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Uniform electromagnetic field as viscous medium for moving particles
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The mechanism of transverse radiation viscosity acting on free charges, atomic, and small macroscopic
particles in uniform electromagnetic fields is analyzed. It is shown that in the process of light scattering by
these particles, besides the force accelerating them in the direction of propagation of the radiation, there is a
force in the transverse direction slowing them down. The general expression for this force is obtained. It is
considered how this force can influence:~i! the motion of ultrarelativistic electrons in transverse photon fluxes;
~ii ! the behavior of a beam of nonrelativistic electrons moving in a copropagating uniform electromagnetic
field; ~iii ! the transverse motion of atoms under the action of resonant radiation and~iv! the motion of small
macroscopic particles.
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I. INTRODUCTION

There are two qualitatively different optical forces that a
on an atomic particle in an electromagnetic field@1–3#. One
of them is the force due to elastic scattering of photo
which accelerates a particle in the direction of propagation
the light wave. The other one is the dipole force due to
interaction of the induced atomic dipole moment with t
electric-field gradient of the light wave; this leads to the
cusing or defocusing of the atomic beam. These opt
forces were used in experiments to deflect@4,5#, focus@6–8#,
and accelerate@9# atomic beams, as well as in laser coolin
@10,11# and the deceleration@12# of single atoms. For
charges without a proper or induced dipole moment the s
ond force is absent. Therefore, the single dissipative spo
neous force that acts on a charge in the field of a pl
monochromatic electromagnetic wave is the force due to
elastic-scattering radiation@13#. It is normally assumed tha
the scattering of a photon by a free charge leads to its ac
eration along the direction of propagation of the electrom
netic wave. In the present paper we analyze the other fea
of elastic scattering of a photon by a charge, namely,
effect of the ‘‘viscosity’’ of light that influences the motion o
the charge in the directions perpendicular to the axis of
beam of light.

The physical reason for this effect is obvious from t
following qualitative consideration of the scattering proce
Let us consider a charge that is initially at rest in the labo
tory coordinate system. Under the action of a plane wave
light the charge makes small harmonic oscillations near
point. Assume that the velocity of the oscillatory motion
the charge in the electric field of the light wave is sm
compared to the velocity of light. Then the scattering proc
can be considered in the dipole approximation. In this c
the scattering cross section of the unpolarized light wave
the charge in the solid angledV is given by@13,14#

ds5
1

2 S e2

mc2D 2

~11cos2u!dV. ~1!
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Herem is the mass of the charge,c is the velocity of light,u
is the angle between the directions of the incident and s
tered light waves. According to Eq.~1!, the total momentum
of the scattered radiation is equal to zero in the coordin
system centered at the point relative to which the cha
oscillates. Therefore, the total momentum of the incident
diation is absorbed by the particle, and the average force
to the pressure of light on the particle is@13#

FW i5
8p

3 S e2

mc2D 2

WnW , ~2!

whereW@J cm23# is the energy density of the electroma
netic field,nW is the unit vector determined by the direction
the incident wave. Under the action of this force the cente
oscillations, initially at rest, starts to move alongnW . There-
fore, on the average, the charge itself is accelerated along
direction of the incident radiation. This is a manifestation
the pressure of electromagnetic radiation. The force, Eq.~2!
is well known and is described in books of classical elect
dynamics~see, for example Refs.@13,14#!.

Let us analyze how this physical picture changes wh
the charge is initially not at rest but is moving perpendicu
to the axis of the beam of light with velocityvW' . The motion
of the charge in the electromagnetic field can be conside
as a superposition of two motions. The first is the oscillato
motion under the action of the electric field of the light wa
and the progressive motion with velocityvW' of the center of
oscillations. The scattering cross section in the coordin
system relative to the center of oscillations is described
Eq. ~1!, in which the total momentum of the scattered rad
tion is zero. In the laboratory coordinate system the tra
verse momentumvW'\v/c2 is transferred to each of the sca
tered photons with the mass\v/c2. This momentum transfe
to the scattered photons decreases the velocity of the par

vW' in the direction perpendicular tonW , which is equivalent to
©2002 The American Physical Society16-1
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the action of a transverse forceFW' upon the charge. The
magnitude ofFW' is determined by the momentumvW'\v/c2

and the time interval during which this momentum is tran
ferred to the scattered photon. This time interval is defin
by the flux density of the photonWc/\v and the total cross
section (8p/3)(e2/mc2)2 of the scattered radiation. There
fore, the transverse force, that slows down the charg
given by

FW'52
8p

3 S e2

mc2D 2

W
vW'

c
. ~3!

