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Spontaneous emission of an atom in front of a mirror

Almut Beige,* Jiannis Pachos, and Herbert Walther
Max-Planck-Institut fu¨r Quantenoptik, D-85748 Garching, Germany

~Received 12 June 2002; published 5 December 2002!

Motivated by a recent experiment@J. Eschneret al., Nature~London! 413, 495 ~2001!#, we now present a
theoretical study on the fluorescence of an atom in front of a mirror. On the assumption that the presence of the
distant mirror and a lens imposes boundary conditions on the electric field in a plane close to the atom, we
derive the intensities of the emitted light as a function of an effective atom-mirror distance. The results
obtained are in good agreement with the experimental findings.
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I. INTRODUCTION

One of the fundamental subjects in quantum optics is
scribing the fluorescence from single atom sources. Differ
scenarios have been considered, the simplest one referri
an atom in free space@1#. The fluorescence of an atom can
altered for example by the presence of other atoms indu
dipole-dipole interactions@2#, by the presence of a mirro
@3–6# or by the single mode of the electromagnetic fie
inside a cavity@7,8#. To investigate experimentally thes
phenomena ion trapping technology has been employed
good agreement with theoretical predictions has been fou

Theoretical models have been developed starting from
Hamiltonian that describes the atom, the free radiation fi
and their interaction. To predict the time evolution of
ensemble of atoms, master equations can be derived by
ing over all possible photon states. Alternatively, it can
assumed that the environment performs continuous meas
ments on the free radiation field. This leads to a quant
trajectory description@9# which is especially appropriate fo
analyzing experiments with single atoms. Examples are
periments measuring the statistics of macroscopic light
dark periods@10,11# and the spectrum of the light from
three-level atom with a metastable state@12,13#. A quantum
jump approach was also applied to calculate the spatia
terference pattern of the photons spontaneously emitted
two atoms@14# which was observed experimentally by Eic
mannet al. @15#.

Recently, an experiment was conducted by Eschneret al.
@16,17# to measure the fluorescence of a single three-le
barium ion kept at a fixed distance from a mirror. Qualitati
explanations were given for most of the effects observed
recent theoretical study by Dorner and Zoller@18# provides a
detailed description of the experimental setup considerin
two-level atom and a one-dimensional model of the free
diation field. Special attention is paid to a regime of lar
atom-mirror distances where intrinsic memory effects can
be neglected anymore. In contrast to this we present her
alternative study with a full three-dimensional treatment
the free radiation field where delay time effects are cons
ered negligible. Nevertheless, the same qualitative effects
sulting from the presence of the mirror as in@18# are pre-
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dicted and good quantitative agreement with t
experimental findings@16,17# is achieved. An earlier experi
ment by Drexhage@19# in 1974 observed the fluorescenc
from molecules deposited on mirrors.

In experiment@16#, the atom is driven by two detune
laser fields and emits photons along two transitions that c
prise aL system~see Fig. 1!. In the following, the Rabi
frequency and the detuning of the laser field driving thej
transition (j 51,2) are denoted byV j andD j , respectively,
while G1 andG2 are the free-space spontaneous decay r
of the upper level. Detectors measure the intensities of
spontaneously emitted photons from the two transitions~see
Fig. 2!. One detector is only sensitive to photons with fr
quencyv31 and the measured intensity shows a strong si
soidal dependence on the atom-mirror distancer with maxi-
mum visibility of 72%. The other detector, measuring t
photons with frequencyv32, which arenot affected by the
mirror, sees an intensity that depends only weakly onr and
has a visibility of about 1%. The maxima of the two ligh
intensities are shifted with respect to each other.

Here it is assumed that the lens placed between the a
and the mirror in experiment@16# projects the boundary con
ditions imposed by the mirror on the free radiation field on
a plane close to the atom. As the atom was located near
focus point of the lens, the experiment can be described
the setup in Fig. 2 with an effective atom-mirror distance
the order of the wavelengthl31. The aim of this paper is to
explain the experiment with a quantum-mechanical
proach.

