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Nonlinear phase mismatch and optimal input combination in atomic four-wave mixing
in Bose-Einstein condensates
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This work treats four-wave mixing~4WM! in Bose-Einstein condensates~BEC!, focusing on the nonlinear
phase mismatch, maximum output, and optimal input combination. We show that the nonlinear phase mismatch
decreases the 4WM efficiency. It was found that the 4WM efficiency depends on both the coupling coefficient
~i.e., the product of the total number of atoms, the scattering length, and the overlap integral! and the ratios
among the three initial input beams. The 4WM efficiency increases with the increase of the coupling coefficient
when it is small, then saturates, and finally decreases at high coupling coefficient due to both pump depletion
and phase-modulation effects. A maximum output efficiency of about 50% in our case is predicted. In order to
get the maximum output, the two pump beams should have equal amplitude and the probe beam should be as
small as possible. In addition, a large coupling coefficient~.p/2!, which is determined by the ratio of the
probe beam to the total input, is required. On the other hand, when the coupling coefficient is fixed, a
maximum output for this case can be obtained by optimizing the input ratios among the three input beams.
Other ratio combinations will decrease the 4WM efficiency.
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I. INTRODUCTION

A recent spectacular experiment@1# demonstrated four-
wave mixing~4WM! of matter waves in Bose-Einstein con
densates~BEC!. This important experiment opens up a ne
area in the study of BEC, and has triggered a flurry of th
retical activity @2–13#. Very recently, Ketterle’s group re
ported new experimental results on 4WM with BEC@14#. A
gain as high as 20 in atomic 4WM was obtained in th
experiment. As a matter of fact, Goldsteinet al. @15# pro-
posed the idea of phase conjugation of matter waves. H
ever, theoretical investigation of the 4WM of matter waves
still one of the main areas of interest in nonlinear atom
optics @2–11,16–18#.

Trippenbachet al. presented the 4WM theory of matte
waves in BEC @16#. Then they @2# developed a three
dimensional quantum-mechanical description for 4WM
Bose-Einstein condensates using the time-dependent G
Pitaevskii equation. Goldsteinet al. @3# demonstrated that a
trapped condensate could be used as a phase-conjugate
ror for a weak atomic beam. They also presented an e
quantum-mechanical analysis of collinear 4WM in a mu
component BEC consisting of sodium atoms in theF51
ground state@4#. In addition, many others works, such as t
instabilities, self-oscillations@5#, and fluctuation@6# of the
number of atoms in BEC wave packets in atomic 4WM, ha
been studied.

*Corresponding author.
Email address: qiguang.yang@hamptonu.edu~office! or
qgyang@hotmail.com~home!.
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Research on 4WM of matter waves benefits a lot fro
nonlinear optics because of the similarities between
equations that govern each system. As is well known, b
equations include a self-phase-modulation term, three cr
phase-modulation terms, and a wave-mixing te
@2–6,19,20#. In optical 4WM, it was shown in the undeplete
pump case that the unequal pump intensities introduc
phase mismatch in the wave-mixing term@19#. Two of the
authors also have shown that self- and cross-pha
modulation effects do lead to nonlinear phase mismatch
influence the 4WM efficiency and phase-conjugation fide
in optical 4WM @20,21#. Therefore, we expect that nonlinea
phase mismatch also plays an important role in atom
4WM. Trippenbachet al. @2# mentioned that the self-an
cross-phase-modulation effects will lower the 4WM outp
but they did not focus on the consequent nonlinear ph
mismatch and its influence on the 4WM efficiency.

In this work, the self- and cross-phase-modulation
duced nonlinear phase mismatch in atomic 4WM and its
fluence on the 4WM efficiency are studied. The maximu
output and the optimal initial inputs for atomic 4WM ar
investigated. Section II describes our physical model a
gives out the necessary formalism. In Sec. III, several asp
of atomic 4WM will be discussed. In Sec. III A, we discus
the nonlinear phase mismatch and its influence on the 4W
efficiency. In Sec. III B, we discuss the coupling coefficie
dependence of the 4WM efficiency. In Secs. III C and III
the maximum 4WM output and optimal initial conditions fo
atomic 4WM are investigated. Finally, in Sec. IV we prese
a summary and conclusion. We believe this work is use
for directing the practical atomic 4WM experiment. The r
sults presented here are also valid for optical 4WM.
©2003 The American Physical Society03-1
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II. MODEL

In our atomic 4WM system that we consider here, th
are four separate matter waves that can be distinguishe
their propagation direction and internal state@5#, as shown in
Fig. 1. For simplicity, we assume the matter beams can
described by plane waves. Then the total wave function
be written in the form

F5@F1~x,y!F1 f~z,t !1F2~x,y!F2 f~z,t !#ei ~kz2vt !

