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Theoretical threshold law of positron-impact ionization of He
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Single-differential and total cross sections of positron-impact ionizations of the helium atom are calculated
near the ionization threshold. We investigate the threshold law of positron-impact ionization for models with
various asymptotic charges in the two-potential distorted-wave approximation. The threshold power behaviors
of impact-ionization cross sections depend only on the asymptotic charges experienced by the scattered posi-
tron and the ejected electron. Our numerical results agree well with experimental data and other theoretical
results.
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I. INTRODUCTION

Impact ionization of atoms and ions by charged particle
a fundamental process in gas discharge and in plasma
sion. Recent measurements of the positron-impact-ioniza
cross sections in the first few eV above threshold for He h
been given by Ashleyet al. @1#. The threshold power law o
electron-impact ionization was first given in a classical tre
ment by Wannier @2# and later by Temkin@3# in the
Coulomb-dipole theory. Geltman@4# studied the threshold
behavior for ionization by both electrons and positrons in
Coulomb-projected-Born approximation. The positro
impact ionization cross sections of H and He1 at near-
threshold energies has been calculated by Wetmore and
son @5# using the classical trajectory Monte Carlo metho
Total cross sections for positron-impact ionization of heliu
have been calculated within a distorted-wave formalism
Campeanuet al. @6#. More recently, the positron-impact ion
ization of hydrogen have been calculated by Rost and He
@7# using the semiclassical approximation of Feynman’s p
integral. Sil and Roy@8# analytically evaluated the positron
impact ionization of hydrogen atom near the threshold w
the final-state wave function involving three Coulomb fun
tions. Ihraet al. @9# used anharmonic corrections to the Wa
nier law for the positron-impact ionization of He. Deb an
Crothers@10# used the quantum-semiclassical calculation
near-threshold ionization of helium by positron impact.

A relativistic kinematic analysis of impact-ionization pro
cesses by Huang@11# is employed in the calculation o
electron- and positron-impact ionizations for hydrogenl
and heliumlike ions@12–17# in the two-potential distorted
wave approximation. Besides being a fully quantu
mechanical method, the two-potential distorted-wave
proximation considers the major distorting effects aris
from interactions among participating particles in comput
the wave functions, while the residual interactions are a
treated in a nonperturbative manner. Threshold cross sec
of electron-impact ionization of the hydrogen atom ha
been studied@18#. In the present paper, we investigate t
threshold law of positron-impact ionization of ions in th
two-potential distorted-wave approximation, and the res
for He are given as a typical example.
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In Sec. II, we review the kinematic formulation o
charged-particle impact-ionization process. In Sec. III,
establish the threshold law by analyzing the wave functio
near the threshold region. The two-potential distorted-wa
approximation is presented in Sec. IV. In Sec. V, numeri
calculations are carried out and compared with the ana
cally derived threshold law and with experimental resu
The conclusion is discussed in Sec. VI.

II. IMPACT-IONIZATION PROCESSES

A. Kinematic formulation

We consider a charged particle with linear momentumk i
and total energyEi impinging on the helium atom in its
ground state. After the collision, one electron of the heliu
atom is ejected, and the residual hydrogenic ion is left in
ground state. The linear momentum and total energy for
scattered incident particle and ejected electron are descr
by (kpEp) and (keEe), respectively. By energy conservatio
we have

Ei1Eb5Ep1Ee , ~1!

whereEb denotes the energy of the electron originally bou
in the helium atom.

