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Nonclassical effects in cold trapped ions inside a cavity
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We investigate the dynamics of a cold trapped ion coupled to the quantized field inside a high-finesse cavity,
considering exact resonance between the ionic internal levels and théchetir transition We derive an
intensity-dependent Hamiltonian in which terms proportional to the square of the Lamb-Dicke parameter (
are retained. We show that different nonclassical effects arise in the dynamics of the ionic population inversion,
depending on the initial states of the vibrational motion and field and on the valugs of
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[. INTRODUCTION ered to be confined in a region much smaller than the laser
light wavelength(Lamb-Dicke regimg Other forms of inter-
The manipulation of simple quantum systems such asiction Hamiltonians may be constructed in a similar way
trapped iond1] has opened possibilities regarding not only[7,8].
the investigation of the foundations of quantum mechanics, In this paper we explore further the consequences of hav-
but also applications concerning quantum information. Ining the trapped ion in interaction with a quantized field. We
such a system, the internal degrees of freedom of an atomihow that under certain conditions the quantum nature of the
ion may be coupled to the electromagnetic field as well as tdield is able to induce intensity-dependent effects in the
the motional degrees of freedom of the ion’s center of masdrapped ion dynamics, somewhat analogous to models in
Under certain circumstances, in which full quantization ofcavity quantum electrodynami¢9,10]. We remark that here
the three subsystems becomes necessary, we have an intee derive a Hamiltonian with an intensity-dependent cou-
esting combination of two bosonic systems coupled to @ling from a more general Hamiltonian, which is different
spinlike system. A possibility is to place the ion inside afrom the phenomenological approach discussel®jhq].
high-finesse cavity in such a way that the quantized field gets

coupled to the atom. A few papers discussing that arrange- Il. THE MODEL
ment may be found in the literature, e.g., the investigation of ) ] ) o
the influence of the field statistics on the ion dynaniz8], We consider a single trapped ion, within a Paul trap,

the transfer of coherence between the motional states and tRéaced inside a high-finesse cavity, and having a cavity mode
field [4], a scheme for generation of matter-field Be”_typecoupled to the.atomic ion. The V|brat|0na| motion is also
States[S], and even proposa's for quantum |Ogic gf{t@b Coupled to the field as well as to the ionic internal degl‘ees of
Several interaction Hamiltonians analogous to the one&€edom, in such a way that the Hamiltonian reggl$]
found in quantum optical resonance models may be con-
strupted even in the case Where 'the field i.s not qL_lantized, but A=#sva'a+hwbb+4 ﬂaﬁ hg(o,+o_)
having the center-of-mass vibrational motion playing the role 2
of the field. For instance, if we consider a two-level atom fpn Ap A
having atomic transitionn, and center-of-mass oscillation X(b'+b)cosp(a’+a), ©)
frequencyv in interaction with a laser of frequenay, , if A
w_— wo=—v (laser tuned to the first red sidebandn in- wherea' (a) denotes the creatiofannihilation) operator of
teraction Hamiltonian of the Jaynes-Cummings type resultsthe center-of-mass vibrational motion of the itfrequency

v), b' (b) is the creatior{annihilation operator of photons

Hi=iAQ(oc.a—o_al). (1) in the field moddfrequencyw), w, is the atomic frequency
transition, g is the ion-field coupling constant, ang
If w —wo=v (laser tuned to the first blue sidebanthe  =27a,/\ is the Lamb-Dicke parametes, being the am-
resulting Hamiltonian is of “anti-Jaynes-Cummings” type, plitude of the harmonic motion anil the wavelength of
or light. Note that the ion’s position inside the cavity is different
. . ~ from the one considered if6]. Typically the ion is well
Hi=ifiQ(o,a'~0_a). (2)  localized, confined in a region much smaller than the light's

o wavelength, orp<1 (Lamb-Dicke regimg Usually expan-
Note that here the bosonic operatar'sa, are relative to the sions up to the first order im are made in order simplify
center-of-mass oscillation motion. The ion itself is consid-Hamiltonians involving trapped ions, which results in
Jaynes-Cummings-like Hamiltonians such as the ones in
Egs. (1) and (2). However, even for small values of the

