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High-angular-momentum resonances in positron scattering by a He¿ ion
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The method of complex-coordinate rotation is applied to investigate resonances in positron scattering by
helium ions. Here we present results for high-angular-momentum states (L52 – 6). Together with the earlier
values for theL50 and 1 states, these stabilized complex eigenvalues exhibit a regular pattern. We also
calculate some narrowS-wave resonances below the excited positronium (N52) threshold. Our converged
results for the firstS state lying above the He1 (n55) threshold differ substantially from the calculation by
Igarashi and Shimamura@Phys. Rev. A56, 4733~1997!#.
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I. INTRODUCTION

There has been continuous interest in the investigatio
atomic resonances involving positrons and positronium
oms @1–4#. Recent theoretical studies in this area inclu
those for Ps-H@5–7#, Ps-Li @8#, Ps-Na and Ps-K@9#, and
Ps-Rb and Ps-Cs@10#, as well as Ps-Ps scattering@11#. The
resonance energies and widths for some resonances in
tron scattering by hydrogen atoms@12# and by lithium atoms
@13# have also been calculated. Resonances in other posi
related systems, such as antiprotons on positronium@14#, are
also of recent interest. From the experimental side, an
tempt has been made recently to observe resonances in
itron scattering by some atoms and molecules@15#. Theoret-
ical studies of positron scattering by He1 ion are
controversial. Using the stabilization method, Bhatia a
Drachman@16# located twoS-wave resonances ine1-He1

scattering. Such resonances were later confirmed i
complex-coordinate-rotation calculation@17#. Also in Ref.
@17#, the widths for theS-wave resonances were reporte
together with two newP-wave resonances. In a later stud
using the hyperspherical close-coupling method, Igarashi
Shimamura@18# were unable to reproduce these resonanc
and presented an argument against the existence of t
states. Instead, they reported some narrowS-wave reso-
nances lying just below the positronium Ps(n51) formation
and the excited Ps(n52) thresholds. Bransdenet al. @19#
carried out a calculation for scattering of positrons by H1

ions but no resonances were reported. Other recent wor
this system includes a calculation using the algebr
coupled-state variational method@20#. However, again no
resonance investigation was carried out in Ref.@20#. Because
of the controversial issues raised by Igarashi and Shimam
@18#, it is the purpose of this paper to present an investiga
of resonances in positron scattering by helium ions. Here,
have calculated high-partial-wave (L>2) resonances for this
system. We have also repeated and extended the earlie
culations for theL50 and 1 states, and found that our earl
results@17#, for all practical purposes, have not changed.
this work, we further present an investigation of the narr
S-wave resonances reported in Ref.@18#. For the lowest reso-
nance, considerable differences between the values of@18#
and our converged results are found.
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The organization of the paper is as follows. In Sec. II w
present the Hamiltonian and wave functions used in
work. In Sec. III we show the calculations and discuss o
present results. Section IV gives a summary and some c
cluding remarks.

II. HAMILTONIAN AND WAVE FUNCTIONS

The total HamiltonianH for thee1-He1 system, with the
energy expressed in Rydberg units, is given by

H5T1V, ~1!

with

T52¹1
22¹2

2 ~2!

and

V52
2Z

r 1
1

2Z

r 2
2

2

r 12
, ~3!

where the indices 1 and 2 refer to the coordinates of
electron and the positron. Throughout this work the infin
nuclear mass is used. In the present work,Z52.

The basis set is constructed using Hylleraas coordina

$x i jk~a,b!5r 1
i r 2

j r 12
k e2ar 12br 2yl 1l 2

LM ~ r̂ 1 , r̂ 2!%, ~4!

where yl 1l 2
LM ( r̂ 1 , r̂ 2) is the vector coupled product of soli

spherical harmonics for the electron and the positron form
an eigenstate of total angular momentumL defined by

yl 1l 2
LM ~ r̂ 1 , r̂ 2!5 (

m1m2

^ l 1l 2m1m2uLM &Yl 1m1
~ r̂ 1!Yl 2m2

~ r̂ 2!,

~5!

and r̄ 125u r̄ 12 r̄ 2u is the distance between the electron a
the positron. The explicit form for the wave function is

C~ r̄ 1 , r̄ 2!5(
i jk

ai jkxi jk~a,b!, ~6!

and i 1 j 1k1L<V with i, j, andk being positive integers
and zero.
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TABLE I. States with total angular momentumL.