We shall treat the case where both the incident char
particle and target are spin unpolarized, and no attemp
made to distinguish between the various final spin polari
tions. In the relativistic formulation, the triple-differentia
cross section in atomic units can be expressed as@11#

d3s

dEedVpdVe
5

~2p!4

c6 S kpEpkeEeEi

ki
D(

f i
uTf i u2

5
s

16p2
F~Vp ,Ve!, ~2!

where c is the speed of light,Tf i denotes the appropriat
transition matrix element, and the summation overf i denotes
symbolically averaging over the initial polarizations an
summing over the final polarizations. After carrying out t
summation overf i , we obtain the triple-differential cros
©2003 The American Physical Society05-1



b

on

ld
ef

ify
e-

x

a

fo

n
ar

c
si-

nc-

n

s.
le-

the
pec-
c-

r

TIEN-YOW KUO, HSIAO-LING SUN, AND KEH-NING HUANG PHYSICAL REVIEW A67, 012705 ~2003!
section in terms of the total cross sections and an angular
distribution functionF(Vp ,Ve).

The single-differential cross section can be obtained
integrating over the solid anglesVp andVe as

ds

dEe
5E E d3s

dEedVpdVe
dVpdVe . ~3!

We consider both the electron- and positron-impact i
izations and use symbolse2 ande1 to identify them. Then
the total cross sections can be calculated as

s~e6!5E
c2

e61c2 ds

dEe
dEe , ~4!

wheree1[e ande2[e/2. Let e[Ei1Eb22c2 denote the
excess energy of the colliding system, wherec2 represents
the rest energy of the electron.

B. Nonrelativistic limit

We shall consider the nonrelativistic limit of the thresho
behavior of impact-ionization cross sections. Relativistic
fects will give rise to corrections of the orderO(e/c2) rela-
tive to the leading contribution, and therefore do not mod
the threshold law. In the nonrelativistic limit, the singl
differential and total cross sections in Eqs.~3! and ~4!, re-
spectively, reduce to

ds

dEe
~e6!5~2p!4

kpke

ki
E dVpE dVe(

f i
uTf i u2, ~5!

s~e6!5
~2p!4

ki
E

0

e6

kpkedeeE dVpE dVe(
f i

uTf i u2,

~6!

whereee is the kinetic energy of the ejected electron.

C. Transition amplitudes

The unsymmetrized transition amplitude can be appro
mated by

Tf i~e6!>E E E d3r 1d3r 2d3r 3fp* ~r1!fe* ~r2!F0~r3!

3S 6
Z

r 1
7

1

r 12
7

1

r 13
Df i~r1!Fb~r2!Fb8~r3!, ~7!

where the upper and lower signs are for the positron imp
and electron impact, respectively, andZ is the nuclear charge
of the helium atom. HereFb and Fb8 denote the orbital
wave function with different magnetic quantum numbers
the bound electrons in the helium atom, andF0 the ground-
state wave function for the bound electron in the hydroge
ion. Heref(r ) denotes the wave function of a charged p
ticle with linear momentumk in the Coulomb potential of
nuclear chargeZ:
01270
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f~r !5~2p!23/2e2ph/2uG~11 ih!u

3eik•r
1F1~2 ih;1;ikr 2 ik•r !, ~8!

whereh56Z/k, and 1F1 is the confluent hypergeometri
function. Here the positive and negative signs are for po
tron and electron, respectively.

III. THRESHOLD LAWS

A. Threshold behaviors of wave functions

When the excess energye is sufficiently small, we con-
sider the asymptotic behaviors of the Coulomb wave fu
tions of the positron and electron forkr!1 in the effective
range of the ionization processes.

For the positron Coulomb wave function, we have

f~r ! →
kr!1H ~2p!23/2, Z50

~2p!21A~Z/k!e2pZ/kI 0„2 AZ~r 2 k̂•r !…, ZÞ0,
~9!

whereI 0(x) is the modified Bessel function. For the electro
Coulomb wave function, we have

f~r ! →
kr!1H ~2p!23/2, Z50

~2p!21A~Z/k! J0„2 AZ~r 2 k̂•r !…, ZÞ0,
~10!

whereJ0(x) is the Bessel function.
Substituting the Coulomb wave functionsf(r ) in Eqs.~9!

and~10! into Eq.~7! and carrying out the integrations in Eq
~5! and ~6!, we can obtain the threshold laws of the sing
differential and total cross sections.

