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Theoretical threshold law of positron-impact ionization of He
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Single-differential and total cross sections of positron-impact ionizations of the helium atom are calculated
near the ionization threshold. We investigate the threshold law of positron-impact ionization for models with
various asymptotic charges in the two-potential distorted-wave approximation. The threshold power behaviors
of impact-ionization cross sections depend only on the asymptotic charges experienced by the scattered posi-
tron and the ejected electron. Our numerical results agree well with experimental data and other theoretical
results.
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[. INTRODUCTION In Sec. Il we review the kinematic formulation of
charged-particle impact-ionization process. In Sec. lll, we

Impact ionization of atoms and ions by charged particle isestablish the threshold law by analyzing the wave functions
a fundamental process in gas discharge and in plasmas fiear the threshold region. The two-potential distorted-wave
sion. Recent measurements of the positron-impact-ionizatioPproximation is presented in Sec. IV. In Sec. V, numerical
cross sections in the first few eV above threshold for He havéalculations are carried out and compared with the analyti-
been given by Ashlegt al.[1]. The threshold power law of cally derived threshold law and with experimental results.
electron-impact ionization was first given in a classical treat-The conclusion is discussed in Sec. VI.
ment by Wannier[2] and later by Temkin[3] in the
Coulomb-dipole theory. Geltmap4] studied the threshold Il. IMPACT-IONIZATION PROCESSES
behavior for ionization by both electrons and positrons in the
Coulomb-projected-Born approximation. The positron-
impact ionization cross sections of H and Hat near- We consider a charged particle with linear momentym
threshold energies has been calculated by Wetmore and Cind total energyE; impinging on the helium atom in its
son [5] using the classical trajectory Monte Carlo method.ground state. After the collision, one electron of the helium
Total cross sections for positron-impact ionization of heliumatom is ejected, and the residual hydrogenic ion is left in its
have been calculated within a distorted-wave formalism byground state. The linear momentum and total energy for the
Campeantet al.[6]. More recently, the positron-impact ion- scattered incident particle and ejected electron are described
ization of hydrogen have been calculated by Rost and Helleby (k,Ep) and k.E.), respectively. By energy conservation,
[7] using the semiclassical approximation of Feynman’s pathwe have
integral. Sil and Roy 8] analytically evaluated the positron-
impact ionization of hydrogen atom near the threshold with
the final-state wave function involving three Coulomb func-
tions. lhraet al.[9] used anharmonic corrections to the Wan-
nier law for the positron-impact ionization of He. Deb and
Crotherg10] used the quantum-semiclassical calculation for
near-threshold ionization of helium by positron impact.

A relativistic kinematic analysis of impact-ionization pro-
cesses by Huangl1] is employed in the calculation of
electron- and positron-impact ionizations for hydrogenlike
and heliumlike_ ion_s[lZ—lﬂ @n the two-potential distorted- d3o (2m)* KoE pkeEoE;
wave approximation. Besides being a fully quantum- = ( )E | T¢i] 2
mechanical method, the two-potential distorted-wave ap- dE.dQ,d e c® ki fi
proximation considers the major distorting effects arising
from interactions among participating particles in computing
the wave functions, while the residual interactions are also
treated in a nonperturbative manner. Threshold cross section
of electron-impact ionization of the hydrogen atom havewherec is the speed of lightT; denotes the appropriate
been studied18]. In the present paper, we investigate thetransition matrix element, and the summation oliedenotes
threshold law of positron-impact ionization of ions in the symbolically averaging over the initial polarizations and
two-potential distorted-wave approximation, and the resultsumming over the final polarizations. After carrying out the
for He are given as a typical example. summation overfi, we obtain the triple-differential cross

A. Kinematic formulation

Ei+Eb:Ep+E61 (1)

whereE,, denotes the energy of the electron originally bound
in the helium atom.

We shall treat the case where both the incident charged
particle and target are spin unpolarized, and no attempt is
made to distinguish between the various final spin polariza-
tions. In the relativistic formulation, the triple-differential
cross section in atomic units can be expresseld als
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section in terms of the total cross sectierand an angular d(r)=(2m) e " (1+ip)|
distribution functionF({),,()). er ) ) )
The single-differential cross section can be obtained by xXe" Ry (=i Liikr—ik-r), ®

integrating over the solid anglé3, and (). as where n=*=Z/k, and ;F; is the confluent hypergeometric

d e function. Here the positive and negative signs are for posi-
i j j "7 40.dO.. (3)  tron and electron, respectively.
dE. dE.dQ,dQ, P ¢

. . . . IIl. THRESHOLD LAWS
We consider both the electron- and positron-impact ion-

izations and use symbots™ ande™ to identify them. Then A. Threshold behaviors of wave functions
the total cross sections can be calculated as When the excess energyis sufficiently small, we con-
sider the asymptotic behaviors of the Coulomb wave func-
(€%)= ei+c2d_(rdE @ tions of the positron and electron far<1 in the effective
7 2 dE,  © range of the ionization processes.