Thus, in addition to the longitudinal forceFW i , a specific
Stokes forceFW' due to radiation viscosity acts on a char
that moves in a spatially uniform electromagnetic field slo
ing down the particle in the directions perpendicular to
propagation of the light. It is clear that the existence of t
force is due to the Doppler effect, since it causes the pho
scattered in the direction of the oscillatory motion to
harder than those emitted in the opposite direction.

In spite of the fact that the physical concept of the ph
nomenon of the viscosity of light is simple, the effect ofFW'

on the processes caused by the pressure of the electro
netic radiation has, to our knowledge, never been conside
Perhaps, this is because this force is relatively weak in c
parison with the longitudinal force. In the present paper
analyze what physical effects result from this force acting
free charges and atomic particles in strong fluxes of elec
magnetic radiation.

In Sec. II we derive the general expressions for the for
of the pressure of light acting on particles moving with ar
trary velocities, including those close to the velocity of ligh
In Sec. III we consider some examples of the action of
force of viscosity on electrons, atoms, and macroscopic
ticles. Namely, in Secs. III A and III B we discuss the effe
of the viscosity of light on ultrarelativistic electrons movin
in an electromagnetic field and the possibility of collimati
nonrelativistic electron beams in the coaxial fluxes of la
radiation, respectively. In Sec. III C we analyze the influen
of the force of the viscosity of light on the behavior of atom
in resonant electromagnetic radiation. The effect of the v
cosity of light on macroscopic particles is briefly touch
upon in Sec. III D.

II. GENERAL FORMULAS FOR THE FORCE
OF LIGHT PRESSURE

For a charge moving with a velocityv!c the force of
viscosity Eq.~3! is small compared to the longitudinal forc
Eq. ~2!. As will be seen below the relation between the forc
becomes quite different whenv→c. Let us derive the ex-
pressions for the longitudinal force and the force of the v
cosity of light by calculating the electromagnetic press
upon the particle in the coordinate system of the mov
charge. Suppose that the particle is moving with velocityvW
relative to a radiating source which is at rest in the laborat
coordinate system,v is the radiation frequency in this coo
06341
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dinate system andkW5knW is the wave vector of the inciden
electromagnetic wave located within thexy plane at an angle
a relative to thex axis ~Fig. 1!. Thus, the four-dimensiona
wave vector of the incident radiation has in the laborato
coordinate system the components$v/c,k cosa,ksina,0%.

In the moving ~primed! reference system, connected
the point relative to which the charge oscillates, this fo
dimensional vector is defined by@13#

v8

c
5

v

c
g~12b cosa!; kx85

v

c
g~cosa2b!;

ky85
v

c
sina; kz850, ~4!

which follows from the Lorentz transformation of four vec
tors. Hereb5v/c andg5(12b2)21/2. The components of
the unit vectornW 5kW8/k8, which defines the direction of the
wave-vectorkW8 in the primed coordinate system, are

nW 8H kx8

k8
,
ky8

k8
,
kz8

k8
J 5nW 8H ~cosa2b!

12b cosa
,

sina

g~12b cosa!
,0J .

~5!

The energy density of the electromagnetic field in the prim
coordinate system is related to the radiation density in
laboratory system through@13#

W85Wg2~12b cosa!2. ~6!

