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Molecular above-threshold-ionization spectra: The effect of moving nuclei

Andre D. Bandrauk,* S. Chelkowski, and Isao Kawata†

Universitéde Sherbrooke, Quebec J1K 2R1, Canada
~Received 28 May 2002; published 23 January 2003!

Exact non-Born-Oppenheimer simulations of a one-dimensional model of one-electron H2
1 and linear H3

21

in an intense short laser pulse are used to investigate the nonlinear multiphoton electron emission spectra,
called above threshold ionization~ATI !. Due to the rapid proton motion on near-femtosecond time scale, the
ATI spectra are found to be produced at the critical internuclear distanceRc;7 –8 a.u., leading to charge-
resonance-enhanced ionization~CREI!. As a consequence, maxima in the ATI spectra are displaced with
respect to the similar H-atom spectra by a laser-induced Stark energyEMRc/2, whereEM is the maximum
amplitude of the laser field. Highly oscillating ATI spectra occur, which are enhanced by the nuclear motion.
These are interpreted as due to coherent excitations of the lowest unoccupied molecular orbitals and highest
occupied molecular orbitals, which are also responsible for CREI. Electron rescattering effects in the energy
regions of 10Up and 8Up , whereUp is the ponderomotive energy, are shown to be substantially reduced due
to the rapid molecular dissociation and Coulomb explosion. Nevertheless, the ATI spectra in these energy
regions reflect the different electron energies in the rescattering process. Fine structures of the ATI spectra are
found to be enhanced by moving nuclei, reflecting the enhancement of resonant transitions by varying Franck-
Condon factors during the nuclear motion.

DOI: 10.1103/PhysRevA.67.013407 PACS number~s!: 32.80.Rm, 42.65.Re, 42.65.Ky
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I. INTRODUCTION

Current laser technology is advancing steadily so t
high-intensity (I>1014 W/cm2), short (t<5 fs) pulses are
now becoming standard experimental tools@1#. Most of the
attention to the new science of nonlinear laser-matter in
actions has been focused on atoms@2#, whereas nonlinea
laser-molecule interaction is emerging as a new area of
search. In the latter, nonlinear phenomena, such as ab
threshold dissociation~ATD! @3# and laser-induced molecula
potentials @4# have already been explained by a previo
nonperturbative approach based on dressed molecule s
@5#. With higher intensities, ionization becomes an additio
nonperturbative process, leading to many multiphoton tr
sitions that can no longer be treated by simple Ferm
golden-rule formulas. Nonlinear ionization processes
usually accompanied by dissociation, so thatdissociative
ionizationneeds to be correctly treated in a nonperturbati
non-Born-Oppenheimer framework. We have initiated suc
computational program on the simplest one-electron m
ecule H2

1 , which can be solved exactly numerically@6,7#
with state of the art supercomputers. This has led us to
discovery of new nonperturbative, nonlinear laser-molec
effects such as charge-resonance-enhanced ionization~CREI!
@8# and molecular high-order harmonic generati
~MHOHG! @9#, which have no simple perturbative explan
tion.

The first detailed analysis of nonlinear multiphoton ele

*Present address: Canada Research Chair in Computat
Chemistry and Photonics.
Electronic address: andre.bandrauk@courrier.usherb.ca

†Present address: Department of Chemical System Enginee
Graduate School of Engineering, The University of Tokyo, Tok
113-8656, Japan.
1050-2947/2003/67~1!/013407~11!/$20.00 67 0134
t

r-

e-
ve-

s
tes
l
-

–
e

,
a
l-

e
le

-

tron spectra, called above-threshold-ionization~ATI ! spectra
in analogy with the atomic case@2#, were performed for the
H2 molecule @10,11#. The observed photoelectron energ
spectra resulting from multiphoton processes in H2 showed
clear nonperturbative radiative effects between the pertur
molecular states of H2

1 , in particular, including a dissocia
tive state. These effects were interpreted in terms of
theory of the dressed states of this ion@3,5#. Such states did
not include further dissociative ionization of the ion itse
leading to Coulomb explosion.

In the present paper, we return to a complete non-Bo
Oppenheimer simulation of dissociative ionization of t
one-electron system, H2

1 and H3
21 . We restrict ourselves to

linear one-dimensional~1D! models that can be solved ex
actly and that can reproduce faithfully electron-prot
kinetic-energy coincidence experiments for low-frequen
~long-wavelength! cases (l5800,1064 nm). As shown in
detail recently for the atomic case, despite the complexity
the high-intensity regime, a very small number of clea
identified quantum orbits is sufficient to describe ATI a
higher-order harmonic generation~HOHG! processes
@12,13#, in agreement with a simple quasistatic model
atomic tunneling ionization@14#. The extension of these
simple atomic pictures to molecules is the main goal of
present work. In our previous calculations with static nuc
we did exact nonperturbative~i.e., Born-Oppenheimer! simu-
lations of molecular ATI@15# and which led to the proposa
of laser-induced electron diffraction~LIED! as a new tool for
probing ultrafast molecular dynamics. By exact calculatio
the present paper examines the effect of the nuclear mo
and therefore non-Born-Oppenheimer effects on LIED
the one-electron system H2

1 and linear H3
21 . Our recent

work in this direction has shown that intense, ultrashort
and UV laser pulses can lead to dynamic imaging of nucl
wave functions@16,17#. Our goal in this paper is to clarify
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BANDRAUK, CHELKOWSKI, AND KAWATA PHYSICAL REVIEW A 67, 013407 ~2003!
the electronic and nuclear correlation dynamics by inve
gating the characteristic features of ATI molecular spectra
the long-wavelength region (l5800,1064 nm) since the cur
rent ultrashort intense laser-pulse technology is well de
oped in this long-wavelength regime and offers many n
applications for intense ultrashort laser pulses@1#.

