wave with respect to the exa
one-third of the pump wave. To derive the correspond
proportionality factor, we use Eqs.~16! and ~18! to express
the time dependence of the beat frequency 2vS2(VP
1v I), i.e.,

~2vS2v I !2VP5
d

dt
@2 f S~D!2 f I~D!#. ~24!

After carrying out the same steps as above we obtain
spectral bandwidth of this beat as

WFWHM@~2vS2v I !2VP#

5S 2
d fS

dD
2

d fI

dD D 2 @D~T!2D~0!#2

T
. ~25!

In the center of the locking range, the derivativesd fS /dD
and d fI /dD are constant with values ofd fS /dD527.4
31027 s and d fI /dD56.531027 s. With @D(T)
2D(0)#2(1/T) as derived above we calcula
WFWHM@(2vS2v I)2VP#51.3 rad/s. Dividing the value fo
WFWHM@(2vS2v I)2VP# by the value for WFWHM(v I
2V I) gives the desired proportionality factor:

WFWHM@~2vS2v I !2VP#

WFWHM~v I2V I !
5

1.3

0.12
510.8. ~26!

As a result of these calculations we expect for the OPO se
with the 60-mm-long crystal a spectral bandwidth of the b
frequency (2vS2v I)2VP of 1.3 rad/s, which correspond
to a spectral bandwidth of a direct idler beat measurem
v I2V I of 0.12 rad/s. The latter value means that the O
should be able to divide the pump laser frequency by 3 w
a fractional frequency instability of 1.6310215.

III. EXPERIMENTAL SETUP AND RESULTS

The experimental setup of the OPO frequency divide
similar to the one described in Refs.@10# and @11#. The fre-
quency to be divided is provided by a single-frequency
GaAs diode master-oscillator power-amplifier~MOPA! sys-
tem @18#. It provides a near diffraction-limited output bea
with a maximum power of 340 mW at a wavelength of 8
nm for pumping the OPO. The diode MOPA wavelength c
be grating tuned over several nanometers and continuo
fine-tuned~without mode hops! over 1 GHz via a piezo con
trol of the diode oscillator cavity length.

For division of the diode laser frequency by 3, we use
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triply resonant two-mirror OPO, which is based on qua
phase-matching~QPM! in a periodically poled LiNbO3
~PPLN! crystal. Two different crystals were available for th
experiment, having lengths of 38 and 60 mm, respectiv
Each crystal carries two sections with different poling pe
ods as shown in Fig. 1. The first section with lengthL1
carries a poling period ofL1 to quasi-phase-match parame
ric down-conversion of 812-nm radiation to a signal wav
length of 1218 nm and an idler wavelength of 2436 nm, a
the second section with lengthL2 carries a poling period of
L2 for quasi-phase-matching the frequency doubling of
idler wave. In the first crystal,L1529 mm andL259 mm,
and in the second crystalL1540 mm andL2520 mm. In
both crystals, the poling periods areL1521.2mm andL2
534.1mm, so that the OPO and the SHG process are sim
taneously phase matched at a crystal temperature of a
167 °C. Both PPLN crystals are 0.5 mm thick, and their fac
are antireflection coated for the pump, signal, and id
wavelengths around 812, 1218, and 2436 nm, respecti
~residual reflectivity specified to be less than 0.1%!.

First, the 38-mm-long PPLN crystal is placed at the cen
of a symmetric two-mirror linear cavity, where both mirro
have a radius of curvature of 50 mm, and are separated
115 mm. The input mirror M1 has a pump transmission
4% and is highly reflective for the signal and idler wav
lengths (R.99.7%). The output mirror M2 has a sign
transmission of 20% and is highly reflective for the pum
and idler wavelengths (R.98.5%). For the second exper
ment with the 60-mm-long PPLN crystal, we used the sa
OPO cavity except that a higher pump wave transmissio
M1 of 8% is chosen and the separation between the mir
is increased to 125 mm. In both setups, the pump beam
mode matched to the OPO cavity mode with a spherical l
of 75 mm focal length, resulting in a beam radius of appro
mately 30mm at the focus. To provide stable cw operatio
the cavity length is stabilized to the pump wavelength with
piezo transducer~PZT! attached to mirror M2 by using the
Pound-Drever-Hall technique@10,19#.