*Electronic address: semiao@ifi.unicamp.br Lamb-Dicke parameter, we show that in the situation dis-
"Electronic address: vidiella@ifi.unicamp.br cussed here, an expansion up to second order liecomes
*Electronic addres: roversi@ifi.unicamp.br necessary. Several interesting effects, such as long time scale
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revivals, depend on those terms, as we are going to show. W& the ion’s internal levels prepared in the excited state

may expand the cosine in E(B) and obtain le)(e|, the field prepared in a generic staig0), and the
ion’s vibrational center-of-mass motion prepared in the state

2 213 20at2, A2 ~ _ _ .
7 (1+2a'a) n7(a“+a’) @) p,(0). ltstime evolution, governed by the evolution operator
2 2 ' (7) results, at a timé, in the following (joint) state:

cosp(at+a)~1—

The interaction Hamiltonian becomes p(1)=Cryns191(0)p,(0)Crrns1l€)(€|
A gl 1- P(1+2a'a) pA(@'?+a?) +Ban;miﬁf(Oiﬁv(Oiém;Miﬁl9><9|
2 2 +iCmn+101(0)p,(0)Sn+ 1bl€)(g|
X(+o)(bT+D). ® =880 171(0)p, (0 alg)(el, (12

We may then rewrite the Hamiltonian above in the interacs .o o the gperato andS are the ones in Eqé8), (9), and
tion picture, in order to apply a rotating wave approxmatlon.(lo) above

If we tune the light field so that it exactly matches the atomic :
transition, i.e.wo— w=0 (carrier transitiopn, and discard the
rapidly oscillating terms, we obtain the followingnterac-

tion picture interaction Hamiltonian:

The state in Eq(12) is, in general, an entangled state
involving the ion’s internal(electronig degrees of freedom
and the vibrational motion as well as the cavity field. We will
now investigate the atomic population inversion, considering
7(1+2313) i X simple initia[ states for the center-of-mass vibrational motion
——— —|(oc_b'+o.b). (6)  and the cavity field.

1= 2

Hi=%g

The resulting Hamiltonian is like a Jaynes-Cummings lll. ATOMIC DYNAMICS

Hamiltonian. It describes the annihilation of a photon and a The (internal leve) ionic dynamics depend on the distri-
simultaneous atomic excitatiorf)‘( and b are field opera- butions of initial excitations of both the field and the center-
tors), but having an effective coupling constant which de-of-mass vibrational motion, given b§n|p;(0)|n)=p/ ,(0)
pends on the excitation numbéﬂé) of the ionic oscillator. and<m|;)v(0)|m>:plr}n,m(o)v respectively. For instance, the
As we are going to show, this will have interesting conse-gtomic popu|ati0n inversion may be written as

guences for the ion’s center-of-mass dynamics. We would

like to point out that we have retained terms of the order of

oo

7° in the cosine expansion, which are much smaller than 1. W(t):Tr[UzP(t)]:n%::() Pin(0) P m(0)COS
However, the product;’(a’a) will not be negligible for a
sufficiently large excitation number of the vibrational mo- x{2g[1— n*(1+2m)/2]yn+1t}. (13
tion.
The evolution operator associated with the Hamiltonian Because of the different frequenci¢s=2g[1— 7*(1
(6) is given by +2m)]yn+1} in the cosine argument, we expect different
structures of beats in the inversion due to different prepara-
U()=Crins1l€)(€]+ Crinl9)(gl —iSmn+ 10l€)(g| tions of the center-of-mass motiofindex m, without a
A square rogtand the field(indexn, with yn+1). We imme-
~ib"Spn+1/9)(el, (7)  diately identify two well known particular cases. If the vi-
brational motion is prepared in a number staje, (0)
where =8 ml, the atomic inversion in Eq13) will reduce to the

- ) - \/A— characteristic pattern of the Jaynes-Cummings model. If, on
Cmn+1=C0%0[1—77(1+2m)/2]N(n+1)t), (8  the other hand, the field is prepared in a number state