The rest of this paper is organized as follows. In Sec.
we summarize the numerical method for solving the tim
dependent Schrodinger equation~TDSE!. In Sec. III, we
present numerical results on nonlinear multiphoton elect
or ATI spectra of H2

1 and H3
21 , and finally in Sec. IV we

present a recollision model that gives a clear interpretatio
the characteristics of molecular ATI spectra with moving n
clei.

II. NUMERICAL METHODS

Photoionization of molecules is expected to produce
terference patterns following a simple Born-Oppenheim
approximation calculation depending on fixed internucl
distanceR and the ejected electron momentump @18,19#.
High-order nonlinear terms have to be considered in the m
tiphoton regime@15,20#. In the present work, we assume th
the molecule is aligned parallel to the laser field, which
known to occur at high intensities@21#. We therefore exam-
ine numerically nonlinear photoionization or ATI spectra in
1D model, which is expected to reproduce at low frequenc
the essential dynamics due to the presence of more than
nucleus as compared to atoms. This would correspond to
experimentally measured spectra parallel to the incident,
early polarized laser field. We follow the numerical treatme
described in our previous 1D calculations@7,17#, which have
been calibrated against our previous 3D simulations of H2

1

@6# for consistency.
We solve numerically the complete 1D TDSE for movin

electrons and nuclei. The model we employ here is a 1D o
in which the electron moves along the molecular axis, a
the molecular axis is parallel to the polarization direction
the field. For the H2

1 1D model, the TDSE is given by th
following form ~throughout this paper atomic units are use
e5\5me51):

i
]

]t
c~z,R,t !5H~z,R,t !c~z,R,t !, ~1!

where

H~z,R,t !5HN~R!1Hel~z,R,t !, ~2!

HN~R!52
1

mp

]2

]R2
1

1

R
, ~3!

Hel~z,R,t !52b
]2

]z2
1VC~z,R!1kzE~ t !, ~4!

b52
2mp1me

4mpme
, k511

me

2mp1me
, ~5!
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VC~z,R!52@11~z2R/2!2#21/22@11~z1R/2!2#21/2.
~6!

Here, me and mp are the electron and proton masses (me
51, mp51837), respectively. The Hamiltonian~2! is the ex-
act 1D three-body expression one obtains after the separa
of the center-of-mass motion@22# with regularized Coulomb
potential ~6! that is introduced to reproduce correct ioniz
tion potentials. For H3

21 , the corresponding Hamiltonian
can be found in our previous work on this molecule in Re
@23,24#, and in this case we consider only symmetric stret
ing for nuclear motion expected in the Coulomb explosio
The numerical solution of the TDSE~2! is obtained by an
iterative procedure based on a high-order split-opera
method that preserves unitarity at each time step of the it
tion @25#. A two-box procedure is used, i.e., an internal b
of size uzu<500 a.u.. is used to calculate the exact tim
dependent wave functionc in which is then projected onto
Volkov states~the exact solution of a free electron in a las
pulse@7,26#! for uzu.500 a.u. The latter are propagated w
past the end of the pulse. Total pulse durations are usuall
cycles with a five-cycle rise and fall. After integration ov
the nuclear coordinateR, one recovers the asymptotic tot
electron probability distribution in momentum spacef (p,t f)
for a final time t f.tp , where tp is pulse length, since the
Volkov states are most readily expressed in moment
space. The initial wave function att50 is assumed to be in
the following form:

c~z,R,0!5x~R!f0~R,z!, ~7!

wheref0(R,z) is the field-free initial eigenfunction of the
electronic Hamiltonian H2

1 or H3
21 at fixedR andx(R) is

the initial nuclear wave function, either for an initial vibra
tional statexv(R) of quantum numberv or a Frank-Condon
superposition ofxv(R)’s, which is expected to be create
from the initial rapid one-electron ionization of H2 or H3

1 in
their ground electronic state (v50) at equilibrium internu-
clear distanceRe , respectively.

In order to confirm the consistency of the two-box proc
dure, i.e., projection of the exact internal wave functi
c in(z,R,t) onto Volkov states in the length-gauge calcu
tions based on the Hamiltonian~2!, the same calculations
were performed in the Bloch-Nordsieck@5#, or equivalently,
space-translation gauge@27#. In this new representation, th
field term kzE(t) @in Eq. ~4!# is eliminated by a unitary
transformation and now appears as a modified Coulomb
tential,

VC5VC„z2a~ t !,R…, ~8!

where

a~ t !5kE
0

t

dsE
0

s

dtE~t!. ~9!