B. Positron-impact ionization

In the positron-impact ionization, thekp and ke depen-
dences of the transition amplitude are

Tf i~e1!}H 1, Zp5Ze50

1/Ake, Zp50,ZeÞ0

e2pZp /kp/Akpke, ZpÞ0,ZeÞ0.

~11!

Here,Zp andZe are the effective charges experienced by
scattered incident positron and the ejected electron, res
tively. Hence, the single-differential cross section is a fun
tion of kp andke

ds

dEe
~e1!}H kpke , Zp5Ze50

kp , Zp50,ZeÞ0

e2pZp /kp, ZpÞ0,ZeÞ0.

~12!

After integrating Eq.~12!, we arrive at the threshold powe
law

s~e1!}H e2, Zp5Ze50

e3/2, Zp50,ZeÞ0

e3/2e22pZp /A2e, ZpÞ0,ZeÞ0.

~13!
5-2
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In our calculations, we have included the short-range po
tial experienced by the scattered positron and ejected e
tron in the impact-ionization processes. However, the abo
threshold behaviors are not affected by the short-ra
potential.

Various other threshold laws for the positron-impact io
ization have been given, for example, by Klar (s}e2.651)
@19#, Wetmore and Olson (s}e2.99) @5#, Rost and Heller
(s}e2.67) @7#, Sil and Roy (s}e1.5) @8#, and Ihraet al. (s
}e2.64exp@20.73Ae#) @9#. Our threshold law forZpÞ0 and
ZeÞ0 seems to account for the correct modulation fac
exp@22pZp /A2e#, peculiar to the positron-impact ioniza
tion.

C. Electron-impact ionization

Theoretical threshold laws of electron-impact ionizati
have been reported by many authors@4,18–21# besides oth-
ers. We present our results below for comparison with th
of positron-impact ionization:

Tf i~e2!}H 1, Zp5Ze50

1/Ake, Zp50,ZeÞ0

1/Akpke, ZpÞ0,ZeÞ0,

~14!

ds

dEe
~e2!}H kpke , Zp5Ze50

kp , Zp50,ZeÞ0

1, ZpÞ0,ZeÞ0,

~15!

s~e2!}H e2, Zp5Ze50

e3/2, Zp50,ZeÞ0

e, ZpÞ0,ZeÞ0.

~16!

IV. TWO-POTENTIAL DISTORTED-WAVE
APPROXIMATION

A. Total Hamiltonian

The total HamiltonianH of the projectile-target system
can be separated into two parts,

H5Hi1Vi , ~17!

whereHi is the unperturbed Hamiltonian before the collisi
andVi is the interaction potential between the projectile a
target during the collision:

Hi5~ca1•p11c2b1!1~ca2•p21c2b2!1~ca3•p31c2b3!

2
Z

r 2
2

Z

r 3
1

1

r 23
, ~18!

Vi5
Z

r 1
2

1

r 12
2

1

r 13
. ~19!

where a i and b i are Dirac matrices. Herer 1[ur1u, r 2
[ur2u, and r 3[ur3u refer, respectively, to the radial coord
nates of the incident positron and bound electrons of
01270
n-
c-

e-
e

-

r

e

d

e

helium atom before the collision, andrij indicates the inter-
particle distance betweenr i and r j .

By collision theory, the transition amplitudes of impa
ionization have the general form@22#

Tf i5^C f
(2)uVi uF i&2^PC f

(2)uVi uF i&, ~20!

where the first and second terms are the direct and exch
terms, respectively,F i is the eigenstate ofHi , andC f

(2) is
the eigenstate ofH with the incoming-wave boundary con
dition. Here the symbolP denotes the permutation betwee
electrons.

B. Two-potential formulation

In the two-potential formulation, we separate the intera
tion potentialVi into the distorting potentialUi and the re-
sidual potentialWi as

Vi5Ui1Wi . ~21!