[pL'n(0)= 6).n], we have a periodic behavior for the atomic

Cmin=c049g[1- 7*(1+2m)/2] V), (9)  inversion (no square root in the cosine argumerkhis is
shown in Fig. 1, where the field is initially in the vacuum
and state and the ion in a coherent state of the center-of-mass
) - motion. The Lamb-Dicke parameter is typically less than
. sin(g[1— 7%(1+2m)/2]V(n+1)t) unity, and the lowest-order term in the expansion aljcee
Smin+1= = » (10 Eq. (4)] is of second order iny. Nevertheless, as we are
V(n+1) going to show, interesting effects will arise if the term

7%(1+2m) becomes large enough.
where we have used the notation=a’a andn=b'b.
We consider now the followingproduc} initial state:
~ ~ . !in order to be able to neglect higher terms in the cosine expan-
p(0)=|e){e|®p;(0)®p,(0), (11)  sion, one has to keep the produgtm small enough.
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FIG. 1. Atomic inversion as a function of the scaled tigie FIG. 2. Atomic inversion as a function of the scaled tigie

The field is initially in the vacuum state=0, and the vibrational ~ The field is initially in a coherent state=25, and the vibrational
motion in a coherent state witim=4. The ion is prepared in its motion in a coherent state withh=4. The ion is prepared in its

internal excited state, angl=0.05. internal excited state, angl=0.02.
We now consider both the center-of-mass motion and the 1
field initially prepared in coherent states and the atom in the gt~ — = (19
excited statée). After performing the summation oven in 1-7%(1+2m)/2
Eqg. (13), we obtain the following expression:
. and
W(D)= 2, pn,n(0)Wa(1), (14 1
gt~ —F—— (19)
with 7’Nm(n+1)
Wi (t)=exp{—m[1—cog27?Yn+1gt)]} We note that distinct patterns for the atomic inversion will
2 arise depending on the values gf, m, andn, which are
xoo% 2( 1- 7 ny 1gt quantities determining the revival and collapse times. In or-
2 der to appreciate those different situations, we show, in what

follows, some plots of the atomic inversion for different ex-
—Hsir’[znz‘/nJr 1 gt]]. (15) citations of the ionic motion and field as well as for different
values of 7.

. L . . In Fig. 2 we have a plot of the atomic inversion as a
The dynamics of the population inversion predicted by Eq. i i S — —
(13) may be interpreted in terms of two families of “revival” function of time, with»=0.02,m=4, andn=25. The usual

times. The revival times associated with the fieﬂb,(when pattern of collapses and revivals is shown. In this case the
the termsn andn+1 are in phasé relevant times are such thait!~1 and gt/~31. For a

larger Lamb-Dicke parameter=0.04, the oscillations in

ka\/’ﬁ the atomic inversion are attenuated, as we see in Fig. 3. This
gﬂ~ — —— k=12,..., (16) means that one has to be careful while expanding over the
1-7*(1+2m)/2 parameter, since in the model we are discussing here terms

o of the order ofy? have a significant influence on the system
depend orm, the mean excitation number of the center-of-

mass motion, and oﬁ, the mean excitation number of the 1.0
field. On the other hand, the revival times associated with the
vibrational motion ¢;), when the termsn andm+1 are in 05 1
phase, depend only am the mean excitation number of the
field, or = 00

Kr 0.5 .

gtj~———, k=1.2,... . (17
7*Nn+1 0% "2 e 80 100

: . : : L gt
It is also possible to estimate collapse times in either case,
or FIG. 3. Atomic inversion as a function of the scaled tigie

The field is initially in a coherent state= 25, and the vibrational

motion in a coherent state witm=4. The ion is prepared in its
2lt is convenient to employ the “scaled timejt instead oft. internal excited state, ang=0.04.
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FIG. 4. Atomic inversion as a function of the scaled tigie
The field is initially in a coherent state=25, and the vibrational

motion in a coherent state with=4. The ion is prepared in its
internal excited state, angl=0.02.

evolution. Another interesting behavior predicted by B@)
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FIG. 6. Atomic inversion as a function of the scaled tigie
The field is initially in a coherent state=1.69, and the vibrational

motion in a coherent state with=10.24. The ion is prepared in its
internal excited state, ang=0.2.