The advantage of this new gauge is that contrary to the
vergent length-gauge radiative termkzE(t) in Eq. ~4!, radia-
tive terms vanish in Eq.~8! asymptotically (uzu→`), and
projections of the internal wave functionc in are now made
7-2
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MOLECULAR ABOVE-THRESHOLD-IONIZATION . . . PHYSICAL REVIEW A67, 013407 ~2003!
simply onto the free-electron Coulomb states. All calcu
tions presented below were performed in both gauges,
confirming the accuracy of the numerical procedure for n
Born-Oppenheimer electron-nuclear dynamics
dissociative-ionization processes at high intensities.

III. NONLINEAR MULTIPHOTON ELECTRON OR ATI
SPECTRA OF H2

¿ AND H3
2¿

Using the numerical procedure described in the preced
section, we present in Figs. 1–6 the calculated ATI spe
for 20-cycle laser pulses of wavelengthsl51064 nm (v
50.043 a.u.) andl5800 nm (v50.057 a.u.), and the
peak intensities I 5131014 W/cm2 @EM5(8pI /c)1/2

50.053 a.u., whereEM is the the peak value of the electr
field#, I 51.431014 W/cm2 (EM50.067 a.u.), I 52.0
31014 W/cm2 (EM50.075 a.u.), and finally I 54.0
31014 W/cm2 (EM50.106 a.u.), respectively. For each i
tensity, we present~a! the ATI spectrum of a single H atom
~b! H2

1 at R57 a.u., and finally~c! H2
1 with moving nu-

clei, i.e., the last one is the exact 1D non-Born-Oppenhei
simulation of the dissociative ionization process;~b! corre-
sponds to the critical internuclear distanceRc where CREI
occurs. Around thisRc ionization rates of molecular ion

FIG. 1. ATI electron spectra as functions of electron ener
photon energy, forl51064 nm, atI 51.031014 W/cm2, generated
by ~a! 1D hydrogen atom,~b! H2

1 for R fixed atRc57 a.u., and~c!
H2

1 with moving nuclei. In the case of~c!, x(R) in the initial wave
function expressed by Eq.~7! is for a Frank-Condon superpositio
of xv(R).
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exceed that of the dissociated fragments~i.e., atoms! by at
least one order of magnitude, as shown in exact simulati
for one electron@6,8#, and recently, two-electron system
@23,24#.

A first perusal of Figs. 1–6 shows certain similarities a
important dissimilarities in the ATI spectra of the H ato
compared to that of H2

1 . These spectra are reported in ph
ton numbern or photon energiesEn5n\v. Minima and
maxima in the intensities occur at various energies, wh
can be characterized in terms of a plasma physics con
@14#, the ponderomotive energy

Up5
~eEM !2

4mv2
5

I

4v2
~a.u.!. ~10!

This energy is the average classical oscillatory energy
quired by an electron in an electro-magnetic field of intens
I 5cEM

2 /8p, where EM is the field maximum amplitude
Simple classical models of the motion of an electron in
electromagnetic pulse also allow us to calculate the kin
energy of the returning electron to the parent ion after t
neling through the barrier near a field maximum. These m

/

FIG. 2. ATI electron spectra as functions of electron ener
photon energy, forl51064 nm, atI 51.431014 W/cm2, generated
by ~a! 1D hydrogen atom,~b! H2

1 for R fixed atRc57 a.u., and~c!
H2

1 with moving nuclei. In the case of~c!, x(R) in the initial wave
function expressed by Eq.~7! is for a Frank-Condon superpositio
of xv(R).
7-3
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BANDRAUK, CHELKOWSKI, AND KAWATA PHYSICAL REVIEW A 67, 013407 ~2003!
els predict that the maximal energy of the returning elect
is 3.17Up @9,14#. We shall adopt the valuepUp which agrees
with our molecular HOHG calculations@9#. The correspond-
ing wavelengthl r of such a rescattering electron that is e
pected todiffract by recollision with the ion core is readily
calculated to be for the recollision momentumpr
5(2pUp)1/2,

l r5
2p

pr
5~2p/Up!1/2. ~11!

We tabulate in Tables I and II the values ofUp andl r for the
intensities and wavelengths used in Figs. 1–6.

The critical internuclear distancesRc for maximum ion-
ization can be derived from a quasistatic model of tunnel
ionization and correspond to the internuclear distances w
the electron in the Stark-shifted lowest unoccupied molec
orbital ~LUMO! undergoes overbarrier ionization in the pre
ence of the Coulomb potentialVC(z,R) and the Stark energy
2kzEM in Eq. ~4!. This results inRC.4/I p , where I p
(50.67 a.u.) is the ionization energy of 1D H atom, andRc
turns out to be relatively independent of the laser intensiI
around the range 1014 W/cm2 @8,28#. This is confirmed by

FIG. 3. ATI electron spectra as functions of electron ener
photon energy, forl51064 nm, atI 52.031014 W/cm2, generated
by ~a! 1D hydrogen atom,~b! H2

1 for R fixed atRc57 a.u., and~c!
H2

1 with moving nuclei. In the case of~c!, x(R) in the initial wave
function expressed by Eq.~7! is for a Frank-Condon superpositio
of xv(R).
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investigating not only the ATI spectra of the static nuc
(Rc57 a.u.), calculations shown in Figs. 1~b!–6~b!, but also
those of the exact non-Born-Oppenheimer calculations w
moving nuclei shown in Figs. 1~c!–6~c!. The outstanding
difference between the ATI spectra of the static nuclei
Rc57 a.u. and those of the exact moving nuclei is the fi
structure of the ATI peaks seen in the latter case, namely,
non-Born-Oppenheimer case. This fine structure, not pre
in the static ~Born-Oppenheimer! results, is suggestive o
different resonance energies acquired by the moving nu
during the dissociative-ionization process around the crit
distanceRc for CREI. This will be addressed in the las
paragraph of the following section.