1@F1~x,y!F1b~z,t !1F2~x,y!F2b~z,t !#e2t~kz1vt !,

~1!

wherek is the wave vector,\k2/2m5v, andm is the atomic
mass. For convenience, we callF1 f the forward pump beam
F2b the backward pump beam,F2 f the probe beam, and
F1b the signal beam.

The matter waves are governed by the coupled Gro
Pitaevskii nonlinear Schro¨dinger equations@5#,

i\
]F1

]t
5F2

\2

2m
¹21V11N\~g1uF1u21gxuF2u2!GF1

~2!

and similarly forF2 with 1↔2, whereVi(x,y) is the trans-
verse potential,N is the total number of atoms in the con
densate, andgi is the scattering strength that is related to t
corresponding s-wave scattering length ai by gi
54p\ai /m.

Substituting Eq.~1! into Eq. ~2! and using the slowly
varying envelope approximation, i.e., the spatial envelo
of these beams vary slowly over a de Broglie waveleng
one can obtain the following coupling equations for t
steady-state case@5#:

]F1 f

]z
5 i

m

\k Fg1uF1 f u212g1uF1bu21gxuF2 f u2

1gxuF2bu21gx

F2 fF1bF2b*

F1 f
GF1 f , ~3!

FIG. 1. Schematic of the system used for 4WM. The four ma
waves interact with each other in the range of 0<z<L. The two
forward~the two backward! propagating waves are distinguished
their internal state.
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]F1b

]z
52 i

m

\k Fg1uF1bu212g1uF1 f u21gxuF2 f u2

1gxuF2bu21gx

F2bF1 fF2 f*

F1b
GF1b , ~4!

]F2 f

]z
5 i

m

\k Fg2uF2 f u212g2uF2bu21gxuF1 f u2

1gxuF1bu21gx

F1 fF2bF1b*

F2 f
GF2 f , ~5!

]F2b

]z
52 i

m

\k Fg2uF2bu212g2uF2 f u21gxuF1 f u2

1gxuF1bu21gx

F1bF2 fF1 f*

F2b
GF2b , ~6!

with

gj→Ngjh j5NgjE dx dyuF j~x,y!u4, j 51,2,

gx→Ngxhx5NgxE dx dyuF1~x,y!u2uF2~x,y!u2. ~7!

The overlap integralh is obviously determined by the
radius of the condensate@3#.

The first term on the right-hand side of each of the co
pling equations describes the self-phase-modulation eff
The last term is a source term of 4WM that either creates
destroys atoms in the wave packet being propagated.
other terms account for cross-phase modulation. The s
and cross-phase-modulation terms do not lead to particle~in-
tensity in nonlinear optics! exchange between the four beam
directly. However, as two of the authors demonstrated
nonlinear optics@20,21#, these terms do change the phases
the four beams, leading to phase mismatch in the 4WM p
cess and a decrease of the 4WM efficiency.

For the sake of clarity, we decompose the field into a r
amplitude and phase by the definition ofF j m5Ar j meiw j m.
Substituting it in Eqs.~3!–~6!, one can find out readily tha
the nonlinear phase mismatch of the 4WM terms is giv
by Dw„z,I 1 f(0),I 2 f(0),I 2b(L),g…5w2 f1w1b2w1 f2w2b ,
whereL is the length of the interaction region as given
Fig. 1.

For simplicity, we investigate the case ofg15g25gx
5g so that the coupling equations become

dr1 f

dz
5

dr1b

dz
52

dr2 f

dz
52

dr2b

dz

5
2mg

\k
Ar1 fr2 fr1br2b sin~Dw!, ~8!

r
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dDw

dz
52

mg

\k Fr2b2r1 f1r2 f2r1b

1SAr1 fr1br2b

r2 f
2Ar2 fr1br2b

r1 f
1Ar1 fr2 fr1b

r2b

2Ar1 fr2 fr2b

r1b
D cos~Dw!G . ~9!