Figure 4 shows the output power of both OPOs at
signal wavelength as a function of pump power~38-mm
crystal, circles; 60-mm crystal, triangles!, as measured be
hind the output mirror M2 at a crystal temperature of arou
167 °C. For the 38-mm-long crystal setup, the pump powe
threshold is approximately 40 mW and the maximum sig
output power is 23 mW at a pump power of 320 mW. T
residually transmitted idler output power behind M2 is me
sured to be less than 1 mW for this setup. For the 60-m
crystal setup, the pump power at threshold is measured t
approximately 100 mW, and the maximum signal outp
power is 38 mW with a maximum idler output power of 1
mW.

The solid lines in Fig. 4 represent a best fit of the the
retically expected output powerPS5h(APthPP2Pth) to the
experimental data as described in Ref.@16#, whereh is the
slope efficiency andPth is the threshold pump power. Th
best fit is achieved forh50.33 andPth543 mW in the 38-
mm-long crystal setup, andh50.50 andPth596 mW in the
60-mm-long crystal setup. These values are used to de
mine the experimental values of the parameterskP , kS , k l ,
8-8
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PHASE-COHERENT ALL-OPTICAL FREQUENCY . . . PHYSICAL REVIEW A67, 013808 ~2003!
andD, as listed in Table I, from which the theoretical lockin
range and phase stability of self-phase-locking are ca
lated, as was described in the previous section.

Using a double-grating optical spectrum analyzer~Ando
AQ-6315A, spectral resolution 0.05 nm!, the emission of the
signal wave and the frequency-doubled idler wave is
served simultaneously near a wavelength of 1218 nm.
power ratio of the idler SHG wave to the signal wave
measured to be225 dB for the 38-mm-long crystal setu
and233 dB for the 60-mm-long crystal setup. These valu
were used to determine the experimental value of the par
eterG, as given in Table I. By changing the crystal tempe
ture, the OPO can be tuned so that the signal wavelen
coincides with the wavelength of the idler SHG within th
resolution limit of the optical spectrum analyzer.

A higher spectral resolution is provided by a radio fr
quency beat measurement of the signal wave and the
SHG wave. For measuring the beat spectrum, an InG
Schottky-type photodiode~New Focus model 1437, 3 dB
bandwidth 35 GHz! is used, in combination with a rf spec
trum analyzer with a frequency range of 9 kHz to 26.5 G
~Hewlett-Packard model HP E4407B!. Limited by the mea-
surement bandwidth, the spectral width of the beat is m
sured to be smaller than 30 kHz over an integration time
10 ms. A slow drift of the beat frequency can be observ
~typically 2 MHz in a time interval of 1 min for the 60-mm
crystal setup!, while the power of the beat signal remain
constant within 10%. The observed drift mainly originat
from slow thermal effects in the crystal, which can lead to
change of the optical cavity length. The 38-mm crystal se
shows a stronger drift of the beat frequency of typically
MHz per minute. A possible explanation of the higher stab
ity of the setup with the 60-mm-long crystal compared
that with the 38-mm-long crystal is a thermally induced s
bilization effect, as was reported in Ref.@20#.

A. Locking-range measurement

In order to measure the locking range, the beat freque
is tuned toward zero, where the beat signal is expecte

FIG. 4. Signal wave output power of the OPO as a function
pump power in the setup with the 38-mm PPLN crystal~circles!
and with the 60-mm PPLN crystal~triangles!, together with the
theoretical fit functions~solid lines!. The pump, signal, and idle
wavelengths are 812, 1218, and 2436 nm, respectively, at a P
crystal temperature of about 167 °C.
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vanish when optical self-phase-locking occurs@10,11#. Tun-
ing of the beat frequency is achieved by changing the cry
temperature by typically tenths of kelvin and by contin
ously tuning the pump frequency in the range of 100 MH

Figure 5 shows the rf beat spectra near zero frequency
the setup with the 38-mm-long crystal, measured while
OPO is not phase locked~a! in contrast to the situation whe
the OPO is self-phase-locked~b!.

In Fig. 5~a!, three peaks can be seen, a strong peak
about 1.5 MHz and two weaker peaks at 3.5 and 5 MH
There is also a peak at zero frequency, which is presen
any rf spectrum analyzer measurement. The strong pea
1.5 MHz is the beat signal between the signal wave and
frequency-doubled idler wave, which indicates that the O
is not phase locked. The additional peaks at higher frequ
cies can be explained as higher-harmonic distortion s
bands, which are expected from the laser injection lock
theory for the case that the beat is outside but close to
locking range@7#. In qualitative agreement we observe the

f

N

FIG. 5. rf beat spectra of the signal wave and the idler SH
waves for the OPO with the 38-mm crystal recorded near z
frequency with a rf spectrum analyzer~spectral resolution 30 kHz
sweep time 17.8 ms!. ~a! is measured when the OPO is not pha
locked, and~b! with the OPO being self-phase-locked.~c! is a
maximum-hold trace for a hold time of 5 min, showing a dip arou
zero frequency, the full width of which corresponds to a locki
range of 1 MHz.
8-9
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LEE et al. PHYSICAL REVIEW A 67, 013808 ~2003!
distortion sidebands only for smaller beat frequencies in
range of up to 10 MHz. All three peaks in Fig. 5~a! are
broadened due to frequency fluctuations. When the bea
tuned toward zero values, as shown in Fig. 5~b!, the beat
signal ~and its distortion sidebands! suddenly vanishes.