For the positron Coulomb wave function, we have

wheree"=¢ ande” =¢/2. Let e=E;+E,—2c? denote the
excess energy of the colliding system, wheferepresents

k<1 (27) %72, Z=0
the rest energy of the electron. ¢(r) —

(2m) " W(zIke ™ o2 VZ(r—k-1)), Z#0,
9

B. Nonrelativistic limit . o .
wherel 4(x) is the modified Bessel function. For the electron

We shall consider the nonrelativistic limit of the threshold Coulomb wave function, we have
behavior of impact-ionization cross sections. Relativistic ef-
fects will give rise to corrections of the ordéx(e/c?) rela- k<1 (27) %2, Z=0
tive to the leading contribution, and therefore do not modify ~ ¢(r) — 1 5T -~
the threshold law. In the nonrelativistic limit, the single- (2m) (21K) Jo(2 NZ(r —k-1)), Z¢0’10
differential and total cross sections in Eq8) and (4), re- (10

spectively, reduce to whereJy(x) is the Bessel function.

kK Substituting the Coulomb wave functiorgr) in Eqgs.(9)
et )=(2m)* i ef def dQeE_ |Tfi|2’ (5) and(10) into Eq.(7) and carrying out the integrations in Egs.
i fi (5) and(6), we can obtain the threshold laws of the single-

differential and total cross sections.

do

dE, ¢

+

N (27T)4 €~ 2
o(e”)= K, fo kpkedeej deJ dQe; Tl B. Positron-impact ionization

(6) In the positron-impact ionization, thie, and k. depen-
dences of the transition amplitude are
wheree, is the kinetic energy of the ejected electron.

1, Z,=2,=0
C. Transition amplitudes Tri(et)= 1/Jk—eu Z,=0Z.#0 (11)
The unsymmetrized transition amplitude can be approxi- e~ 2o/%o/ \Jkpke, Zp#0Z#0.

mated by

Here,Z, andZ, are the effective charges experienced by the
scattered incident positron and the ejected electron, respec-
tively. Hence, the single-differential cross section is a func-
tion of k, andk,

Tfi(et)EJ j fd3r1d3r2d3r3¢’,§(rl)¢:(rz)CIDO(r3)

Z 1 1
X ia+r_12+r_l3) Di(r)Pp(ry)®yi(r3), (7) " KoKe., Z,=Z.=0
. . _ (e")={ Ky, Z,=0Z.#0 (12
where the upper and lower signs are for the positron impact dE.

—7Z, K
and electron impact, respectively, afigs the nuclear charge e ", Z,70Z.70.

of the helium atom. Hereb, and &y, denote the orbital  after integrating Eq(12), we arrive at the threshold power
wave function with different magnetic quantum numbers for|,,,

the bound electrons in the helium atom, ahg the ground-

state wave function for the bound electron in the hydrogenic €2 Z,=Zs=0

ion. Here ¢(r) denotes the wave function of a charged par- 32 B
ticle with linear momentunk in the Coulomb potential of a(eh)=q €7 - Zp=0Zc#0 (13
nuclear charg: e¥em2mzp\2e . 7 ,#0,Z,#0.
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In our calculations, we have included the short-range potenhelium atom before the collision, angl indicates the inter-
tial experienced by the scattered positron and ejected elegmarticle distance between andr; .

tron in the impact-ionization processes. However, the above- By collision theory, the transition amplitudes of impact
threshold behaviors are not affected by the short-rangénization have the general forf22]
potential.

Various other threshold laws for the positron-impact ion- Ti= (P D) — (PF{)| V)| D)), (20)
ization have been given, for example, by Klare?®%?)
[19], Wetmore and Olsonde*%9) [5], Rost and Heller where the first and second terms are the direct and exchange
(ox€*5) [7], Sil and Roy g€ [8], and lhraet al. (o terms, respectivelyp; is the eigenstate dfl;, andW{™) is
« €28%x{—0.73/€]) [9]. Our threshold law foZ,#0 and  the eigenstate off with the incoming-wave boundary con-
Z.#0 seems to account for the correct modulation factordition. Here the symboP denotes the permutation between
exp{—ZWZp/\/Z], peculiar to the positron-impact ioniza- electrons.
tion.