FIG. 1. Atomic level scheme. Two lasers with Rabi frequenc
V1 andV2 and detuningsD1 andD2 drive the two transitions in the
L system. The free-space spontaneous decay rates of the upper
areG1 andG2 .
©2002 The American Physical Society01-1
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BEIGE, PACHOS, AND WALTHER PHYSICAL REVIEW A66, 063801 ~2002!
The paper is organized as follows. Section II present
quantum jump description of an atom in front of a mirro
The spatial-dependent decay rates and level shifts of
atom are calculated and master equations are derived to
the steady state of the laser-driven atom. These are the in
dients necessary to calculate the intensities of the em
photons. In Sec. III we apply our results to the experiment
Eschneret al., while Sec. IV shows that many aspects of t
experiment can also be predicted by means of a mirror-a
model resulting from a comparison of the setup with a cl
sical analog. For example, the effect of the mirror, modifyi
the overall decay rate of the upper atomic level and introd
ing an r-dependent level shift, can be understood assubra-
diance between the atom and its mirror image. Finally,
overview of the paper is presented in Sec. V.

II. QUANTUM-MECHANICAL DESCRIPTION

In this section the atom in front of the mirror is describ
by the quantum jump approach@9#. The latter consists of two
main parts; on the one hand, it gives the time evolution of
atom when no photons are emitted, and on the other, it g
the spatial distribution of the emitted photons depending
the particular state of the atom at the time of the emiss
Let us see how this can be obtained from the Schro¨dinger
equation. The corresponding Hamiltonian is of the form

H5Hatom1Hfield1H laser1H int . ~1!

The first three terms are the interaction-free Hamiltonian
the atom, the free radiation field, and the classical laser fi
while the last term

H int5eD•E~r ! ~2!

describes the interaction of the atom with the quantized e
tric field in the dipole approximation. HereD is the atom
dipole operatorD5D31u3&^1u1D32u3&^2u1H.c. andE~r ! is
the observable of the free radiation field at the positionr of
the atom modified by the presence of the mirror. Choos
the coordinate system such that the mirror surface co
sponds to thex50 plane leads to the classical constraint th
at x50, the component of the electric field parallel to t
mirror surface has to vanish, i.e.,

Ei~x:x50!50, ~3!

FIG. 2. Experimental setup of an atom placed at a fixed dista
r from a mirror and emitting photons with frequenciesv31 andv32.
The mirror is only sensitive to photons with frequencyv31, and two
detectors measure light intensities.
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for all frequencies that see the mirror. This classical co
straint gives at the quantum level a modification on the el
tric field observable restricting the expectation value of
parallel component to zero on the surface of the mirror@20#.
Consider the case where due to the mirror the radiation fr
the 3-1 transition gets reflected and hence satisfies the
straint ~3!, while the mirror is transparent for photons fro
the 3-2 transition. To take this into account a cut-off fr
quencyvm is introduced that lies between the typical fr
quenciesv31 andv32 of theL system. The mirror is assume
to be transparent for all frequencies belowvm , and perfectly
reflective for frequencies above it. As it is seen later t
results derived in this section are independent of the ex
value of the chosen cut-off frequency. At an arbitrary po
tion x5(x,y,z) in the right half space of the mirror~see Fig.
2! and with k5kiki1kxx̂ the electric field observable ca
then be written as@4#

E~x!5 i (
kl:vk,vm

S \vk

2«0VD 1/2

eklakleik•x

1 i (
k:vk>vm

S \vk

«0V D 1/2F i ~ x̂3 k̂i!sinkxxak1

1
1

k
~kix̂ coskxx2 ikxk̂i sinkxx!ak2Geiki•x1H.c.,

~4!

whereak1 andak2 are the annihilation operators for photon
with polarization ek15 x̂3 k̂i and ek25(kix̂2kxk̂i)/k, re-
spectively, and wave vectork.

From Eqs.~2! and ~4! the effect of the mirror on the
atomic fluorescence can be calculated. Assume that the in
state of the atom is known and equalsuc& while the free
radiation field is in the vacuum stateu0ph&. This is an al-
lowed physical state that develops according to the Ham
tonian ~1! for a certain timeDt. If level 3 is populated, this
time evolution leads to population of all possible one-pho
states@9#. Consider now a detector placed in a certain dire
tion k̂ away from the atom that measures single photo
resulting from the 3-j transition@14#. To determine the state
of the system in case of a click at this detector one has
apply either the projector

P
k̂
~1!