If the velocity of the oscillatory motion of the charge
small compared toc, the total momentum of the scattere
radiation in the dipole approximation is zero in the prim
coordinate system. Hence, the average force of light pres
acting on the charge in this coordinate system is@15#

FW 85W8s~v8!nW 8, ~7!

wheres(v8) is the total cross section of the scattered lig
by the free charge. The components of the four-vector fo

FIG. 1. Coordinate system of a particle moving with velocityvW
relative to a radiating source at rest in the laboratory refere
frame.
6-2
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UNIFORM ELECTROMAGNETIC FIELD AS VISCOUS . . . PHYSICAL REVIEW A 66, 063416 ~2002!
g8 in the primed coordinate system are expressed in term
the three-dimensional force Eq.~7! as @13,14#

g85$FW 8•vW g/c2,Fx8g/c,Fy8g/c,Fz8g/c%. ~8!

Transformingg8 into the laboratory coordinate system, w
obtain for the Cartesian components of the usual three fo

Fx5Fx85Ws~v8!g2~12b cosa!~cosa2b!,

Fy5Fy8/g5Ws~v8!~12b cosa!sina,

Fz5Fz8/g50. ~9!

According to Eq.~9!, the longitudinal and transverse force
of the light pressure are expressed as

FW i5~Fxcosa1Fysina!nW

5Ws~v8!g2~12b cosa2b2sin2a!~12b cosa!nW ,

FW'5~Fxsina2Fycosa!rW

52Ws~v8!g2b sina~12b cosa!2rW . ~10!

Here rW is the unit vector. This vector is located in thexy

plane and is perpendicular tonW . In the limiting casev!c,
Eqs. ~10! reduce to Eqs.~2! and ~3!, becausebrW sina

5vW' /c.
Let us compare the forces in Eqs.~10! in the relativistic

case. For the parallel motion,a50, of the ultrarelativistic
particles (g@1) and photons both forces are equal to ze
For a5p ~opposite to the motion of photons and charge!,
the transverse force is zero. The longitudinal force is defi
by F i54Ws(2vg)g. For angles 0,a,p/2 we have, as in
the nonrelativistic case,uFW'u/uFW iu'uvW'u/c<1. For the per-
pendicular crossing,a5p/2, of the ultrarelativistic charge
and photon beams we haveuFW'u/uFW iu'g2uvW'u/c@1. Thus,
in the latter case the forceFW' strongly dominates the forc
FW i . This is connected with the so-called ‘‘projector’’ effe
according to which an ultrarelativistic charged particle em
radiation into a small cone in the direction of its motion@13#.

III. SOME EXAMPLES OF THE EFFECT OF THE LIGHT
VISCOSITY ON THE MOTION OF ELECTRONS,

ATOMS, AND MACROSCOPIC PARTICLES

A. Ultrarelativistic electron motion in transverse photon fluxes

Let us assume that the ultrarelativistic electron, wh
moves along a circular trajectory in a magnetic field, cros
many times a radial light beam. Moving in the area und
irradiation, as in a medium with viscosity, the electron los
part of its kinetic energy. If this energy is comparable to t
energy of the synchrotron radiation@13,14# emitted by the
electron on this part of its trajectory, we can expect sign
cant corrections to the rate of change of the energy, wh
can be experimentally observed.
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The change of the electron’s kinetic energy due to
force of the viscosity of light in the area under irradiation

DE5F'D5Wsg2D. ~11!

Here, s5(8p/3)r e
2 is the Thomson elastic-scattering cro

section of the photon by the free electron,r e5e2/mc2 is the
classical electron radius andD is the distance traversed. Le
us estimate the energy densityW of the irradiation field for
the DE to be of the same order as the energy of emit
synchrotron radiation on the same part of the electron or
The intensity of synchrotron radiation of the ultrarelativis
electron is defined by@13#

I 5
2e2c

3R2
g4. ~12!

HereR is the radius of the circular orbit of the electron in th
magnetic field. On the side of the trajectory with length eq
to D, the energy emitted by the electron moving with velo
ity v;c is ID /c. Equating these energies, we obtain t
energy densityW of the radiation field

W5
2e2g2

3R2s
. ~13!

For estimation, let us assume thatR5103 cm andg510.
Then, from Eq.~13! we obtain for the energy density of th
light field W50.2331025 J cm23, which corresponds to a
radiation intensityP'105 W cm22. Such an intensity is eas
ily accessible in current experiments with laser radiatio
particularly if we take into account that the resonator mirro
can effectively increaseW.