B. Two-potential formulation

C. Electron-impact ionization In the two-potential formulation, we separate the interac-

Theoretical threshold laws of electron-impact ionizationtion potentialV; into the distorting potentiall; and the re-
have been reported by many authpts18—21 besides oth- sidual potentialWV; as
ers. We present our results below for comparison with those

of positron-impact ionization: Vi=Ui+W;. (21
1, Z,=Z,=0 We can theref(_)re reduce the transition amplitu®® into
To(e ) ke, Z,=0Z,#0 (14 the two-potential form as
1kpke, Zp#0.Ze#0, Ti=(PNW gl )= (P IW gDy, (22
o Koke, Zp=Zc=0 ;/;r;t?rzz zﬁ;t;gteizglatgs the distorted wave function in the dis-
dEe(ef)Oc K. Zp=0Z70 (15 Taking the elle;:trostatic polarization potential into ac-

1, Z,#0,Z,#0, count, the distorting potentidl; and residual potentialV,
can be chosen as
€%, Z,=Z,=0
Z
g-(e_)oc 63/2; szoazeqﬁo (16) Ui:r_+ vi(r1)+2Vpo|(r1), (23)
e, Z,#0Z.#0. !

1
IV. TWO-POTENTIAL DISTORTED-WAVE W= - "o T vi(r) —2Vpoi(ra). (24
APPROXIMATION
A. Total Hamiltonian Here the average potentialgr,) are due to the bound elec-

o o trons of the helium atom,
The total HamiltonianH of the projectile-target system

can be separated into two parts,

1
Vi(rl):_2<q)b(r3) r_lsq)b(rs)>1 (25

H= Hi + Vi ’ (17)
whereH; is the unperturbed Hamiltonian before the collision @1d the polarization potentials are approximated by the hy-

andV is the interaction potential between the projectile anddro9enic valu&Vy, (ry) with x=2r, [23],
target during the collision:

4
\ =——|1-e & 1+2x+2x*+ %3
Hi=(cay-pi+Cc?By) +(Cay py+c?By)+(Cag-p3+c?B) poi(r1) ax4 € XrextT X
z z 1 2 4
—_—— -t —, (18 [l S
f, I3 [lo3 +3x +27x> . (26)
Z 1 1
Vi=—— —— —. (19 C. Distorted waves

The distorted-wave functions ™) in Eq. (22) can be ex-
where ; and B; are Dirac matrices. Here,=|ry|, r, pressed as
=|r,|, andrs=|r| refer, respectively, to the radial coordi- () ()
nates of the incident positron and bound electrons of the i =X (1) Pp(r2)Pyi(ra). (27)
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TABLE I. Distorting potentialsJ,, andU, for the scattered positron and ejected electron in the positron-

impact ionization.

Distorting potential

Asymptotic charges

Model U, Ue Z, Ze
7 Z

TPDWO1 o)+ ooty () Vi) 0 1
Z Z

TPDW11 o)+ Vol () Vi) 1 1

Here the distorted-wave functiony!*)(r;) with the
outgoing-wave boundary condition for the incident positron
satisfies the equation

(Cay-py+C2B1+U—ENx{N(ry=0. (28)

Ern=v2(x 7 (r)x{ ) (ra) @o(ro) Wi

XX @p(rp) Dy (ra)). (39)

By using a graphical metho@4], we can express the tran-
sition amplitudeTy; in terms of 31-j coefficients and radial

We approximate the unsymmetrized distorted final—statqmegra|s[17]_

wave functions?{ ) in Eq. (22) as
\PV):XE;)(H)XSJ)(rz)q)o(r3)-

Here the distorted-wave functiond  andx{ for the scat-

(29

V. RESULTS AND DISCUSSION

We have calculated the single-differential and total cross
sections of positron-impact ionization of He near the ioniza-

tered positron and ejected electron, respectively, satisty thg,n threshold in the two-potential distorted-wave approxi-

following equations:

(Cay-p1+C2B1+U,—Epxi(r)=0, (30

(Cap-pot € BotUe—Eoxi (r)=0. (3D
The distorting potentials including the polarization effects
U, and U, for the scattered positron and ejected electron
respectively, are summarized in Table I. Here, TPDW ap
proximation stands for the relativistic two-potential
distorted-wave approximation. The TPDW models are use

to account for the mutual screening of the scattered positro
and the ejected electron. For the neutral atom, the asymptot

charges Z,Z.) are (01) and (11) in models TPDWO1 and
TPDW11, respectively. In Table ly; denotes the average

potential due to the bound electron of the residual hydro-

genic ion,

(32

1
vi(r) = _<‘bo(r3) @“Do(r3)>-

D. Transition amplitudes

By considering antisymmetrization, we arrive at expres-

sions for the transition amplitudg;; of positron-impact ion-
ization of the helium atom,

Tri=Dti—Ey, (33
where the direct terr®;; and exchange teriy; are given as
D= V2(x§ ) (r)x{ (1) o(rs) | Wil