Equation ~8! indicates clearly that the nonlinear pha
mismatch Dw does affect the 4WM process. The phas
matching condition can be satisfied only if the nonline
phase mismatch is negligible, for exampleDw'2p/2, as
we pointed out in Ref.@20#. Combining Eqs.~8! and~9!, one
can get

cos~Dw!5
r1 f~z!r1b~z!1r2 f~z!r2b~z!2r2b~L !r2 f~L !

2Ar1 f~z!r1b~z!r2 f~z!r2b~z!
.

~10!

Substituting Eq.~10! into Eq.~8!, one can get the analyti
cal solutions for the atomic density as@5,22#

r1b~z!5
4r1 f~0!r2b~L !@r2 f~0!1r1b~0!#

r224r2b~0!@r2 f~0!1r1b~0!#cos2~zeff!

3sin2S zeff

L2z

L D , ~11!

r1 f~z!5r1 f~0!2r1b~0!1r1b~z!, ~12!

r2 f~z!5r2 f~0!1r1b~0!2r1b~z!, ~13!

r2b~z!5r2b~L !2r1b~z!, ~14!

with

r5r1 f~0!1r2 f~0!1r2b~L !, ~15!

zeff5zA124
r2b~L !

r S r2 f~0!

r
1

r1b~0!

r D , ~16!
t

-
qu
s.
fie
ct
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-
r

z5
mgr

2\k
L5

2p

k
aNh, ~17!

where z is called the coupling strength in nonlinear opti
@19#. However, in atomic 4WM,z becomes the coupling co
efficient except a factor of 4 sincerL51 ~the normalization
condition! @3#, therefore we will call it a coupling coefficien
in this paper to emphasize the difference from nonlinear
tics. In order to get these solutions, the boundary condit
r1b(L)50 was used.

III. DISCUSSION

A. Influence of nonlinear phase mismatch

One should notice thatr1b→0 whenz→L, therefore Eq.
~10! becomes

FIG. 2. The calculated 4WM signals in the interaction ran
with and without considering the phase-modulation effect, wh
the coupling coefficient isz52.226. The three input beams satis
r1 f

(0)5r2 f
(0)55r1b

(L) .
cos@Dw~z→L !#5 lim
r1b~z→L !→0

r1 f~z→L !r1b~z→L !

2Ar1 f~z→L !r1b~z→L !r2 f~z→L !r2b~z→L !
50.
ave
ou-
ued
as

arge
,
sig-

by
From a physical consideration,]r1b /]z must be negative a
z5L, as can be obtained from Eq.~8!, namely, sin@Dw(L)#
,0. Therefore, the phase of the signal beam atz5L is given
by w1b(L)52p/21w1 f(L)1w2b(L)2w2 f(L). This rela-
tionship is also true at otherz positions if the self- and cross
phase-modulation terms are neglected in the coupling e
tions @20#. This is the well-known result in nonlinear optic
It indicates that the phase-matching condition is satis
completely @19#. However, it is not reasonable to negle
a-

d

these terms, since the phase-modulation effect and the w
mixing have the same physical origin as is seen in the c
pling equations. On the other hand, two of the authors arg
that the phase-modulation effect on the 4WM efficiency h
to be considered when the nonlinear phase mismatch is l
in nonlinear optics@20#. In atomic 4WM, the same result
i.e., that the phase-modulation effect decreases the 4WM
nal, is expected.

Figure 2 shows the calculated signal amplitude divided
3-3
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the total input as a function of the position in the interacti
range. The solid line represents the result with the pha
modulation effect. The dashed line indicates the result w
out including the phase-modulation effect. The parame
used in the calculation are given in the figure. Clearly, w
the propagation of the signal beam in the interaction ran
the nonlinear phase mismatch decreases the 4WM efficie
thus the signal calculated with the phase-modulation ef
becomes smaller than that without including the pha
modulation effect. Obviously, the influence of the nonline
phase mismatch on the 4WM efficiency cannot be neglec
Therefore, all terms will be included in the following calcu
lations.