State L ( l 1 ,l 2) V Total N

S 0 ~0,0! 20 1771
P 1 ~1,0!;~0,1! 21 23177153542
D 2 ~2,0!;~1,1!;~0,2! 20 33133053990
F 3 ~3,0!;~2,1!;~1,2!;~0,3! 19 4396953876
G 4 ~4,0!;~3,1!;~2,2!;~1,3!;~0,4! 19 5381654080
H 5 ~5,0!;~4,1!;~3,2!;~2,3!;~1,4!;~0,5! 19 6368054080
I 6 ~6,0!;~5,1!;~4,2!;~3,3!;~2,4!;~1,5!;~0,6! 19 7356053920
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The basic integrals that appear in our calculations are
the form

I ~a,b,c;a,b!5E dr̂1dr̂2yl
18 l

28
L8M8~ r̂ 1 , r̂ 2!*

3yl 1l 2
LM ~ r̂ 1 , r̂ 2!r 1

ar 2
br 12

c e2ar 12br 2. ~7!

For the nonrelativistic eigenvalue problem, it is only nec
sary to consider the case ofc>21 in Eq. ~7!. The detailed
evaluation of Eq.~7! can be found in Ref.@21#. The final
result is

I ~a,b,c;a,b!5(
qk

CcqkG~q!I R~a,b,c;a,b,q,k!, ~8!

where the angular partG(q) is

G~q!5~21!L1q~ l 1 ,l 2 ,l 18 ,l 28!1/2S l 18 l 1 q

0 0 0
D

3S l 28 l 2 q

0 0 0
D H L l 1 l 2

q l28 l 18
J dMM8dLL8 , ~9!

and the radial partI R is

I R~a,b,c;a,b;q,k!5
s!

~a1b!s11 F 1

a131q12k

32F1S 1,s11;a141q12k;
a

a1b D
1

1

b131q12k 2F1S 1,s11;b14

1q12k;
b

a1b D G , ~10!

with 2F1(a;b;c;x) being the hypergeometric function an
s5a1b1c15, and

Ccqk5
2q11

c12 S c12
2k11D)

t50

sqc 2k12t2c

2k12q22t11
, ~11!

with Sqc5min@q21,1
2 (c11)#. It should be pointed out tha

in Eq. ~8! the range ofq is limited by the triangular rule of
the 3-j symbols in Eq.~9!:
06270
of

-

qm<q<qM , ~12!

where

qm5max~ u l 12 l 18u,u l 22 l 28u!, ~13!

qM5min~ l 11 l 18 ,l 21 l 28!. ~14!

Thus, the summation overq in Eq. ~8! is always finite.

III. CALCULATIONS AND RESULTS

We first investigate theD-wave resonances. For a sta
with total angular momentumL52, we have three basic pos
sible combinations to which the individual angular momen
( l 1 ,l 2) are coupled. The possible values for (l 1 ,l 2) are ~2,
0!, ~1, 1!, and~0, 2! ~see Table I!. The higher harmonics are
taken care of by ther i j terms. For each summation in Eq.~6!,
we employ basis sets ranging fromV516 to 19, which cor-
respond to 680 and 1140 terms. The total numbers of ter
after adding up the three sums, areN52040 and 3420 for
V516 and 19, respectively. In the method of comple
coordinate rotation@1,22#, the radial coordinater i j between
the charged particlesi andj is transformed intor i j e

iu, where
u is the rotational angle. A complex eigenvalue that can
considered as a resonance eigenvalue is one that exh
stabilized character with respect to changes ofu, as well as to
changes ofa and b in the wave functions@see Eq.~4!#.
Furthermore, the resonance eigenvalue also shows con
gence behaviors when the size of the basis set is increa