5 (
kl:vk>vm

u1kk̂l&^1kk̂lu, ~5!

if j 51, or the projector

P
k̂
~2!

5 (
kl:vk,vm

u1kk̂l&^1kk̂lu, ~6!

if j 52. When a click is registered at a detector, the photo
absorbed and the free radiation field changes to its gro
stateu0ph&.

The probability density for a click can be obtained fro
the norm of the unnormalized state of the system after
emission and equals

e

1-2
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SPONTANEOUS EMISSION OF AN ATOM IN FRONT OF . . . PHYSICAL REVIEW A 66, 063801 ~2002!
I
k̂
~ j !

~c!5 lim
Dt→0

1

Dt
iP

k̂
~ j !

U~Dt,0!u0ph&uc&i2. ~7!

If the coupling constants of the atom to the free radiat
field are introduced as

gkl
~1![2e~vk /«0\V!1/2D31•ekl ,

~8!
gkl

~2![ ie~vk/2«0\V!1/2D32•ekl

and the dipole momentD31 is taken for convenience@21# to
be parallel to the mirror surface, the interaction Hamilton
can, with respect to the interaction-free Hamiltonian a
within the rotating-wave approximation, be written as

H int
~1!5\ (

kl:vk,vm

gkl
~2!akleik•rei ~v322vk!tu3&^2u

1\ (
kl:vk>vm

gkl
~1!akleiki•rei ~v312vk!tu3&^1usinkxr

1H.c. ~9!

Using first-order perturbation theory and the approximatio
usually applied in quantum optics, Eq.~7! leads to

I
k̂
~1!

~c!5
3G1

4p
~12uD̂31• k̂u2!P3~c!sin2 k31xr ~10!

for the photons that are affected by the mirror and

I
k̂
~2!

~c!5
3G2

8p
~12uD̂32• k̂u2!P3~c! ~11!

otherwise. HereG j is the spontaneous-emission rate of t
atom in free space through the 3-j channel, whileP3(c)
5 z^3uc& z2 denotes the initial population in the excited sta
This shows that the emission intensity of the 3-1 transit
strongly depends on the atom-mirror distance through
proportionality to the factor sin2 k31xr , while I k

(2)(c) is not a
function of r.

It has hitherto been assumed that the atomic stateuc& is
always the same by the time of an emission. This is not
case for the experimental setup in Fig. 2, in which the at
is continuously driven by a laser field. To apply our results
this situation, the atom has to be described by the stea
state matrixrss and P3(c) has to be replaced byP3(rss)
5^3urssu3&. To calculate the stationary state master eq
tions are employed. They are in general of the form

ṙ52
i

\
@Hcondr2rHcond

† #1R~r!. ~12!

HereHcond is the non-Hermitian Hamiltonian that describ
the time evolution of the atom under the condition of
photon emission, whileR~r! gives its unnormalized stat
after an emission. For the atom in front of a mirror,R~r! is
given by
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R~r!5 (
j 51,2

Ḡ j u j &^3uru3&^ j u, ~13!

whereḠ1 and Ḡ2 are the modified overall decay rates. Th
are obtained by integratingI

k̂
( j )

(c) over all directions, which

gives by definitionḠ j P3(c). This leads for the dipole mo
mentD31 oriented parallel to the mirror, as in@4#, to

Ḡ15G1F12
3

2 S sin 2k31r

2k31r
1

cos 2k31r

~2k31r !2 2
sin 2k31r

~2k31r !3 D G
~14!

andḠ25G2 . As expected, the decay rateḠ1 is altered by the
mirror and Eq.~14! is in perfect agreement with the gener
case presented in@6#.

To derive the conditional HamiltonianHcond we proceed
as above and assume that the effect of the environment
the detectors is the same as the effect of continuous mea
ments on the free radiation field@9,14#. In case no photon is
found after the timeDt, the projector onto the field vacuum
u0ph&^0phu has to be applied to the state of the system. Th
we obtain

u0ph&^0phuU~Dt,0!u0ph&uc&[u0ph&Ucond~Dt,0!uc&.
~15!

Using second-order perturbation theory and the same
proximations as above, the no-photon time evolution is su
marized within the HamiltonianHcond, which is, in the
Schrödinger picture, given by

Hcond~ t !5 (
j 51,2

1
2 \V je

i ~v32v j 2D j !t/\u j &^3u1H.c.