B. Viscosity effect on beams of nonrelativistic electrons
moving in a copropagating uniform electromagnetic field

How can the force of the viscosity of light act on beam
of nonrelativistic electrons moving in a copropagating u
form strong electromagnetic field? Such a problem may h
practical applications@16#. Suppose that the electrons a
injected into the light beam along its axis~taken as the x
axis! with an initial longitudinal velocityvx @vy(0)5vz(0)
50#. Let us consider, for example, the electron moti
along they axis. In the preceding section we have derived
formulas for the forces acting on particles which appear d
to the transformation of the incoming electromagnetic wa
into the scattered one. This derivation was based on the c
sical picture for the scattering of electromagnetic radiati
Since the quantum nature of the electromagnetic radia
was not taken into account, the forces given by Eqs.~10!
correspond to the mean~classical! action of the field on the
particles. In fact, because of the quantum character of
scattering, the particle in every scattering act gets a re
momentum which is randomly orientated in space. Beca
of this reason the transverse motion of the electrons in
uniform electromagnetic field is quite similar to the motio
of the Brownian particles and can be classically described
the Langevin equation~see e.g., Ref.@17#!
6-3
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m
dvy

dt
52hvy1 f y~ t !. ~14!

The first term on the right-hand side of Eq.~14! is the force
of viscosity with h5Ws/c. f y(t) is the stochastic force
which is introduced to describe that part of the action
radiation which is related to the statistical nature of the sp
taneous emission in the process of the Thomson scatte
The latter force has the well-known properties~see e.g., Ref.
@17#!:

^ f y~ t !&50,̂ f y~ t1t! f y~ t !&5Dyyd~t!. ~15!

Here and beloŵ & denotes the averaging over the electr
ensemble. Further,Dyy is the coefficient of the electron dif
fusion in the momentum space which, in this case, is
proximated byDyy;\kWs.

Using Eqs.~14! and ~15! and the initial conditionvy(0),
one can obtain that the mean-squared deviation of the e
trons from their initial positions,A^(y(t)2y(0))2&, is given
by

^@y~ t !2y~0!#2&5
Dyy

h2 F t2
2m

h
@12exp~2ht/m!#

1
m

2h
@12exp~22ht/m!#G . ~16!

There are two different limiting cases where the solution E
~16! has an especially simple form. These are the case
small (t!m/h) and large (t@m/h) time t. In the former one
has

^@y~ t !2y~0!#2&'
Dyy

3m2
t3, t!m/h, ~17!

whereas in the latter one obtains

^@y~ t !2y~0!#2&'
Dyy

h2
t, t@m/h. ~18!

It is clear that the solution similar to Eqs.~16! and~18! holds
also for the electron motion along thez axis.

The mean-squared deviation in the electron coordina
given by Eq.~16! ~and the similar equation for thez compo-
nent! give an estimate for the size of the electron spot on
target in the case if initially the electron beam is narro
enough. Neglecting the viscosity of light, one would obta
that the spot size is given by Eq.~17!, because only the
region of the small time can be realized whenh50. On the
other hand when the light viscosity is present and the time
the electron propagation, estimated ast05L/v i (L is the
distance which the electrons travel before they reach the
get!, is comparable or higher thanm/h5mc/(Ws) the spot
size is estimated by Eq.~18!. Assuming that the latter con
dition is fulfilled, we obtain that under the action of the r
diation viscosity the radius of the electron spot decrease
a factor l;ht/m. Taking that L5106 cm ~such beam
06341
f
-
g.

-

c-

.
of

s

e

f

r-

by

lengths were considered e.g. in Ref.@16#!, vx50.1c and P
5Wc'1015 W cm22, we obtainl;A3'1.7. Thus, in the
case under consideration the effect of the viscosity of ligh
quite substantial. Of course, the value of the field intens
was taken to be quite large. However, modern lasers mak
possible to reach intensities ofP'101821020 W cm22

@18,19# and even higher. This, in principle, permits an e
perimental observation of the predicted effect of the viscos
of light for electrons. Already, the scattering of laser rad
tion by free electrons under laboratory conditions~where the
size of the region of the electron and photon interaction
thousands times smaller than that we considered! was ob-
served experimentally@20–23#.