A first indication of molecular structure on the ATI peak
can be observed by comparing the spectra of H atom in F
1~a!–6~a! with those of H2

1 with static nuclei (Rc57 a.u.)
in Figs. 1~b!–6~b!, and also with those of H2

1 with moving
nuclei in Figs. 1~c! and 6~c!. The maximum beyond 2Up
preceded by a minimum at 1.65Up is shifted to higher ener-
gies in the molecular case when compared to the H-a
results. As explained below, this is due to ‘‘up-field excit
tion’’ of electrons in the molecular case which has no cou
terpart in atoms. A clear cutoff in the kinetic-energy spec

/ FIG. 4. ATI electron spectra as functions of electron ener
photon energy, forl5800 nm, atI 51.031014 W/cm2, generated
by ~a! 1D hydrogen atom,~b! H2

1 for R fixed atRc57 a.u., and~c!
H2

1 with moving nuclei. In the case of~c!, x(R) in the initial wave
function expressed by Eq.~7! is for a Frank-Condon superpositio
of xv(R).
7-4
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MOLECULAR ABOVE-THRESHOLD-IONIZATION . . . PHYSICAL REVIEW A67, 013407 ~2003!
occurs with a maximum around 2Up preceded by a mini-
mum at 1.65Up for the H atom for all three intensities. Suc
2Up electrons have been identified from semiclassical pa
integral calculations asdirect electrons@12#, which were al-
ready predicted earlier from simple tunneling ionizati
models @14#. This 2Up energy maximum is consistentl
shifted by the energyEMRc/2 ~see Table I! in the case of
H2

1 , with Rc.7 a.u. The energyEMRc/2 is precisely the
Stark shift of the LUMO due to the charge-resonance effe
in symmetric ions such as H2

1 @8,28,29#, and is responsible
for the enhanced ionization atRc.7 a.u. Thus in molecula
ions such as H2

1 , charge-resonance effects increase the
ergy of the outgoing electron at the critical distanceRc by
the energyEMRc/2, which is the radiative coupling of th
HOMO ~highest occupied molecular orbital!-LUMO transi-
tion at the peak field strengthEM . It is to be noted that this
is equivalent to the potential-energy increase of the elec
transferred by the field to the distanceRc of the up-field
proton, thus confirming the applicability of simple quas
static models from atoms@8# to molecules@28#. This is also
consistent with studies of the electron excitations mechan
that shows that the ionizing electron is ejected ‘‘up-field

FIG. 5. ATI electron spectra as functions of electron ener
photon energy, forl5800 nm, atI 52.031014 W/cm2, generated
by ~a! 1D hydrogen atom,~b! H2

1 for R fixed atRc57 a.u., and~c!
H2

1 with moving nuclei. In the case of~c!, x(R) in the initial wave
function expressed by Eq.~7! is for an initial vibrational state
xv(R) (v50).
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i.e., with the higher potential energyEMRc/2, @24,29#. This
differs from atoms where overbarrier ionization would
expected to occur at the present field strengthE
50.045 a.u.@1,14#. Indeed, this is the fundamental diffe
ence between atoms and molecules due to the presence
strong HOMO-LUMO radiative coupling between these
the molecules.

A more prominent difference between the ATI spectra
H atom @Figs. 1~a!–6~a!# and those of H2

1 molecule@from
Figs. 1~b!, 1~c! to Figs. 6~b!, 6~c!# is the appearance of ad
ditional oscillations in the molecular ATI spectra. In the m
lecular case, the similarities between the spectra of the s
nuclei fixed atRc57 a.u. and those of the moving nuclei
clear, with the minima and maxima occurring at the sa
energies in both cases, thus confirming that ionization is
deed occurring aroundR.Rc , and its rate is much faste
than that of dissociation. We can justify this fact that ioniz
tion ~electron! dynamics can be almost determined arou
the critical internuclear distanceRc by referring to our pre-
vious paper in Ref.@7#. In this paper one can see a gre
difference in ATI spectra forR5Re57.6 a.u.~Fig. 10! and
R529 a.u.~Fig. 11!. In the case of H2

1 , the dissociation is

/
FIG. 6. ATI electron spectra as functions of electron ener

photon energy, forl5800 nm, atI 54.031014 W/cm2, generated
by ~a! 1D hydrogen atom,~b! H2

1 for R fixed atRc57 a.u., and~c!
H2

1 with moving nuclei. In the case of~c!, x(R) in the initial wave
function expressed by Eq.~7! is for an initial vibrational state
xv(R) (v50).
7-5
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TABLE I. Laser and physical parameters forl51064 nm (v50.0428 a.u.) andRc57 a.u.