1\Du3&^3u2 1
2 \~Ḡ11Ḡ2!u3&^3u, ~16!

where

D5
3G1

4 S cos 2k31r

2k31r
2

sin 2k31r

~2k31r !22
cos 2k31r

~2k31r !3 D ~17!

is, in agreement with@6#, the level shift of the excited atomic
stateu3& resulting from the modification of the free radiatio
field due to the presence of the mirror.

From Eqs.~12!, ~13!, and ~16! and the conditionṙss50
the expression for the steady-state population of the exc
state,P3(rss), is obtained:

P3~rss!54~D̄12D̄2!2~ Ḡ11Ḡ2!V1
2V2

23$@~V1
21V2

2!2

18~D̄12D̄2!2Ḡ1Ḡ2#~ Ḡ1V2
21Ḡ2V1

2!

14~D̄12D̄2!2Ḡ1Ḡ2~ Ḡ1V1
21Ḡ2V2

2!

14~D̄12D̄2!2@Ḡ1
3V2

212~ Ḡ11Ḡ2!V1
2V2

21Ḡ2
3V1

2#

28~D̄12D̄2!~D̄1Ḡ1V2
42D̄2Ḡ2V1

4!

116~D̄12D̄2!2~D̄1
2Ḡ1V2

21D̄2
2Ḡ2V1

2!%21, ~18!
1-3
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BEIGE, PACHOS, AND WALTHER PHYSICAL REVIEW A66, 063801 ~2002!
where the notationD̄ j[D j2D has been introduced. Thi
result shows that the stationary state of the atom is ind
affected by the presence of the mirror because of its dep
dence on the decay rateG1 and the level shiftD. Hence, both
intensitiesI

k̂
(1)

(rss) and I
k̂
(2)

(rss) show spatial modulations
originating from the boundary condition applied on the ele
tric field observableE.

III. COMPARISON WITH EXPERIMENTAL RESULTS

In the experiment by Eschneret al. @16#, a lens was em-
ployed to enhance the effect of the mirror in the neighb
hood of the atom which was placed near the focus poinF.
The lens creates an image of the mirror near the atom, e
tively changing the atom-mirror distance. With the same
tation as in Fig. 3 and classical optics considerations, i
seen that the distance between the mirror image andF is x
5 f 2/R. Considering the distances used in the experim
where f 512.5 mm andR525 cm, we obtainx5625mm.
Since the atom is located close toF it is also located very
near the mirror image. Alternatively, one might consider
geometrically equivalent model where the atom is projec
by the lens into the neighborhood of the mirror with an
fective distancer from it which can be made to be of th
order of the wavelengthl315493 nm@22#.

Boundary condition~3! also applies to the mirror image
In particular, the configuration of the electromagnetic field
the neighborhood close to the mirror surface is mapped
the neighborhood around the atom. For suitable position
the atom near the mirror image and on the mirror-lens a
the electromagnetic field observable in its surrounding
faithfully given by Eq. ~4!. Note that this consideration i
also effective even when the solid angle with which the at
sees the lens is only 4% as in the experimental setup@16#.
Hence, the theoretical model considered in Sec. II sho
give the measured intensities assuming that the dipole
ment of the atom was oriented parallel to the mirror surfa

Figure 4 shows the intensitiesI
k̂
(1)

(rss) and I
k̂
(2)

(rss) as a
function of r where the relevant parameters have been ta
from @16#. As expected, the photons which see the mir
show a very strong sinusoidalr dependence. If the effectiv
atom-mirror distancer is of the order of the wavelengthl31,
then the intensity measured by a detector behind the m
also shows anr dependence. Nevertheless, this depende
is much weaker and vanishes for larger. The relative order

FIG. 3. The mirror and its image due to the presence of the le
Here R is the distance of the mirror from the lens,f the distance
from the lens to the focus pointF, while x is the distance ofF from
the mirror image.
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of magnitude of the intensities presented in Fig. 4, assum
r;5l31, is in agreement with the experimental findings~see
Fig. 3 in @16#!.