Table II shows the convergence and stabilized behav
for the lowestD-wave resonance below the Ps(n51) thresh-
old. In this example, we useV516, 17, 18, and 19, which
correspond to total numbers of terms of 2040, 2448, 29
and 3420, respectively. In Table II, we also use wave fu
tions with parameters ofa50.8 andb50.5 calculated atu
50.65. Furthermore, when we change theu value from u

TABLE II. Stabilization of the firstD-wave eigenvalue obtained
using wave functions witha50.8, b50.5, andu50.65.

V N Er ~Ry! G/2 ~Ry!

16 3368052040 20.629 16 0.311 61
17 3381652448 20.628 98 0.311 50
18 3396952907 20.628 77 0.311 77
19 33114053420 20.628 81 0.311 67
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HIGH-ANGULAR-MOMENTUM RESONANCES IN . . . PHYSICAL REVIEW A66, 062705 ~2002!
50.45 to 0.70, the complex eigenvalue exhibits stabiliz
behavior, i.e.,]uEu/]u is approximately a minimum, with
E5Er2 iG/2, at aboutu50.65. From Table II, we have de
duced that the resonance parameters for the lowestD-wave
resonance lying below the Ps(n51) threshold areEr5
20.6288 Ry andG/250.3117 Ry. We should mention tha
this eigenvalue also shows stabilized behavior when the
ues of the nonlinear parameters are changed, but within
neighborhood of the above mentioneda and b values. In
Table III and Fig. 1, we summarize the stabilized comp
eigenvalues lying below the positronium Ps(n51) threshold.
Here theL50 and 1 results are taken from Ref.@17#. The
D-wave results are from the present calculations. We sho
mention that in the present work we have extended the
vestigation of theL50 and 1 states by increasing the sizes
the basis sets. Basically, theL50 and 1 complex eigenvalue
remain stabilized. For this group of resonances, we have
found stabilized complex eigenvalues for theF-wave states.
We should also point out that, at this juncture, the phys

FIG. 1. Resonance poles fore1-He1 scattering, showing the
two groups of resonance poles lying below and above the Pn
51) threshold.

FIG. 2. u trajectory for theF-wave resonance pole lying abov
the Ps(n51) threshold~curve A, V i517, N52720; curveB, V i

518, N53264; curveC, V i519, N53876).
06270
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reasons behind such resonances are yet to be understoo
Figure 1 also shows the results for the second group

resonances which lie above the Ps(n51) threshold. For this
group of resonances, the authors in Ref.@18# were unable to
reproduce our earlierL50 and 1 results. Here, we also e
tend our earlier calculations by employing larger expans
sets for the basis wave functions. For example, we useV
520, which corresponds toN51771 and 3542 terms for th
SandP states, respectively. Again, for all practical purpos
the stabilized behaviors for these two states have
changed. Furthermore, in the present work we carry out
culations for high-angular-momentum states. Table IV sho
the stabilized behaviors for aD-state resonance pole. Base
on examination of changes of the complex eigenvalue w
respect to changes ofu, we determine the resonance ener
and G @full width at half maximum ~FWHM!# as Er5
20.3665 Ry andG/250.050 84 Ry. We next calculateF
states. Similarly forF states, the possible values for (l 1 ,l 2)
are ~3,0!, ~2,1!, ~1,2!, and ~0,3!. For each sum we use

(

FIG. 3. Enlarged scale for the resonance poles ine1-He1 scat-
tering lying above the Ps(n51) threshold.

FIG. 4. Comparison of theS-wave resonance poles below th
Ps(n52) threshold ~open circles, present calculations; clos
circles, Ref.@18#!.
5-3
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TABLE III. Resonances ine1-He1 scattering lying below the
Ps(n51) threshold.

State L Er ~Ry! G/2 ~Ry!