Figure 5~c! shows a maximum-hold trace recorded with
hold time of 5 min, which allows determination of the loc
ing range. The crystal temperature and thus the beat
quency drift slowly and randomly within the measur
range. In the frequency range from 1 to 3 MHz the stren
of the beat signal does not change, while it decreases
frequencies higher than 3 MHz as well as for frequenc
lower than 1 MHz. The continuous tuning range of the b
is approximately 4.5 MHz. The beat signal decreases in
range of 3 to 4.5 MHz, and above 4.5 MHz it jumps to
higher frequency, due to a mode hop of the signal and
idler frequency. In the range above 4.5 MHz there is stil
signal measurable above the noise level, which is cause
the distortion sidebands.

For the determination of the locking range, the frequen
interval from near 0 to 1 MHz is important. Here th
maximum-hold trace shows a significant decrease of m
than 10 dB in depth. This dip can be caused by suppres
of the beat within the locking range due to injection lockin
and it suggests a self-phase-locking of the OPO waves
intracavity idler SHG, as described also in Refs.@10# and
@11#. The power values, which are below the top line
more than 6 dB, give a half width of 0.5 MHz in Fig. 5~c!,
which indicates a full width locking range of approximate
1 MHz. This agrees well with the theoretical value of 1
MHz calculated from Eqs.~7! and ~8!. In the same way, the
locking range for the setup with the 60-mm-long crystal
measured to be 0.6 MHz, which also shows a good ag
ment with the theoretical value of 0.5 MHz.

B. Phase-coherence measurement

The observation of a suppressed beat within a certain
quency range in Fig. 5~c! is clear evidence of self-phase
locking and a useful method for measuring the locki
range. However, since the beat signal vanishes in the ph
locked state, the phase stability of the frequency divis
cannot be obtained quantitatively from this measurem
For a quantitative measurement, the phases of the OPO
put waves have to be compared with the phase of the p
input wave with an interferometric method. To make such
interferometric comparison possible, we convert, via exter
single-pass three-wave mixing, the input and output wave
the OPO into two light waves at the same wavelength. T
setup of the input-output interferometer used and the wa
length conversion stages are schematically shown in Fig

The cw OPO frequency divider with the 38-mm-lon
crystal shown in the upper part of Fig. 6 converts the pu
wave at 812 nm from the diode MOPA pump laser to t
signal wave at 1218 nm and the idler wave at 2436 nm. T
signal output wave is frequency doubled in single pass
generate a second-harmonic wave at 609 nm. For this we
a 60-mm-long PPLN crystal with a poling period of 10.2mm
at a crystal temperature of 42 °C, which yields a maxim
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output power of 6mW at a signal wave input power of 3
mW. A second wave at 609 nm is generated via su
frequency mixing~SFM! using a part of the input pump
wave and the idler output wave. For this we use a 40-m
long PPLN crystal with a poling period of 12.67mm at a
crystal temperature of 30.6 °C. With 10 mW pump power
812 nm and 1.5 mW idler power at 2436 nm, a maximu
power of approximately 100 nW is generated. For each
the two conversion stages, a lens with a focal length of 1
mm is used to focus the OPO waves onto the PPLN cryst
and a lens with a focal length of 100 mm to collimate t
609-nm waves behind the crystal. The two 609-nm waves
then compared interferometrically to obtain the phase coh
ence of the OPO output.

The frequency-doubled signal wave is first sent to a fo
ing mirror, the position of which can be changed with a pie
transducer~PZT! to obtain an adjustable phase shift. Th
polarization of the frequency-doubled signal wave is rotat
such that its polarization is orthogonal to that of the pum
idler sum frequency. The waves are combined using a po
ization beam combiner~PBC!, and projected on a commo
linear polarization with a polarizer~Pol!. The linearly polar-
ized superposition of the two beams is coupled into a 6.5
long single-mode fiber~SMF!, which serves as a spatia
mode filter.