In addition, Fig. 4 shows that the two intensities can
anticorrelated, having a phase difference close top. This
effect is due to their difference in nature and can vary
different values of theV i andD i parameters. The origin o
the pattern in Fig. 4~a! is the sin2 kxr factor in I

k̂
(1)

(rss), while
the r dependence of the populationP3(rss) is in this case
insignificant. In contrast, the pattern shown in Fig. 4~b! is
only due to theP3(rss) dependence ofI

k̂
(2)

(rss). Its spatial

configuration is dictated byḠ1 , which includes the dominan
term sin 2k31r , and byD, which includes the dominant term
cos 2k31r . Hence, the first plot is a consequence of the mo
fication of the electromagnetic field observable in the nei
borhood of the atom, while the second plot is a conseque
of the modification of the spontaneous-emission rateḠ1 and
the level shiftD of the excited atomic level. From this w
can deduce that the anticorrelation of the intensities ta
place only for certain values of the Rabi frequencies a
detunings.

It is instructive to have a closer look at the modulation
P3(rss) as a function of the Rabi frequencies and laser
tunings. For example, for detuningsD1 andD2 much smaller
than the Rabi frequencies of the driving laser fields relat
~18! simplifies to

P3~rss!'4~D12D2!2
V1

2V2
2

~V1
21V2

2!2

Ḡ11Ḡ2

Ḡ1V2
21Ḡ2V1

2
. ~19!

s.

FIG. 4. The intensitiesI
k̂
(1)

(rss) ~a! and I
k̂
(2)

(rss) ~b! as a func-
tion of the effective atom-mirror distance forD152 MHz, D250,
V1510 MHz, V255 MHz, G1515.1 MHz, and G255.4 MHz.
The vertical axis is given in units of 1022 MHz for both plots.
1-4
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SPONTANEOUS EMISSION OF AN ATOM IN FRONT OF . . . PHYSICAL REVIEW A 66, 063801 ~2002!
The second factor gives the main modulation of the inten
with respect to the Rabi frequencies, while the third fac
gives the distance-dependent oscillations observed in
4~b!. The latter modulation may change phase byp if the
ratio V1 /V2 changes from smaller than one to larger th
one, as can be predicted by Eq.~19! and Fig. 5. In particular,
if V15V2 then the modulations withr vanish. On the other
hand, the maximum amplitude of the fringes appears for

ser intensities for which alsoI
k̂
(2)

(rss) becomes maximal. Fo

D15D2 , the populationP3(rss) vanishes as a dark state
generated between the levels 1 and 2. Trapping of the po
lation to a single ground state also occurs when one of
Rabi frequencies becomes much larger than the other.

Taking into account that experimentally a maximum v

ibility of 72% has been found forI
k̂
(1)

(rss), one can predict

the reduction of the visibilityV for increasing Rabi frequen
cies from Fig. 5. In Eschneret al. it was argued that the
reduction of the maximum visibility from unity is mainly du
to the thermal motion of the ion, nonoptimal cooling cond
tions, fluctuations of the atom-mirror distance, and imperf
mapping of the mirror neighborhood to the neighborhood
the atom by the lens. In addition, it was observed that
visibility was greater than 50% for Rabi frequenciesV1 be-
low saturation, while it reduced to below 10% when the R
frequency increased to threefold saturation. Indeed, fro
figure similar to Fig. 5, but forV2;1 MHz, we see that a
threefold saturation the population of level 3 and hence
amplitude of the oscillations of the intensityI

k̂
(1)

(rss) reduce
by about 30 times from their value at the saturation po
This can explain theV1-dependent reduction of the visibilit
observed experimentally.

In Fig. 6 we see the continuous phase change of
maxima of the populationP3(rss) when the detuningD1 is
varying. In particular, if we take the detunings much larg
than the Rabi frequencies and decay rates, we obtain

FIG. 5. Steady-state population of the excited state,P3(rss), as
a function of the Rabi frequencyV1 ~in MHz! and the atom-mirror
distancer for D150, D250.1 MHz, andV2510 MHz. For V1

5V2 the spatial modulations disappear~see dotted line!. The p
phase change is apparent above and below this value.
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P3~rss!'
1

4
V1

2V2
2 Ḡ11Ḡ2

D̄1
2Ḡ1V2

21D̄2
2Ḡ2V1

2
, ~20!

which gives an indication of the main terms that contribu
to the continuous phase change of ther-dependent oscilla-
tions when one of the detunings is varying. Summariz
this, by scanning different Rabi frequencies and detuning
should be possible to observe the variations in the amplit
of the population of level 3 as well as the discretep change
or continuous change in the phase of the spatial modulati
In this way one could further verify our description of th
experimental setup@16#.