S 0 20.7410a 20.1294a

P 1 20.7087a 20.1775a

D 2 20.6288b 20.3117b

aTaken from Ref.@17#.
bPresent calculations.

TABLE IV. Stabilization of the secondD-wave eigenvalue ob-
tained using wave functions witha50.8, b50.5, andu50.65.

V N Er ~Ry! G/2 ~Ry!

16 3368052040 20.367 32 0.050 89
17 3381652448 20.366 43 0.050 80
18 3396952907 20.366 58 0.050 83
19 33114053420 20.366 51 0.050 84

TABLE V. Resonances ine1-He1 scattering in the region
above the positronium Ps(n51) formation threshold.

State L Er ~Ry! G/2 ~Ry!

S 0 20.371 2a 20.039 3a

P 1 20.369 56a 20.043 17a

D 2 20.366 51b 20.050 84b

F 3 20.362 38b 20.062 73b

G 4 20.354 85b 20.075 30b

H 5 20.334 20b 20.095 57b

aTaken from Ref.@17#.
bPresent calculations.

TABLE VI. Stabilization of the firstS-wave resonance below
the Ps(n52) threshold (a5b50.24,u50.35).

V N Er ~Ry! G/2 ~Ry!

16 969 20.150 805 84 0.000 535 91
17 1140 20.150 803 70 0.000 534 62
18 1130 20.150 803 62 0.000 534 70
19 1540 20.150 803 58 0.000 534 78
20 1771 20.150 803 56 0.000 534 76
06270
TABLE VII. Stabilization of the secondS-wave resonance be
low and approaching the Ps(n52) threshold (a5b50.2).

V N u Er ~Ry! G/2 ~Ry!

17 1140 0.30 20.134 880 0 7.99031024

18 1330 0.30 20.134 872 2 7.97131024

19 1540 0.30 20.134 862 3 7.93231024

20 1771 0.30 20.134 863 3 7.91031024

17 1140 0.35 20.134 860 0 7.94031024

18 1330 0.35 20.134 863 7 7.91731024

19 1540 0.35 20.134 866 4 7.92231024

20 1771 0.35 20.134 864 4 7.92031024

TABLE VIII. Comparison of S-wave resonances below th
Ps(n52) threshold.

Present Ref.@18#

Er ~Ry! G/2 ~Ry! Er ~Ry! G/2 ~Ry!

20.150 803 5 5.34831024 20.151 19 1310213

20.134 864 7.9231024 20.134 84 6.831024

20.128 653 3.8931024 20.128 64 3.631024

TABLE IX. P- and D-wave resonances below the Ps(n52)
threshold.

State L Er ~Ry! G/2 ~Ry!

P 1 20.149 725 0 4.46531024

P 1 20.134 210 6.6631024

P 1 20.128 572 4.131024

P 1 20.127 948 3.831024

D 2 20.147 564 3.2331024

D 2 20.132 930 4.3031024

D 2 20.127 92 2.631024

TABLE X. Resonances ine1-He1 scattering in the energy re
gion between the He1(n55) and Ps(n52) thresholds.

State L Er ~Ry! G/2 ~Ry!

S 0 20.150 804 5.3531024

P 1 20.149 724 7 4.4631024

D 2 20.147 564 3.2331024

F 3 20.144 382 2.4031024

G 4 20.140 333 2.2231024

H 5 20.135 625 2.9131024

I 6 20.130 45 5.231024
5-4
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V519. The total number of terms~N! is therefore 43969
53876. Figure 2 shows theu trajectory for theF-wave reso-
nance pole lying above the Ps(n51) threshold. Shown here
are the resonance poles calculated usingu values ranging
from u50.55 to 0.7. CurveA represents the values calc
lated using the wave functions with expansionV517 (N
52720). CurvesB andC denoteV518 (N53260) andV
519 (N53876), respectively. Here, we use wave functio
with parameters ofa50.4 andb50.25. We further deduce
the parameters for the stabilized complex eigenvalue asEr

520.362 38 Ry andG/250.062 73 Ry. Other high-angular
momentum states are similarly calculated. Our results
summarized in Table V and in Figs. 1 and 3. In Fig. 1,
show both groups of resonances lying below and above
Ps(n51) threshold. In Fig. 3, we show an enlargement
the second group of resonance poles. It seems that
group of resonances follows a regular pattern, indicating
each of them belongs to some kind of ‘‘family of res
nances.’’