I (W/cm2) Up l r (a.u.) a (a.u.) EMRc/2 g (H2
1) Rc /l r

131014 9.10v 4.02 29.1 4.37v 0.93 1.74~2.12!
1.431014 12.6v 3.41 34.3 5.14v 0.79 2.05~2.43!
231014 18.2v 2.83 41.2 6.18v 0.67 2.46~2.85!
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a rather rapid process which occurs on the time scale aro
10 fs. This fact allows the protons to reach the critical int
nuclear distanceRc during the pulse duration (t.20 cycles
.70 fs at 1064 nm and 54 fs at 800 nm!.

We present similar results for H3
21 at 800 nm in Figs.

7–9. As opposed to the case of H2
1 , where the initial state is

a superposition of the bound vibrational states of the gro
electronic state2Sg

1 , the ground electronic state of H3
21 is

repulsive, so that we initialize the nuclear wave function a
Gaussian wave packet atR.5 a.u., which is the equilibrium
internuclear distance of a 1D linear H3

1 . Here we assume
that the fast one-electron ionization of H3

1 occurs at this
distance, and H3

21 is created@24#. In the case of H3
21 ,

simulations have been performed forl5800 nm (v
50.057 a.u.) and intensities 1.031014 W/cm2, 2.0
31014 W/cm2, and 4.031014 W/cm2. The numerical laser
parameters are summarized in Table II. Comparison of
ATI spectra maxima at 2Up for the H atom@Figs. 4~a!–6~a!#
with the H3

21 spectra obtained at the critical CREI distan
Rc.8 a.u.@Figs. 7~a!–9~a!# and the exact spectra for mov
ing nuclei@Figs. 7~b!–9~b!# shows that as in the previous H2

1

case, Figs. 1–6, 2Up maxima of the H atom are shifted als
by the amountEMRc/2, whereEM is the maximum electric-
field amplitude corresponding to the intensities 1
31014,2.031014 W/cm2, and 4.031014 W/cm2. Alterna-
tively, the minima in the ATI spectra which occur for the
atom between (1.6–1.8)Up are consistently shifted in al
cases by approximatelyEMRc/2 in H3

21 .
In order to interpret qualitatively the quantitative resu

reported in Figs. 1–9, we refer to our previous study of LIE
@15#, where 2D H2

1 calculations were performed of AT
spectra for various static internuclear distances. In b
short-pulse and long-pulse limits, the structure of the spe
was determined by the momentum space structure of the
tial molecular orbital from which the electron is ionize
Thus in the case of H2

1 , both the HOMO (1sg) and LUMO
(1su) need to be considered since atRc both orbitals are
nearly equally populated by the laser field@9,29,30#. We note
that recent experimental@31# and theoretical work@20,32# on
molecular ATI spectra emphasize the importance of the s
metry of the initial molecular orbital on high intensity ion
01340
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-

d

a

e

th
ra
i-

-

ization rates. In general, the effect of a short pulse is to s
the total momentum distribution by the instantaneous
maximum Stark shiftEMRc/2 @15#. As we have shown in the
preceding section, minima and maxima of the ATI spectra
H2

1 and H3
21 are shifted by this amount with respect to th

spectra of an H atom where delocalization of the electron
absent. Thus for the HOMO (1sg) and LUMO (1su) orbit-
als, the ionized electron distribution is proportional to t
momentum function for parallel field excitation@15#,

f 1sg
~p!;cos@~EM1p!R/2#, ~12!

f 1su
~p!; i sin@~EM1p!R/2#. ~13!

Since at R5Rc both orbitals are initially nearly equally
populated@9,29#, we can expect

f ~p!5a cos@~EM1p!R/2#1b ieif sin@~EM1p!R/2#.
~14!

Assuming thata5b, we have

u f ~p!u2.11sin@~EM1p!Rc#, ~15!

with extrema at (EM1p)Rc5(2n11)p/2, minimum forn
odd, and maximum forn even. We next test this hypothes
in order to explain the accentuated oscillations of the A
intensity pattern of H2

1 as compared to spectra in H atom.
should be noted that the assumption of exact localization
the electron on one proton meanseif561, and this assump
tion leads to no oscillations. We plot in Fig. 3~b! the factors
u f 1sg

(p)u2 ~dotted line! and u f 1su
(p)u2 ~broken line!. Com-

parison with the localizedu f (p)u2, Eq. ~15!, and with exact
spectra shows that the exact ATI spectra generally have tw
the number of oscillations compared to the localized mod
The frequency of ATI oscillations is closer to the model
ionization occurring independently from the HOMO o
LUMO. This doubling of the frequency can be observed
aÞb, implying a coherent superposition of HOMO an
LUMO.
TABLE II. Laser and physical parameters forl5800 nm (v50.057 a.u.) andRc58 a.u.