As the two 609-nm beams are derived from two differe
nonlinear processes, a temporarily stable interference pa
behind the fiber can only be expected if the frequency d
sion is exact, i.e., phase coherent. Otherwise, the two 609
waves would beat with a frequencyu(2vS)2(VP1v I)u
5udvu. In a previous experiment we indeed observed
stable interference pattern with a charge-coupled dev
camera@21#, which qualitatively proved the phase coheren
of the frequency divider. In the current experiment, howev
a quantitative measurement of the divider’s phase cohere
was obtained as follows.

FIG. 6. Experimental setup for an interferometric measurem
of the divider’s phase stability. SHG, second-harmonic genera
of the signal wave; SFM, sum-frequency mixing of the pump wa
and the idler wave; PZT, piezo transducer; PBC, polarization be
combiner; Pol, polarizer; SFM, single-mode fiber; D, detector.
8-10
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After passing the fiber, the two 609-nm beams have
same spatial mode, and thus can be focused onto a Si
todiode with well-matched phase fronts. If the frequency
vision by 3 is perfectly phase coherent, and if the intensi
of both beams are perfectly balanced by a suitable rotatio
the polarizer in front of the fiber, the contrast of the interf
ence pattern can be expected to be 100%. To measure
contrast, the path length of one interferometer arm is va
by applying a periodic voltage ramp to the PZT.

The measured photodiode voltage signal, which is prop
tional to the optical power, is plotted in Fig. 7 as a functi
of time. This measurement is performed with the OPO se
with the 38-mm-long crystal. Figure 7~a! shows a photodiode
signal while the OPO is not phase locked, and it was ph
locked while the signal shown in Fig. 7~b! was recorded. For
reference, the voltage ramp applied to the PZT for vary
the path length is shown as dashed lines. As can be seen
induced change of the phase difference between the
609-nm waves results in a modulation of the interferome
output intensity, varying between the minimum valueI min
and the maximum valueI max. The contrast of the interfer
ence is defined asKª(I max2Imin)/(Imax1Imin), which is a
direct measure of the coherence of the two 609-nm wav

When the OPO is not phase locked, the interferome
output gives a constant signal with a small modulation w
K,15%, as shown in Fig. 7~a!. This residual modulation is
caused by the interference between the pump-idler S
wave and a third wave at 609 nm obtained from SFM of
signal and the idler SHG wave. The last process is ph

FIG. 7. Photodiode signal of the superimposed 609-nm be
generated by signal SHG and pump-idler SFM as a function
time, measured after transmission through a single-mode fiber.
dashed line gives the voltage ramp applied to the PZT for vary
the interferometer path length.~a! is measured with the free-runnin
OPO, and~b! is recorded while the OPO is self-phase-locked.
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matched in the signal SHG crystal, and the idler SHG wa
length cannot be filtered easily, because it is very close to
signal wavelength. This resulting third 609-nm wave po
sesses the same frequency as the pump-idler SFM wave
therefore shows interference independent from the ph
locking state of the frequency divider.

In contrast, when the OPO is phase locked, the inter
ence pattern possesses a contrast ofK'100%, as shown in
Fig. 7~b!. This is evidence of perfect phase coherence of
two 609-nm waves, and, consequently, of phase-coheren
vision of the pump laser frequency by 3 with the self-pha
locked cw OPO. Smaller changes of the contrast in Fig. 7~b!
are caused by power fluctuations of each of the 609-
beams, which lead to a change of the intensity balance.

C. Frequency-stability measurement

In principle, a quantitative measurement of the frequen
stability of the division by 3 should be possible with th
described setup, by turning off the PZT voltage and mea
ing the photodiode signal as a function of time. However,
found that this does not allow a good discrimination betwe
the frequency noise to be measured and intensity fluctuat
of the two 609-nm waves. Therefore, we modified the se
shown in Fig. 6. An acousto-optic modulator~AOM, Isomet
IMD-80! is used to shift the frequency of the frequenc
doubled signal wave by 80 MHz. As before, it is superim
posed on the pump-idler SFM wave. Behind the fiber,
light power is detected with a photodiode~3 dB bandwidth
1.5 GHz!. The photodiode signal is amplified with a low
noise rf amplifier~Miteq model AU-1310, 32.4 dB gain from
10 kHz to 500 MHz! and recorded by the rf spectrum an
lyzer. With this modified setup, the near-zero frequency b
signal is shifted to the range of 80 MHz, where a much low
noise level enables beat frequency measurements with a
siderably improved quality. If the OPO is self-phase-lock
and the frequency division is phase coherent, a stable
narrow peak is expected at the AOM frequency.