Xx U1 ) @p(r) Pyi(ra)), (34)

mation in models TPDWO01 and TPDW11. To present the
ionization cross sections, we use the threshold-energy units
u;=(Ei—c?)/l, u,=(E,—c?)/1, andue=(E.—c?)/I, mea-
sured with respect to the rest energy of the electron, and
wherel =c?—E, denotes the ionization potential of the he-
lium atom. The ionization cross sections are given in units of
wag throughout, where, is the Bohr radius.
" In model TPDWO1 for the positron-impact ionization of
He, only the ejected electron experiences the long-range
oulomb potential, while the scattered positron is screened
y both electrons. According to Eq(l5), the single-
ifferential cross section is a linear function lof. But in

: TPDW01 ]

f u=1.01 ]

Bl T e E
5, 1.0001 5
3 ]
) ]
054 o +He 7

0.0F

05
u/f(u-1)

FIG. 1. Single-differential cross sectiomkr/dE, (in units of
wag) divided byk, for the positron-impact ionization of He in the
model TPDWO01 atu;=1.01, 1.001, and 1.0001 threshold-energy
units.
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FIG. 4. The scaled total cross sectier{1/7)\e/2In o for the
positron-impact ionization of He in the model TPDW11 near
threshold.

FIG. 2. Logarithm of single-differential cross sectiote/dE,
(in units of wag) multiplied by (—k,/m) for the positron-impact
ionization of He in the model TPDW11 a{=1.01, 1.001, 1.0001,

and 1.000 01 threshold-energy units. model TPDW11 near the threshold. Finally, we display the

) ) total cross section of positron-impact ionization for He in
model TPDW11, both outgoing positron and electron MoVerijg. 5 and compare with the experimental data of Ashley

in the Coulomb potential, the single-differential cross sectionyt | [1] and with the theoretical results of Ihea al.[9] and
is an exponential function df,. In Fig. 1, we present the pep and Crother§10] who used different threshold forms.

single-differential cross sectiortio/dE, divided byk, in  oyr curve offers a reasonable agreement at excess energy
the model TPDWO1 at;j=1.01,1.001, and 1.0001 to show pigher than 3 eV.

the energy dependence of the cross sections. In Fig. 2, we
present the logarithm of the single-differential cross sections
multiplied by (—k,/m) in the model TPDW1l atuy; VI. CONCLUSION
=1.01,1.001,1.0001, and 1.00001. In both Figs. 1 and 2, the The threshold law of positron-impact ionization is dis-
curves approach constant horizontal lines as the incident eRyssed by analyzing the threshold behaviors of the wave
ergy u; decreases. By Eq16), the total cross section in fynctions near the threshold region in the two-potential
model TPDWOL1 is a power function of the excess enargy (jstorted-wave approximation. The threshold law depends
and the near-threshold power factor is 1.5. In modelnly on the asymptotic behaviors of the distorting potentials
TPDWI1, the total cross section is a compound functiorexperienced by the scattered positron and the ejected elec-
with power and exponential of the excess energin Fig. 3, tron. Different asymptotic charges are used in models
we present the near-threshold power factor of the total crosgppwo1 and TPDW11 for the distorting potentials. We find
section,d(In o)/d(In €), in the model TPDWOL. In Fig. 4, we  that the near-threshold ionization cross section depends only
present the scaled total cross sectio(il/m)Je/2Ina in the  on whether the scattered positron experiences a long-range
Coulomb interaction. We have demonstrated numerically that

2.0 T — vy
10"
TPDWO1
13 ¢ +He
Vo) e
& 5
= o E
S0t : © 104
I f ¢ +He ] ©
03 T E [ Ashley et al. (Expt.)
I NP7 Ihra et al.
: ] B I 0 R Deb and Crothers
Ot g e g F o —— TPDWI1I ]
10° 10* 10° 10* 10" 10° [ i . . . M
Excess energy (u-1) 1 10

Excess energy (u-1) ineV
FIG. 3. The near-threshold power factor of the total cross sec-

tion, d(In a)/d(In €), for the positron-impact ionization of He in the FIG. 5. Comparison of total cross sections for the positron-
model TPDWOL1. impact ionization of He.
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the near-threshold ionization cross sections agree well witlof the cross section for positron-impact ionization of ions
the analytically derived threshold law that accounts for thenear the threshold region are certainly needed for compari-
correct modulation factor e{<p27rzp/\/ﬂ] peculiar to the son.
positron-impact ionization. Various other threshold laws
have also been suggestg5,7—10,19 Our results arising

from anab initio calculation seem to agree reasonably well
with experiment; however, it is difficult to discern different  This work was supported in part by the National Science
theoretical models by available experimental results within &Council of the Republic of China under Grant No. NSC91-
small range of the excess energyMore experimental data 2112-M001-030.
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