I (W/cm2) Up l r (a.u.) a (a.u.) EMRc/2 g (H2
1) Rc /l r

131014 3.86v 5.34 16.5 3.75v 1.23 1.50~2.10!
231014 7.73v 3.77 23.3 5.31v 0.87 2.11~2.75!
431014 15.5v 2.67 33.0 7.51v 0.62 3.00~3.65!
7-6
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IV. RECOLLISION MODEL

A fundamental concept of the ionization of atoms und
low-frequency, high-intensity laser fields is the recollision
the ionized electron with the ion core@14#. It has been
proven that this concept is useful for the explanation of
‘‘cutoff’’ in atomic HOHG. We have shown that in molecule
the ionized electron can recollide with a neighboring ato
thus extending HOHG plateaus to even higher energie
large internuclear distances@9#. Figures 1–9 have shown tha
ionization occurs at the critical distanceRc'7 –8 a.u. for
CREI due to the very fast dissociation of H2

1 and H3
21

caused by the field-induced transitions between the HO
(1sg) and the LUMO (1su). As pointed out in Sec. III,
considerable fine structure can be seen in the ATI spectr
the moving nuclei. They appear as amplification of the fi
structure already occurring in the ATI spectra at the fix
critical internuclear distanceRc . In view of the fact that
similar structures occur in the ATI spectra of the unsta
H3

21 system~Figs. 7–9! as in the stable H2
1 system~Figs.

1–6!, one can conclude that these interferences are du
electronic effects as a result of the coherent excitations
tween the LUMO and HOMO by the laser field, as describ
in Eq. ~14!. On the basis of the simple recollision mod
@14,33# we infer that the maximum kinetic energy shou
occur at recollision for a fieldE(t)5E0 cos(vt1f) at the
phasesf50.1p,vt51.30p, resulting in the recolliding en-
ergypUp for which we have calculated the recollision wav
lengthl r of such an electron in Tables I and II according

FIG. 7. ATI electron spectra of linear H3
21 as functions of elec-

tron energy/photon energy, forl5800 nm, atI 51.031014; ~a! R
fixed atRc58 a.u., and~b! with moving nuclei.
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Eq. ~11!. The corresponding asymptotic energy of the ejec
electron is 10.2Up @33#, whereas the maximum kinetic en
ergy of the ionized electron without recollision with the co
or with collision with neighboring atom becomes 8Up @9#.
All spectra illustrated in Figs. 1–9 indeed show well-defin
maxima at;8Up and 10Up especially in the case of H atom
and H2

1 with the fixed internuclear distance atRc . Nuclear
motion due to Coulomb explosion (A2

1→H11H11e2)
has the effect of flattening plateaus, i.e., equalizing inten
ties of ATI peaks. Three different types of structured A
peaks appear:~a! ~2–3! Up corresponding to direct ioniza
tion, ~b! 8Up corresponding to the maximum energy electr
without recollision, and finally~c! 10Up , where electrons
with kinetic energypUp recollide with the Coulomb explod
ing H1H1 or H1H1H1 core. Further recollision can asymp
totically produce electrons with kinetic energies 8.8Up ~sec-
ond recollision with 2.4Up at the nucleus! and 8.5Up ~third
recollision with kinetic energy 2.25Up at the nucleus! @33#.
We assume that these further recollisions are negligible
to the rapid movement and displacement of the protons
Coulomb explosion that occurs on femtosecond time scal
shown below.

As discussed in the preceding section, the first cutoff
the ATI spectra of H2

1 and H3
21 around 2Up is shifted with

respect to the H atom spectra by the energy of the St
shifted LUMO,EMRc/2, as tabulated in Tables I and II. Th
is indicative of the laser-induced excitation of the ioniz
electron from the HOMO to the LUMO, with the result tha
the tunneling electron must leave at the highest poten

FIG. 8. ATI electron spectra of linear H3
21 as functions of elec-

tron energy/photon energy, forl5800 nm, atI 52.031014; ~a! R
fixed atRc58 a.u., and~b! with moving nuclei.
7-7
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energy end of the molecule, i.e., upfield. This has been
roborated by detailed calculations for one-electron sys
@29,34,35# and even for two-electron systems@24#. In the
ultrashort pulse (d-function! limit, this effect appears in Eqs
~12!–~15! as a field-induced phase shift,EMR/2, correspond-
ing to a momentum changeDp5EM in the ionization am-
plitude. In the standard recollision model applied to ato
@14,33#, the maximum measurable asymptotic ATI energy
10.2Up is obtained by electrons that have recollided at
nucleus with pUp energy, with a wavelengthl r
5(2pUp)1/2, Eq. ~11!. We have tabulated this formula i
Tables I and II, in addition to the oscillatory~ponderomotive!
radiusa5E/v2 of an electron in a field of amplitudeE and
frequencyv. We also have added the Keldysh parameteg
5(I p/2Up)1/2 for H2

1 with I p , the H2
1 ionization potential

of an H atom calculated at the CREI distanceRc , namely,
I p.20.6721/Rc a.u. This parameter serves to separate
tunneling (g,1) from the multiphoton ionization regim
(g.1) @14#. Thus from Tables I and II, we observe that
l51064 nm, I 52.031014 W/cm2 and l5800 nm, I 54.0
31014 W/cm2, we expect to have tunneling ionizatio
whereas at lower intensities, one is at the frontier of b
regimes.