Next, we carry out an investigation of the narrowS-wave
resonances reported in Ref.@18#. Igarashi and Shimamur
found a narrowS-wave resonance lying below the positr
nium Ps(n51) formation threshold. However, we have ca
ried out an extensive search for such a resonance and f
no resonances lying immediately below the Ps(n51) thresh-
old. As for the resonance below the Ps(n52) threshold, we
have calculated threeS-wave resonances. Table VI shows t
convergence for the lowest eigenvalue, and the resona
parameters for this state are determined asEr5
20.150 803 5 Ry andG/255.34831024 Ry. Table VII
shows the convergence behavior for the secondS wave be-
low the Ps(n52) threshold. In Table VIII and Fig. 4 we
show the comparison between ourS-wave results and thos
of Ref. @18#. It is seen that while their second and thi
S-wave resonances agree reasonably well with our res
their G/2 value for the lowest resonance (1310213 Ry) dif-
fers substantially from our result of 5.34831024 Ry. In Ref.
@18#, the authors explained that the lowestS-wave resonance
is a shape resonance lying above the He1 (n55) threshold.
The autoionization for such a shape resonance is by tun
ing. The process would take a long time, and hence the w
would be narrow. However, this resonance is located q
far above the proposed threshold, as seen in Fig. 4, an
such it is usually near the top of the potential barrier. N
mally, the lifetime for such a resonance should not be
long as it could tunnel out quite rapidly, and theG/2 value
should not be as narrow as 10213 Ry. Our converged resul
of G/255.34831024 Ry for theG/2 value is consistent with
the above explanation.

In the present work, we also carry out calculations forP
and D states below the Ps(n52) threshold. We report the
results for four suchP-wave resonances and threeD-wave
resonances in Table IX. To our knowledge, noP- and
D-wave resonances in this region have been reported in
literature until now.

We next continue to calculate high-angular-moment
states in the energy region below the Ps(n52) threshold.
Using the wave functions described in Table I, we obtain
06270
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resonance energies and widths for theD, F, G, H, and I
states. Results are shown in Table X and in Fig. 5, toge
with the lowest members of theS andP states. From Fig. 5,
it seems that these resonances follow a regular patt
Again, to our knowledge, these high-angular-moment
states have not been found before.

IV. SUMMARY AND DISCUSSION

In this work we have presented an investigation of re
nances in positron scattering by helium ions. We found s
bilized complex eigenvalues for high-angular-momentu
states. States ranging fromL52 to 6 were calculated. To
gether with the earlier results for theL50 and 1 states, such
complex eigenvalues can be grouped together, formin
regular pattern. We also carried out a calculation on so
narrow S-wave resonances reported in Ref.@18#. For the
width lowest of theS-wave resonance, we found substant
disagreement between the value of@18# and our converged
result. Furthermore, other angular-momentum states~up to
L56) immediately below the Ps(n52) threshold were also
calculated. We believe that these resonance states are a
of the induced dipole potential between the proton and
excited positronium atom in then52 state. As for the stabi-
lized complex eigenvalues below and above the Ps(n51)
threshold~see Fig. 1!, although our calculations are exten
sive and that the existence of such complex eigenvalue
conclusive, we have not provided an explanation for
physical mechanism behind the existence of such states
this regard, future work should be concentrated on the
derstanding of the physical nature of these resonances. N
ertheless, hopefully our present work will stimulate furth
investigations on this intriguing three-body atomic system
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FIG. 5. Resonance poles fore1-He1 scattering between the
He1(n55) and Ps(n52) thresholds.
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