We can therefore reduce the transition amplitudes~20! into
the two-potential form as

Tf i5^C f
(2)uWi uc i

(1)&2^PC f
(2)uWi uc i

(1)&, ~22!

wherec i
(1) denotes the distorted wave function in the d

torting potentialUi .
Taking the electrostatic polarization potential into a

count, the distorting potentialUi and residual potentialWi
can be chosen as

Ui5
Z

r 1
1n i~r 1!12Vpol~r 1!, ~23!

Wi52
1

r 12
2

1

r 13
2n i~r 1!22Vpol~r 1!. ~24!

Here the average potentialsn i(r 1) are due to the bound elec
trons of the helium atom,

n i~r 1!522K Fb~r3!U 1

r 13
UFb~r3!L , ~25!

and the polarization potentials are approximated by the
drogenic valueVpol(r 1) with x5Zr1 @23#,

Vpol~r 1!52
9

4x4 F12e22xS 112x12x21
4

3
x3

1
2

3
x41

4

27
x5D G . ~26!

C. Distorted waves

The distorted-wave functionsc i
(1) in Eq. ~22! can be ex-

pressed as

c i
(1)5x i

(1)~r1!Fb~r2!Fb8~r3!. ~27!
5-3
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TABLE I. Distorting potentialsUp andUe for the scattered positron and ejected electron in the posit
impact ionization.

Distorting potential Asymptotic charges
Model Up Ue Zp Ze

TPDW01
Z

r1
1ni~r1!12Vpol~r1! 2

Z

r2
2nf~r2!2Vpol~r2! 0 1

TPDW11
Z

r1
1nf~r1!1Vpol~r1! 2

Z

r2
2nf~r2!2Vpol~r2! 1 1
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Here the distorted-wave functionx i
(1)(r1) with the

outgoing-wave boundary condition for the incident positr
satisfies the equation

~ca1•p11c2b11Ui2Ei !x i
(1)~r1!50. ~28!

We approximate the unsymmetrized distorted final-st
wave functionsC f

(2) in Eq. ~22! as

C f
(2).xp

(2)~r1!xe
(2)~r2!F0~r3!. ~29!

Here the distorted-wave functionsxp
(2) andxe

(2) for the scat-
tered positron and ejected electron, respectively, satisfy
following equations:

~ca1•p11c2b11Up2Ep!xp
(2)~r1!50, ~30!

~ca2•p21c2b21Ue2Ee!xe
(2)~r2!50. ~31!

The distorting potentials including the polarization effec
Up and Ue for the scattered positron and ejected electr
respectively, are summarized in Table I. Here, TPDW
proximation stands for the relativistic two-potenti
distorted-wave approximation. The TPDW models are u
to account for the mutual screening of the scattered posi
and the ejected electron. For the neutral atom, the asymp
charges (ZpZe) are ~01! and ~11! in models TPDW01 and
TPDW11, respectively. In Table I,n f denotes the averag
potential due to the bound electron of the residual hyd
genic ion,

n f~r k!52 K F0~r3!U 1

r k3
UF0~r3!L . ~32!

D. Transition amplitudes

By considering antisymmetrization, we arrive at expre
sions for the transition amplitudeTf i of positron-impact ion-
ization of the helium atom,

Tf i>D f i2Ef i , ~33!

where the direct termD f i and exchange termEf i are given as

D f i5A2^xp
(2)~r1!xe

(2)~r2!F0~r3!uWi u

3x i
(1)~r1!Fb~r2!Fb8~r3!&, ~34!
01270
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Ef i5A2^xp
(2)~r1!xe

(2)~r3!F0~r2!uWi u

3x i
(1)~r1!Fb~r2!Fb8~r3!&. ~35!

By using a graphical method@24#, we can express the tran
sition amplitudeTf i in terms of 3n-j coefficients and radia
integrals@17#.