C. Viscosity effect on atomic particles moving in resonant
electromagnetic field

The reason for the appearance of the forces in Eq.~10! is
the fact that the scattering indicatrix is symmetric in the r
erence system connected with the scattering particle. Co
quently, our consideration is applicable also to the scatte
of the monochromatic radiation by a single atomic partic
In this case, instead of the differential cross section Eq.~1!
we have@24#

ds5
1

2 S v

c D 4

uad~v!u2~11cos2q!dV. ~19!

Here,v is the frequency of the scattered radiation,ad(v) is
the dynamic polarizability of the atom. According to E
~19!, in this case the total momentum flux of the scatter
photons is zero in the reference system centered on
atomic nucleus. Replacing in Eqs.~2!, ~3!, and~10! the cross
section for the scattering of light by the charge by the to
cross section of the scattering of a photon by an atom

s~v!5
8p

3 S v

c D 4

uad~v!u2, ~20!

we obtain the longitudinal force and the force of the visco
ity of light that act on a single atomic particle in a unifor
field of light.

In experiments aimed at observing the effects connec
with the pressure of light on the atomic particles, resona
laser radiation~with v'v0), which saturates the atomi
transition, is usually used. To reach this saturation the a
age intensity of the laser radiationP of about tenths of
W cm22 is sufficient. As we shall see further, this limitatio
of P substantially restricts the possibility of observing e
perimentally the effects of the viscosity of light.

Within the range of resonance frequencies for the dyna
cal polarizability of the atomad(v), Eq. ~20!, we can take
into consideration only the pole term corresponding to
given resonance excitation of the atom. In this case the
gitudinal force of the pressure of light, Eq.~2! can be repre-
sented in the form@1,25#

FW uu
A5

\kWGG

@11G1~v2v02kW•vW !2/G2#
. ~21!
6-4
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Here,G50.5(dW •EW 0 /\G)2, wheredW is the atomic dipole mo-
ment,EW 0 is the amplitude of the field strength of the radi
tion field. Further,G5tsp

21 is the natural width of the reso

nance line,vW is the velocity of the atom andv is the
radiation frequency. For the transverse force of the visco
of light acting on the atom in the field of resonance radiat
we have now the following expression:

FW'
A52uFW uu

Au
vW'

c
. ~22!

The forces, Eqs.~21! and~22!, have the Lorentz dependenc
on the projection of the velocity of the atomvW onto the wave
vector of the photonkW , typical for the resonance interactio
with monochromatic radiation. These forces reach maxim
values in the case of resonance whenvxk5v2v0. As be-
fore, we assume here that the beam of light propagates a
the x axis. The maximal values of the forces Eqs.~21! and
~22! are restricted, owing to the saturation effect, by\kWG and
\kGvW /c, respectively.

The evolution of the atomic velocity distribution for a
atomic beam moving in a copropagating laser beam, w
only the longitudinal force Eq.~21! was taken into account
was studied in great detail~for a review see Ref.@24,26#!.
There it was shown that, for sufficiently long time of th
interaction of the radiation with the atomic beam, the for
Eq. ~21! transforms an initially wide velocity distribution
into a narrow one. Thus, the action of this force results in
monochromatization of the atoms in the velocity space. O
ing to the existence of the diffusion of the velocity due to t
statistical nature of spontaneous radiation of the excited
oms, the monochromatization of the velocities of the at
along the axis of the beam of light axis proves to be poss
only up to some definite limit. Because of the same rea
the motion of the atom transverse to the beam of light, as
motion of the electron considered earlier, has the diffus
character as well.

Let us analyze how the force of the viscosity of light E
~22! can influence the transverse motion of atoms in
beam coaxial with the beam of laser radiation. Assume
both the beams propagate along thex axis and that the initial
atomic velocities along they axis are equal to zero. Then
owing to the diffusion of the atoms their velocity distributio
along this axisF(vy ,t), initially having the formF(vy,0)
;d(vy), obeys the following Fokker-Planck equation

]F

]t
2

]

]vy
~BvyF!5Cyy

]2F

]vy
2

. ~23!