It is worth noticing that the nonlinear phase mismat
varies with both the positionz in the interaction range an
the initial input atomic densities~input intensities in nonlin-
ear optics!. Consequently, the 4WM efficiency changes a
cording to the positionz and the initial input atomic densi
ties.

Figure 3 shows the cosines of the nonlinear phase m
matches versus the positionz in the interaction range. Her
we present the results for cases with different nonlinear c
pling coefficientz but equal initial amplitudes for the thre
input beams, i.e.,r1 f(0):r2 f(0):r2b(L)51:1:1. Theinitial
values atz5L of the cosine functions are 0, as we mention
above. With the propagation of the signal beam, they dev
from 0 due to phase-modulation effects. We notice that
wave-mixing term as well as the self- and cross-pha
modulation terms contribute to the phase changes of the
beams. In addition, the phases are coupled with the real
plitudes. Thus, a complex relationship exists between
nonlinear phase mismatch and the positionz, as shown in
Fig. 3. However, the amplitudes vary in a simple way w
the positionz in the interaction range. As is shown in Fig.
the signal grows until a maximum is obtained, then it d
creases to zero. After that, the process will be repeated.
larger the coupling coefficient, the shorter the interact

FIG. 3. Cosine values of the nonlinear phase mismatches in
interaction range for a different coupling coefficient, where
three input beams have equal amplitude.
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length needed to arrive at the maximum. Of course,
maximum cannot be arrived at in the whole interaction ran
when the coupling coefficient is small. The calculations
dicate that the maximum signal arrives when the abso
value of the cosine function of the nonlinear phase misma
is the maximum.

We also note that the nonlinear phase mismatch and
corresponding 4WM signal not only depend on the coupl
coefficient, but also on the ratios of the three initial inp
atomic densities. For convenience, we define two ratios
r b5r2 f(0)/r andr p5r1 f(0)/@r2r2 f(0)#. Figure 5 shows
the nonlinear phase mismatch in the interaction range w
the coupling coefficient is 2.111. The associated 4WM s
nals in the interaction range are shown in Fig. 6. The para
eters used in the calculations are shown in the figures. O
ously, the nonlinear phase mismatch and the 4WM out
change significantly with the ratiosr b and r p , even though
the total input is fixed~the coupling coefficient is fixed!.

he

FIG. 4. Distribution of the 4WM signals in the interaction rang
for a different coupling coefficient, where the three input bea
have equal amplitude.

FIG. 5. Cosine values of the nonlinear phase mismatches in
interaction range for a different input combination when the co
pling coefficient is fixed.
3-4
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Therefore, it is very necessary to determine the ratiosr b and
r p to get the maximum output in the 4WM experiments fo
fixed coupling coefficient case. This will be discussed furth
in Sec. III C.

B. Atomic number dependence

Figure 7 shows the coupling coefficient dependence of
4WM efficiency. In this calculation, we assum
r1 f(0):r2 f(0):r2b(L)51:1:1. As weexpected, when the
coupling coefficient is small, the signal increases with
increase of the coupling coefficient. With the increase of
coupling coefficient, the 4WM efficiency will be saturate
due to both the pump depletion and the nonlinear pha
mismatch effects. When the coupling coefficient is very hi
the 4WM efficiency begins to decrease. If one increases
coupling coefficient, the bistable and multistable results w
be obtained@5,22#. Because the coupling coefficient is th
product of the atomic number, the scattering length, and
overlap integral, when the latter two are constants, Fig. 7
shows the 4WM efficiency versus the atomic number.

FIG. 6. The 4WM signals in the interaction range for differe
input combinations when the coupling coefficient is fixed.

FIG. 7. The 4WM efficiency vs the coupling coefficient for th
case in which the three input beams have equal amplitude.
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course, Fig. 7 shows that when the total atomic number
the scattering length~or the overlap integral! are constant,
the 4WM efficiency serves as a function of the overlap in
gral ~or scattering length!.

C. Maximum output

As shown in Figs. 4 and 6, the signal in the interacti
range not only increases but also decreases with the inte
tion length. Therefore, it is useful and possible to set
initial input beam amplitudes and adjust the coupling coe
cient ~change the total atomic number, the scattering leng
or the overlap integral! to get the maximum signal output i
atomic 4WM. We discuss the conditions for maximum sign
output from the 4WM in this subsection. Then, in the follow
ing subsection, we give out the optimal conditions for atom
4WM when the coupling coefficient is fixed.