We first note that in all cases,a@l,Rc , so that recolli-
sion with the neighboring nucleus at distanceR5pa, which
occurs at phasevt5p with energy 8Up @9# is not present.
Second, if recollision of the electron occurs with the core
Rc with the energypUp , i.e., electron wavelengthl r

FIG. 9. ATI electron spectra of linear H3
21 as functions of elec-

tron energy/photon energy, forl5800 nm, atI 54.031014; ~a! R
fixed atRc58 a.u., and~b! with moving nuclei.
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5(2pUp)
1/2, one should observe recollision diffraction e

fects due to the presence of the two-proton scattering cen
separated by distanceR. In the ultrashort pulse limit, i.e.
tL!2p/v, such recollision diffraction cannot occur an
only the direct ionization phase interference effect,EMR/2
@Eqs. ~12!–~15!#, appears. In the longer pulse limit, whe
the field acts on the ionized electron and assists it in
recollision, we should expect a phase changeDf5PR
52pR/l r to occur at high energies, especially at ener
pUp . Since at the recollision time, the amplitude of the las
field is nearly zero@33#, then one can model the returnin
electron as scattered by a 1D well of dimensionR. This
results in reflection and transmission probabilities, given

Pr5
sin2~PR!

sin2~PR!14E~E2V0!/V0
2

, ~16!

Pt5
4E~E2V0!/V0

2

sin2~PR!14E~E2V0!/V0
2

, ~17!

whereE is the kinetic energy with respect to the minimum
the well of depthV0 @36#. When PR5np, i.e., whenever
R/l r5n/2, wheren is an integer, there is minimum reflec
tion and maximum transmission, meaning that there is
interference, or equivalently, no rescattering. In Tables I a
II, we have given the ratioRc /l r , assuming that recollision
occurs atR5Rc with energypUp . Thus for most of the

FIG. 10. Detailed ATI spectra for H3
21 at l5800 nm andI

51.031014 W/cm2; ~a! fixed nuclei atR58 a.u. and~b! moving
nuclei.
7-8
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wavelengths and intensities appearing in these tables, we
pect maximum transmission and little reflection, so that
10Up-energy electrons should have maximum intensity. T
addition of the extra initial Stark energyEMRc/2 acquired by
the ionizing electron as it leaves from the Stark-shift
LUMO only changes the ratioR/l r by about 20–30 %~see
numbers in parentheses!. In conclusion of this section, a
comparison of the ATI spectra intensities reveals little inf
mation about recollision diffraction. As an example, we ha
included in Table I ~1064 nm! the intensity 1.4
31014 W/cm2 for which R/l r.2, as compared to intensit
231014 whereR/l r.2.5. Both ATI spectra~Figs. 2 and 3!
are quite similar.

Thus in the H atom, 8Up and 10Up have similar prob-
abilities @Figs. 1~a!–6~a!#, whereas in H2

1 at Rc57 a.u.,
8Up electrons are more probable than 10Up electrons@Figs.
1~b! 3~b!, and 5~b!#, whereas the inverse occurs in Fig. 4~b!
for H2

1 and Fig. 8~a! for H3
21 . However, we note that in al

cases the effect of moving nuclei due to Coulomb explos
results in fine structure of each ATI peak with equalization
the intensities of these ATI peaks in the energy regionE
>2Up .

It is to be expected that ionizing electrons that leave
molecule at the critical internuclear distanceRc at which
CREI occurs will find the molecular ion core at larger inte
nuclear distanceR.Rc since the H2

1 or H3
21 will be un-

dergoing Coulomb explosion,~CE!, which can be used as w
have shown for dynamic imaging of the nuclear wave fu
tions @16,17#. The time evolution of CE molecular fragmen

FIG. 11. Detailed ATI spectra for H3
21 at l5800 nm andI

52.031014 W/cm2; ~a! fixed nuclei atR58 a.u. and~b! moving
nuclei.
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can be modeled using classical mechanics. Assuming th
Rc , ions of charge1Q have zero velocity and initial poten
tial energyE5Q2/Rc , we can calculate the timet to reach
distanceR by integrating the classical equation of motio
md2R/dt252Q2/R2, where m is the molecular reduced
mass. We thus obtain@28#

t5S m

2 D 1/2E
Rc

R

~E2Q2/R!21/2dR, ~18!

5S m

2 D 1/2

Rc
3/2@x/~x221!20.5 ln$~x11!/~x21!%#/Q, ~19!

wherex5@R/(R2Rc)#1/2. The first return time is given by
the relation vt51.3p at initial phasef50.1p @14,33#,
which corresponds to 0.65 cycle of the laser pulse. Thu
l51064 nm, this corresponds tot52.31 fs595 a.u.
(1 a.u.524.2310218 s), whereas at 800 nm,t51.8 fs
574 a.u. Therefore, recollision and CE occur on ne
femtosecond time scale. InsertingRc57 a.u. at 1064 nm and
Rc58 a.u. at 800 nm, we obtain for H2