Figure 8 shows examples of the measured rf spe
around the AOM frequency of 80 MHz~solid lines!, for a
number of different spectral resolution bandwidths, and
eraging over 20 measurements. The spectra are measure
the OPO with the 60-mm-long crystal, which was mo
stable than the setup with the 38-mm-long crystal. T
dashed lines in Fig. 8 give the electronic background sig
obtained with the photodiode blocked~dark signal!. Here the
80-MHz peak, which is typically 10 dB below the optica
signal, is caused by rf pickup from the oscillator used in t
AOM. The low-frequency sidebands separated by 50
which are observed at maximum resolution in the beat sig
as well as in the dark signal, are caused by a pickup from
ac power line.

The narrow spectral bandwidth of the rf spectra in Fig
shows that the divider operates with high precision in
cases. The linewidth of all photodiode signals is found to
equal to the resolution bandwidth of the spectrum analy
down to the highest resolution chosen. From Fig. 8~c! we
obtain as an upper limit for the stability of the OPO divid
a bandwidth of 10 Hz for an averaging time of 10 s~corre-
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sponding to 20 measurements with a sweep time of 480
each!. This value represents the frequency instability of t
OPO output waves 2vS2v I compared to the OPO inpu
pump waveVP . Using Eq.~26!, this corresponds to a re
sidual instability of the idler wave of 5.8 rad/s, or a fraction
frequency instability of the by-3 divider of 7.6310214 for a
measurement time of 10 s. As this value is limited by t
resolution of the experimental recording technique, it is c
sistent with the theoretically expected value of 1.6310215,
as calculated with Eq.~25! in the previous section. The sta
bility of the divider has not been systematically recorded
a longer time scale so far, but in our measurements we h
observed up to 15 min of uninterrupted phase locking.

IV. SUMMARY

Phase-coherent division of an optical frequency by 3
realized with an all-optical frequency divider based on a s

FIG. 8. rf beat spectra of two 609-nm waves generated by sig
SHG and pump-idler SFM at the frequency of the AOM, record
with a rf spectrum analyzer~averaging over 20 sweeps, spectr
resolution~a! 1 kHz with a sweep time of 275 ms,~b! 100 Hz with
300 ms, and~c! 10 Hz with 480 ms!. The dashed lines show th
background spectra recorded with the photodiode blocked.
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phase-locked cw OPO. The performance of such self-ph
locking is investigated theoretically and experimentally.

For a theoretical description of the divider, we solve t
coupled field equations of the OPO-SHG system in
steady-state regime. Analytical expressions for the lock
range and the frequency stability of the self-phase-loc
OPO are given and used to calculate the values expecte
the current experiment. The theoretically calculated fr
tional frequency instability of the frequency division is a
high as 1.6310215 with an expected locking range of abo
1 MHz.

In the experiment, the frequency to be divided is provid
by a diode MOPA system operating at a wavelength of 8
nm. The cw OPO is based on QPM in a PPLN crystal,
which two differently poled sections serve for simultaneo
phase matching of two different nonlinear processes. T
first section provides QPM for parametric oscillation at
signal wavelength of 1218 nm and an idler wavelength
2436 nm. The second section provides QPM for SHG of
idler wave. Optical injection locking of the OPO by intrac
avity idler SHG is proved by measuring the suppression
the beat note between the signal wave and the freque
doubled idler wave. The locking range is determined to be
to 1 MHz. This agrees with the theoretical prediction.

In order to further investigate the self-phase-locking, t
relative phases of the pump, signal, and idler waves are m
sured by using an interferometric setup with nonlinear wa
length conversion. Phase coherence among the three
waves is verified by measuring a stable interference pat
with a contrast of 100%, which is observed over a time p
riod of up to 15 min. With a rf beat experiment where one
the two interfering waves is up-shifted by 80 MHz we me
sure a fractional frequency instability of frequency divisio
by 3 of better than 7.6310214 for a measurement time of 1
s, which is limited by the resolution of the rf spectrum an
lyzer used. Again, this agrees well with the theoretical p
diction.

In conclusion, the experimental results of the curre
work prove the successful operation of an all-optical divid
by 3, whose properties are in good agreement with the
Together with the observed high precision of the divider a
its wavelength flexibility ~due to the use of wavelength
tunable diode lasers and quasi-phase-matching in peri
cally poled crystals!, self-phase-locked OPOs might show
considerable potential for future precision optical metrolo
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