The output signal can be obtained from Eq.~11! by setting
z50. It reads

r1b~0!5
b2Ab2216r1 f~0!r2 f~0!r2b

2 ~L !sin2~2zeff!

8r2b~L !cos2~zeff!
~18!

with

b5r224r2 f~0!r2b~L !

14@r2 f~0!2r1 f~0!#r2b~L !sin2~zeff!. ~19!

One can rewrite Eq.~18! by defining the 4WM efficiency

h5
r1b~0!

r
5

j2Aj2216r br p~12r b!3~12r p!2 sin2~2zeff!

8~12r b!~12r p!cos~zeff!
~20!

with

j5124~12r b!~12r p!@r b cos2~zeff!

1r p~12r b!sin2~zeff!#. ~21!

One finds from Eqs.~20! and ~21! that the 4WM effi-
ciency is dependent on three parameters:r b , r p , andzeff .
One should notice that the last parameter depends on
other two and the coupling coefficientz through Eq.~16!.
Therefore, the 4WM efficiency is determined by both t
coupling coefficientz and the ratios of the three input beam
to the total input.

In the case in whichr b andr p are fixed, when the condi
tion:

sin2~zeff!51 ~22!

is satisfied, the maximum of the 4WM efficiency is obtain
as

hfixed ratios
max 5

4r br p~12r b!2~12r p!

~12r b!2~2r p21!212r b2r b
2 . ~23!

This equation indicates that the maximum 4WM ef
ciency is determined only by the ratiosr b andr p . Obviously,
when r b is fixed, it is necessary that the two pump wav
have an equal initial amplitude, i.e.,r p50.5, to obtain the
3-5



ed

-

e

on-
ut
ng

QIGUANG YANG et al. PHYSICAL REVIEW A 67, 013603 ~2003!
maximum output. It is readily apparent in Eq.~23! that the
theoretical maximum output of the 4WM can be obtain
when r b→0. That is,

hmax5
~12r b!2

22r b
'

r b→0 1

2
. ~24!

This result, which gives out the maximum 4WM effi
th
b

th
fo

b
ffi

ll
at
g
th
l

um

fi-

is
er
ig
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01360
ciency of 50%, is completely different from the result for th
undepleted pump approximation case@3,19#.

In order to get the 4WM described by Eqs.~23! and~24!,
one has to adjust the coupling coefficient to satisfy the c
dition sin2(zeff)51. For a certain allocation of the three inp
beams, i.e.,r b and r p are constants, the associated coupli
coefficient may be obtained by a combination of Eqs.~16!
and ~22!,
zfixed ratios
optimal 5

p

2
A ~12r b!2~2r p21!212r b2r b

2

~12r b!2~2r p21!212r b2r b
224r b~12r b!~12r p!

. ~25!
i-
.

n-
co-
ut
g

e

ent

an
e is
as
de-
and
am-
, in

is
the

M

Clearly, the coupling coefficientzfixed ratios
optimal that is needed

for the maximum output is determined only by the ratiosr b
and r p . On the other hand, this parameter relates with
total input, the scattering length, and the overlap integral

zfixed ratios
optimal 5

2p

k
aNh. ~26!

Therefore, one can satisfy the condition of Eq.~25! by
changing the total input, the scattering length, and/or
overlap integral. That means the maximum 4WM output
a fixed allocation of the three input beams can be obtained
adjusting these parameters. However, if the coupling coe
cient given by Eq.~25! is exceeded, the output signal wi
decrease, instead of increase, due to the phase-modul
effect. Of course, the signal will increase again, if the chan
of the coupling coefficient is large enough, because of
sine function in Eq.~20!. However, the maximum output wil
not increase, as is shown in Eq.~23!. Therefore, Eq.~25!
gives the smallest coupling coefficient to get the maxim
output for fixedr b and r p .