Here B5uFW uu
Au/Mc, M is the atomic mass,Cyy;(\k/M )2G

is the coefficient of the velocity diffusion@25#. If there would
be no light viscosity, then instead of Eq.~23!, one would
have the usual equation of diffusion in the velocity spa
According to this equation the mean-squared deviation of
atomic velocities from their initial ones would increase li
early with time: ^vy

2&5Cyyt, i.e., the ‘‘temperature’’Ty of
the atomsTy;M ^vy

2& ~here and below the temperatureTy is
06341
ty
n

al

ng

n

e

e
-

t-

le
n
e
e

.
e
at

.
e

measured in energy units! would increase linearly with time
until the longitudinal motion of the atoms along thex axis
moves them out of the resonance with the laser radiation

We now show how the above conclusion changes after
force of viscosity Eq.~22! has been taken into account. L
us consider the stationary solution of Eq.~23! that corre-
sponds to the case when the diffusive expansion in the
locity space is compensated by the viscosity of light. Sett
the time derivative in Eq.~23! to zero we obtain the follow-
ing equation:

Cyy

d2F

dvy
2

1Bvy

dF

dvy
1BF50. ~24!

The solution of this equation is the Maxwellian distributio
F(vy)5A exp(2vy

2/2Ty), whereA is the normalization fac-
tor. Taking into account the explicit form ofCyy and B the
temperature can be estimated asTy'\v. ~The same, of
course, holds for the motion along thez axis: Tz5Ty'\v.!
Thus, the viscosity of light of aspatially uniform electro-
magnetic wavecan lead to the stabilization of the transver
velocity distribution of the atomic beam. The time, which
necessary for the transverse distribution to stabilize, can
estimated ast5(Mc/uFW uu

Au). From this expression it follows
that, when the resonance transition saturates (G@1) and the
longitudinal force reaches its maximal value, one hast
'(Mc2/\v)tsp . For example, in the case of Na atoms irr
diated by an electromagnetic wave with resonant freque
to the 3s-3p transition (\v'2.1 eV,tsp'1.631028 s) one
obtainst'102 s. The reasons this time turned out to be
long are twofold. The first is, as was already mentioned,
effective limitation on the intensity of the laser radiationP
set by the saturation of the atomic transition atG@1. The
second reason is a huge value, compared to the case
electrons, of atomic masses. Such large values oft, of
course, restrict the possibilities of observing the effects of
viscosity of light in experiments with atomic beams.

D. Effect of the viscosity of light on macroscopic particles

The scattering of light by macroscopic spherical particl
when the radius of the latter is much smaller than the wa
length of the radiation, is analogous to nonresonant sca
ing of light by isolated atoms@27#. The shape of the scatte
ing indicatrix for these Rayleigh particles is symmetric
seen from Eq.~19!. Therefore, these particles move in stro
electromagnetic fields as in a viscous medium. The effec
the viscosity of light can be particularly important for radi
tion frequencies corresponding to the Mie resonances@27#.
Obviously, the effect considered can influence the beha
of the cosmic dust, the shape of a comet’s tail, etc. Note
a similar phenomenon is well known in astrophysics@28#,
where it acts as a mechanism of decelerating small cele
bodies moving around the Sun or other sources of str
radiation. Owing to this effect, a body in space moves alo
a spiral trajectory, which gradually approaches the sourc
radiation.
6-5
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IV. CONCLUSIONS

In this paper we have shown that when the scatter
indicatrix of the electromagnetic radiation is such that
total momentum of the scattered radiation is equal to ze
then two forces act upon the particle moving relative to
radiation source. The first accelerates the particle in the
rection of propagation of the radiation and is well know
@13,14#. The second acts on the particle as a specific Sto
force and decelerates the moving particle across the radia
field. Therefore, the particle moves in a strong electrom
netic field as in a viscous medium. The force due to
viscosity of light is a factorb smaller for nonrelativistic
particles, but it can be much larger than the first one in
case of ultrarelativistic charges. We have analyzed and
posed plausible experimental conditions for the observa
rd

on
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of the viscosity of light and estimated the magnitude of t
effects due to this phenomenon.
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