V. RESULTS AND DISCUSSION

We have calculated the single-differential and total cro
sections of positron-impact ionization of He near the ioniz
tion threshold in the two-potential distorted-wave appro
mation in models TPDW01 and TPDW11. To present t
ionization cross sections, we use the threshold-energy u
ui5(Ei2c2)/I , up5(Ep2c2)/I , andue5(Ee2c2)/I , mea-
sured with respect to the rest energy of the electron,
whereI 5c22Eb denotes the ionization potential of the h
lium atom. The ionization cross sections are given in units
pa0

2 throughout, wherea0 is the Bohr radius.
In model TPDW01 for the positron-impact ionization o

He, only the ejected electron experiences the long-ra
Coulomb potential, while the scattered positron is scree
by both electrons. According to Eq.~15!, the single-
differential cross section is a linear function ofkp . But in

FIG. 1. Single-differential cross sectionsds/dEe ~in units of
pa0

2) divided bykp for the positron-impact ionization of He in th
model TPDW01 atui51.01, 1.001, and 1.0001 threshold-ener
units.
5-4
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model TPDW11, both outgoing positron and electron mo
in the Coulomb potential, the single-differential cross sect
is an exponential function ofkp . In Fig. 1, we present the
single-differential cross sectionsds/dEe divided by kp in
the model TPDW01 atui51.01,1.001, and 1.0001 to sho
the energy dependence of the cross sections. In Fig. 2
present the logarithm of the single-differential cross secti
multiplied by (2kp /p) in the model TPDW11 atui
51.01,1.001,1.0001, and 1.000 01. In both Figs. 1 and 2,
curves approach constant horizontal lines as the incident
ergy ui decreases. By Eq.~16!, the total cross section in
model TPDW01 is a power function of the excess energe
and the near-threshold power factor is 1.5. In mo
TPDW11, the total cross section is a compound funct
with power and exponential of the excess energye. In Fig. 3,
we present the near-threshold power factor of the total c
section,d(ln s)/d(ln e), in the model TPDW01. In Fig. 4, we
present the scaled total cross section2(1/p)Ae/2lns in the

FIG. 2. Logarithm of single-differential cross sectionsds/dEe

~in units of pa0
2) multiplied by (2kp /p) for the positron-impact

ionization of He in the model TPDW11 atui51.01, 1.001, 1.0001,
and 1.000 01 threshold-energy units.

FIG. 3. The near-threshold power factor of the total cross s
tion, d(ln s)/d(ln e), for the positron-impact ionization of He in th
model TPDW01.
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model TPDW11 near the threshold. Finally, we display t
total cross section of positron-impact ionization for He
Fig. 5 and compare with the experimental data of Ash
et al. @1# and with the theoretical results of Ihraet al. @9# and
Deb and Crothers@10# who used different threshold forms
Our curve offers a reasonable agreement at excess en
higher than 3 eV.

VI. CONCLUSION

The threshold law of positron-impact ionization is di
cussed by analyzing the threshold behaviors of the w
functions near the threshold region in the two-poten
distorted-wave approximation. The threshold law depe
only on the asymptotic behaviors of the distorting potenti
experienced by the scattered positron and the ejected e
tron. Different asymptotic charges are used in mod
TPDW01 and TPDW11 for the distorting potentials. We fin
that the near-threshold ionization cross section depends
on whether the scattered positron experiences a long-ra
Coulomb interaction. We have demonstrated numerically t

c-

FIG. 4. The scaled total cross section2(1/p)Ae/2ln s for the
positron-impact ionization of He in the model TPDW11 ne
threshold.

FIG. 5. Comparison of total cross sections for the positro
impact ionization of He.
5-5
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the near-threshold ionization cross sections agree well w
the analytically derived threshold law that accounts for
correct modulation factor exp@22pZp /A2e# peculiar to the
positron-impact ionization. Various other threshold la
have also been suggested@3–5,7–10,19#. Our results arising
from anab initio calculation seem to agree reasonably w
with experiment; however, it is difficult to discern differen
theoretical models by available experimental results withi
small range of the excess energye. More experimental data
s.

y

,

s

01270
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of the cross section for positron-impact ionization of io
near the threshold region are certainly needed for comp
son.
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