1 (Q51) from Eq.
~19! the final distance reached by the Coulomb explod
protons (R.11 a.u.) in both cases. This means that the
displacement is 3 a.u.<DR<4 a.u. for the protons upon th
first recollision of the ionized electron. Since the total pha
of the field is vt1f51.4p, where E(t)5E0 cos(vt1f),
then recollision occurs near zero-field amplitude as indica
above. We conclude therefore that since ionization and th
fore CE occurs mainly atRc , then the above simple calcu
lation shows that recollision diffraction should occur atR
.11 a.u. for both 1064-nm and 800-nm laser pulses. Us
the recollision electron wavelengthl r at energypUp ~Tables
I and II! gives the ratioR/l r.2.75, 3.2, 3.9, 2.1, 2.9, 4.1
a.u., thus implying near maximum transmission of the rec
liding electron through the CE protons. This conclusion c
relates well with the observation that the 10Up ATI peak
intensities remain strong in the presence of the moving
clei. However, there is little sensitivity to the intensities, i.
no marked signature of the wavelength interference effe
This is related, we believe, to the fact that the kinetic ene
of the recolliding electronE is much greater than the mo
lecular potentialV0 in Eqs.~16! and ~17!.

Finally, we comment on the fine structure of the AT
peaks that are accentuated by the moving nuclei, Figs. 1~c!–
6~c! and 7~b!–9~b!. These structures occur both in the H2

1

spectra where the initial states are bound vibrational st
and in the H3

21 spectra where the initial nuclear state w
taken to be a Gaussian wave packet for symmetric disso
tion on a repulsive potential. In view of the difference
initial nuclear states for H2

1 ~bound! and H3
21 ~dissocia-

tive!, and yet similarities in the moving nuclei ATI spectr
we conclude that the fine structure is due to electronic re
nances in the ATI excitations. Perusal of Fig. 10 for H3

21 at
R58 a.u. and intensities 1.031014 W/cm2 and Fig. 11 at
2.031014 W/cm2 at l5800 nm, respectively, shows consid
erable structure of the static nuclei peaks. The structure
comes more resolved with the moving nuclei as the nu
probe the varying Franck-Condon factors during the pu
7-9
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As discussed above, displacementsDR.3 –4 a.u. of protons
are expected during the first recollision time of the electr
which is ;1.8 fs at 800 nm and is independent of intens
Figures 10~a! and 11~a! show excellent correlation betwee
the static nuclei ATI subpeaks with the corresponding m
ing nuclei ATI structure illustrated in Figs. 10~b! and 11~b!.
In general, similar subpeaks or structures survive in the h
energy ATI spectra, i.e., 8Up and 10Up ~see Figs. 1–9!, con-
firming that the same resonances participate in the ioniza
process.

V. CONCLUSIONS

We have presented ATI spectra of the one-electron s
tems H2

1 and H3
21 with static and moving nuclei. Compar

son with H atom spectra confirms the role of CREI as
main source of the molecular ionization at the critical int
nuclear distanceRc.7 a.u., due to a consistent shift o
maxima-minima of molecular ATI spectra by the Stark-fie
energyEMRc/2, whereEM is the maximum field amplitude
This is the result of the excitation of the LUMO aroundRc
by the laser, resulting in the electron being transferred fr
the HOMO to the up-field quasistatic well before it ionize
This has no equivalent in the atomic case. In the molec
case this results in Stark shifts linear with the fieldE,
whereas in the atomic case such Stark shifts are at least
dratic in the field. Furthermore, this Stark energy effect
the spectra is only operative in the parallel molecule-fi
configuration@15#, and as shown in Tables I and II, it ca
affect thepUp recollision energy of an electron by abo
20%. Comparison of the moving nuclear~non-Born-
Oppenheimer! ATI spectra with the static ~Born-
Oppenheimer! spectra shows them to be quite similar to t
latter at the critical distanceRc where CREI occurs. This
confirms that enhanced ionization occurs mainly atRc . The
ys

ys
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.

en
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appearance of fine structure in the moving nuclei spe
suggests that the nuclei are sweeping through different r
nances as a function of internuclear distanceR;Rc . Recol-
lision diffractive interference effects are negligible due
two factors:

~a! The high energy,pUp , of the recolliding electrons
with respect to the revisited molecular Coulomb potentialV0
according to the simple single well model, Eqs.~17! and
~16!. Such a single-well model has been treated in a
Floquet analysis@37# and needs to be extended to multip
wells in order to determine appropriate laser-molecule
rameters to enhance recollision diffraction;~b! Moving pro-
tons readily change position toDR;3 –4 a.u. in the first
electron recollision that occurs during 0.65 cycles of a la
pulse. Such nuclear displacement can, of course, be avo
by examining heavier and strongly bound molecules such
N2 @38# or using shorter pulses. Another solution to avo
‘‘dressing’’ of the molecular ion core is to adopt a perpe
dicular excitation scheme first suggested in Ref.@15# and
recently implemented for H2

1 @39#. In the latter, the effect of
electron recollision on the molecular~proton! ATD spectra
was measured. Perpendicular and parallel coincidence
and ATD spectra would be an important complementary
periment in order to confirm electron recollision diffractio
in molecules on near-femtosecond time scale and to exp
LIED as a new tool for measuring molecular dynamics
near-femtosecond, and even near-attosecond, time scale
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