Figure 8 shows the 4WM efficiency as a function ofr b
and r p . As we mentioned above, the maximum 4WM ef
ciency of about 50% can be obtained whenr p5 1

2 and r b
→0; this is shown clearly in Fig. 8. In order to reach th
theoretical maximum 4WM efficiency, one has to use a v
small probe and a large coupling coefficient, as shown in F
9. The latter condition means that a large total input and/o
large overlap integral are required if the scattering length
fixed.

FIG. 8. Maximum 4WM efficiency vs the ratiosr b and r p .
e
y

e
r
y
-

ion
e
e

y
.
a

is

When the ratio of the probe to the totalr b is fixed, a
maximum output can be obtained by settingr p5 1

2 . The de-
viation of r p from 0.5 decreases the 4WM output. Whenr p is
fixed, one can also find anr b to get the maximum output.

The required coupling coefficient for obtaining the max
mum output for the fixedr b and r p case is shown in Fig. 9
One can find that a large coupling coefficient~.p/2! is nec-
essary for the maximum 4WM efficiency. However, this co
dition can be satisfied easily. For example, the coupling
efficient must be 6.8 in order to get the maximum outp
whenr b50.1 andr p50.5. The typical value of the scatterin
length is 2.75 nm, the wave vector isk'107, and the overlap
integral is about 1010 m2 @3#. Using these parameters, on
can get the total number of trapped atoms of 43105, which
is smaller than that used in the first atomic 4WM experim
@1#.

D. Optimal initial inputs

As we have seen in Sec. III C, the maximum output c
be obtained when the pump inputs are equal and the prob
very small. This requires a very large coupling coefficient,
we mentioned above. Because the coupling coefficient
pends on the total atomic number, the scattering length,
the overlap integral, in principle one can adjust these par
eters to satisfy the maximum output conditions. However
some practical cases, only a small coupling coefficient
valid. Therefore, it is necessary and important to adjust

FIG. 9. Optimal coupling coefficient to get the maximum 4W
efficiency at different input beam ratiosr b and r p .
3-6
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three input beam amplitudes (r b and r p) to get a maximum
output for the fixed coupling coefficient case.

Figures 5 and 6 show that the nonlinear phase mism
and the 4WM output depend on the ratiosr b andr p . There-
fore, it is possible to find the optimal initial inputs to get th
maximum output for a fixed coupling coefficient system. U
fortunately, we cannot get an analytical expression for
output signal as a simple function of the input beam rati
Thus, one has to do a lot of calculations in order to find
optimal inputs. Figure 10 gives an example for the case
z51. From the calculation, we find that a maximum 4W
efficiency of 12.36% can be obtained whenr2 f(0)
50.23r, r2b(L)50.3465r, and r1 f(0)50.4235r. The
4WM efficiency for other input combinations can be o
tained easily from the contours in Fig. 10. If the loss

FIG. 10. Maximum 4WM efficiency vs the input beam ratiosr b

and r p , where the coupling coefficient isz51.
S
W

.

. A

nd

n

ys

n

01360
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e
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e
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f

atoms is taken into account, the 4WM efficiency will d
crease@7#.

IV. CONCLUSION

This work presented a detailed discussion of the nonlin
phase mismatch, maximum output, and optimal initial inp
for atomic 4WM in Bose-Einstein condensation. It w
found that the nonlinear phase mismatch decreases the 4
efficiency. In addition, the 4WM efficiency is determined b
both the coupling coefficient and the ratiosr b and r p . De-
pending on the magnitude of the coupling coefficient, t
signal of the 4WM will increase, saturate, and decrease w
the increase of the coupling coefficient when the ratiosr b
and r p are constant. On the other hand, when the coup
coefficient is fixed, the 4WM efficiency depends on the
tios r b and r p , thus one can adjust these two parameters
get a maximum 4WM output.

The maximum 4WM efficiency of about 50% can be o
tained when the probe beam is very small and the two pu
beams have equal amplitude. However, a large coupling
efficient is required to get this maximum output.

The general case is that the coupling coefficient is fixed
in a certain range. Therefore, we also discussed the opt
initial inputs for the case in which the coupling coefficient
constant. The results show that the maximum output for
case can be obtained by properly distributing the three in
beams. The maximum 4WM efficiency of 12.36% was o
tained forz51.

The results given in this work should help experiment
ists to obtain a perfect 4WM experimental setup to get
maximum output.
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