significantly reduces the amplitude of the revivéig gtI

is the phenomenon of “super-revivals” of the atomic inver- ~26). Apart from that, we also note a modulation in the
sion, or revivals taking place at long times. These may occuoscillations, which is basically due to the combination of
in driven atomq 11] or in trapped ions under certain condi- oscillations originating from the field and vibrational motion
tions[12]. Our model also predicts “super revivals” if both quanta distributions. As a final comment, we note that in the
the center-of-mass motion and the field are prepared in cazase of the periodic dynamicgig. 1), gt'=0 and gt’
herent states, as shown in Fig(the same parameters as in ~1257, which is in agreement with the revival times shown
Fig. 2. The “super revival” time in this case is given by in Fig. 1. We would also like to point out that dissipation in

gt/~1540, with a collapse timgt;~245. Still, for long

the cavity and loss of coherence in the vibrational motion

times, if »=0.04, as shown in Fig. 5, there will be changeswill certainly have a destructive action, and effects occurring

in the “super revival” time,gt; ~385, as well as in the col-
lapse timegt.~61. In this case the revival time for “ordi-

at longer time scales may not be apparent. However, the
atomic inversion is highly sensitive to the initial state prepa-

nary revivals” is very close to the collapse time associatedation and the Lamb-Dicke parameter also for short times,
with the long time scale dynamics, so that the revivals themand the observation of at least some of the effects described

selves are attenuatédompare Fig. 2 with Fig. )3 Different
patterns will occur for different values o andn. For in-
stance, ifm=25, n=4, and»=0.2, we havegt;~48 and

gtI~14. In this case there is only one oscillation in the
collapse region, as shown in Fig. 6. A different pattern for the

oscillations occurs if the collapse tingti~24 is slightly
less than the revival timgt,f~26 (see Fig. 7. The short

above might become possible with further improvements in
the quality of cavities as well as in the control of trapped
ions[13].

IV. CONCLUSION

We have investigated the dynamics of a single trapped ion
enclosed in a cavity. We found that, in the case of exact

time revivals are strongly suppressed, as we see in Fig. 7. Wetom-field resonancécarrier transitiol, terms of the order

may compare the atomic inversion in Fig. 7 to the one in Figof 7? can make a significant contribution and should there-
2; in the latter case the collapse time is long enough to stilfore be retained. This gives rise to a Hamiltonian containing
allow revivals, while in the former a shorter collapse time an intensity-dependent coupling. In addition, the quantum
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FIG. 5. Atomic inversion as a function of the scaled tigie
The field is initially in a coherent state=25, and the vibrational

motion in a coherent state withn=4. The ion is prepared in its
internal excited state, angl=0.04.

10
o5} |
2 00 —0—%»——-
05} 1
000 20 30 a0 500
gt

FIG. 7. Atomic inversion as a function of the scaled tigie
The field is initially in a coherent state= 16, and the vibrational

motion in a coherent state witm=16. The ion is prepared in its
internal excited state, ang=0.05.

063403-4



NONCLASSICAL EFFECTS IN COLD TRAPPED IOSI. . . PHYSICAL REVIEW A 66, 063403 (2002

nature of the field plays an important role. We showed that ACKNOWLEDGMENTS

the atomic inversion as a function of time may display dif-

ferent structures of beats depending on the initial preparation We would like to thank Dr. M. A. Marchiolli for valuable
of the electromagnetic field and the ionic motion as well ascomments. This work was partially supported by CNPq
on the Lamb-Dicke parametey, and effects such as sup- (Conselho Nacional para o Desenvolvimento Cfigui e
pression or attenuation of the Rabi oscillations and long timerecnolajico) and FAPESRFunda@o de Amparo @esquisa

scale revivals as well as a periodic dynamics may occulgg Estado de 8aPaulg, Brazil, and is linked to the Optics
These interesting features may be understood in terms of thg, photonics Research CentBAPESH.

two collapse times and two revival times characteristic of the

dynamics.
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