IV. THE MIRROR-ATOM MODEL

Describing the setup in Fig. 2 in a classical manner, o
assumes that the atom is a pointlike source with dipole ch
acteristics. As it is classically possible to replace the mir
by a mirror-source at the distance 2r , it could be assumed
that the radiation properties of the atom can be predicted
replacing the mirror in the quantum setup by a mirror ato
Indeed, both descriptions lead to the same dependence o
light intensity on the source-mirror distance as found
I

k̂
(1)

(c) in Eq. ~10!. The mirror-atom model@4# can even be
used to predict further aspects of experiment@16#. If the
atom is initially prepared in the excited stateu3& one has
P3(c)51 and Eq.~14! gives the probability density for a
photon emission. The quantum theory of dipole-interact
atoms is well known and a comparison with@2# reveals that
Eq. ~14! coincides exactly with the decay rate of two dipol
interacting atoms prepared in the antisymmetric Dicke s
of two two-level atoms at a distance 2r . In addition, the level
shift of u3& given in Eq. ~17! equals the level shift of the
antisymmetric state resulting from the dipole-dipole intera
tion.

Nevertheless, the mirror-atom model can no longer
used when the state of the atom by the time of the emiss
has no simple classical analog. It is not possible to take

FIG. 6. Steady-state population of the excited state,P3(rss), as
a function of the detuningD1 ~in MHz! and the atom-mirror dis-
tancer for D250, V151 MHz, andV2510 MHz.
1-5
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BEIGE, PACHOS, AND WALTHER PHYSICAL REVIEW A66, 063801 ~2002!
account the driving of the two atomic transitions by a la
field. Dipole-interacting atoms have a richer structure of
ternal states and hence they cannot give completely equ
lent results with the atom-mirror system.

V. CONCLUSIONS

This paper presents a full quantum-mechanical study
the fluorescence of an atom in front of a mirror, based on
assumption that the mirror imposes boundary conditions
the electric field observable. In this way, the presence of
mirror affects the interaction of the atom with the free rad
tion field. This leads to a sinusoidal dependence of the in
sities of the emitted light on the atom-mirror distancer. In
addition, the overall decay rate of the atom becomes a fu
tion of r and anr-dependent level shift is induced ifr is of
comparable size to the wavelength of the emitted photons
effect which can be interpreted in terms ofsubradiancedue
to dipole-dipole interaction between the atom and its mir
image.

In the actual experiment by Eschneret al. @16#, the 25-cm
distance between the atom and the mirror was much la
than the wavelength of the emitted photons and a lens
placed near the atom to enhance the effect of the mir
Motivated by this, a recent paper by Dorner and Zoller@18#
took into account time-of-flight effects using a on
dimensional description of the free radiation field. Atom
mirror distances much larger than an optical wavelen
were considered and delay differential equations were
rived. Similar effects resulting from the presence of the m
e
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ror have been predicted, i.e., a sinusoidal dependence o
spontaneous decay rate and the level shift of the up
atomic level on the atom-mirror distance. In contrast to
results presented here those modifications are persisting
large distances due to the one-dimensional character of
model making it difficult to derive quantitative prediction
comparable to the experimental findings.

In this paper it was assumed that the lens projects
mirror surface close to the atom so that the atom-mirror d
tance effectively becomes of similar size as the relev
wavelength. For the simplified setup, including only t
atom and the mirror, a full three-dimensional description w
given. Good qualitative and quantitative agreement w
found with respect to different aspects of the experime
Delay-time effects were neglected assuming that the rele
time scale for the projection of the mirror to the other side
the lens is in the experiment with about 1.7 ns@16# suffi-
ciently smaller than the time scale on which the detec
performs measurements on the free radiation field. This t
scale has been denotedDt in Sec. II and is restricted from
above only by the inverse decay rate of the relevant ato
transition@9# which equals 1/G15416 ns.
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