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Teleportation via thermally entangled states of a two-qubit Heisenberg<{X chain
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Recently, entanglement teleportation has been investigated by Lee andiPKiys. Rev. Lett84, 4236
(2000]. In this paper we study entanglement teleportation via two separate thermally entangled states of a
two-qubit Heisenberg< X chain. We established the condition under which the parameters of the model have
to satisfy in order to teleport entanglement. The necessary minimum amount of thermal entanglement for some
fixed strength of exchange coupling is a function of the magnetic field and the temperature.
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The linearity of quantum mechanics allows building of sider as input a two-qubit Werner stdfi¢]. We find that
superposition states of a composite systgfg that cannot quantum entanglement of the Werner state is lost during the
be written as products of states of each subsyst§mafid teleportation even when the channel has nonzero thermal en-
Sg). Such states are called entangled. States that are ntnglement, in accordance with RE8]. In order to teleport
entangled are referred to as separable states. An entanglgdantum entanglement, the parameters of the model have to
composite system gives rise to nonlocal correlation betweesatisfy Eq.(8).
its subsystems, which does not exist classically. This nonlo- The HamiltonianH for a two-qubit Heisenber X chain
cal property enables the uses of local quantum operations an external magnetic fielB,, along thez axis is
and classical communication to teleport an unknown quan-
tum state via a shared pair of entangled parti¢lgs In the H= }J loolt 0?2002 +£B 39594 00203
standard teleportation protocol, these local quantum opera- = 2 (Ta® g+ TR 0p) 2 m(TA® Tp+ Oa® 0p),
tions consist of Bell measurements and Pauli rotations. It is (1)
shown in Ref.[2] that standard teleportation with an arbi- o . _ ) ) .
trary entangled mixed state resourggs is equivalent to a Where o, is the identity matrix andr,(i=1,2,3) are the
generalized depolarizng chann&l y,g) with probabilites ~Pauli matrices at site=A,B. Jis real coupling constant for
given by the maximally entangled components of the rethe spininteraction. The chain is said to be antiferromagnetic
source. Quantum teleportation of single-body quantum statior J>0 and ferromagnetic fod<0. The eigenvalues and
via single quantum channel shared between two parties haigenvectors oH are given byH|00)=B,|00), H|¥*)=
been studied by a number of auth¢see references ii8]).  =J|¥*), and H|11)=—B,|11), where |¥*)=(1/y2)

In a recent papel3], Lee and Kim considered teleportation X(]|01)={10)). For the system in equilibrium at temperature
of an entangled two-body pure spjnstate via two indepen- T, the density operator is

dent, equally entangled, noisy quantum channels represented 1

by Werner state$4]. In their two-qubit teleportation proto- _ — BB, S T— " I

col, the joint measurement is decomposable into two inde- XAB_Z[e Pom|00)(00] + e~ FW ) (W 7|+ W)
pendent Bell measurements and the unitary operation into _ 8

two local one-qubit Pauliiﬂrotations. They found that quantum X (W | +en11)(11]], 2)
entanglement of the spif-state is lost during the teleporta- - Lo

tion even when the channel has nonzero quantum entangl _hlere the,partmon fl:('ftio']?_z EOShﬁBmJFZCO_ST/_‘I_J’ t_?e
ment, and in order to teleport quantum entanglement th otzmanns constank=1 from hereon, ancﬁ— - 10
guantum channel should possess a critical value of minimun"?uam"cy t.he amount of entanglement associated wita,
entanglement. we consider 7the measure <_)f entanglgméﬁ}, E(xag)

Recently, the presence of entanglement in condensed_?Tmax{_ZEmAm'o}’ where, is a negative eigenvalue of
matter systems at finite temperatures has been investigatedg. the partial transposition ofag. The density operator
by a number of authorésee, e.g., Refl5], and references y,z is entangled if and only iﬁ(ZBB has any negative eigen-
therein. The state of a typical condensed-matter system ajalues[8,9]. After some straightforward algebra, the amount
thermal equilibrium(temperaturd’) is y=e~#"/Z, whereH  of thermal entanglement is
is the HamiltonianZ=tre #" is the partition function, and

B=1/KT, wherek is the Boltzmann’s constant. The entangle- \Jcost BB+ costtBJ—2—coshBB,,
ment associated with the thermal stgtés referred to as 'Fhe E(xas)=ma coshBB,, + coshjJ ,
thermal entanglemen6]. In Ref.[7], quantum teleportation

using the thermally entangled state of a two-qubit Heisen- &)

berg XX chain as a quantum channel is considered. In thiSThe amount of thermal entanglement is invariant under the
paper, we investigate Lee and Kim’s two-qubit teleportationsubstitutionsB,,— —B,, and J——J. The latter indicates

protocol using two independent thermally entangled states ahat the entanglement is the same for the antiferromagnetic
two-qubit Heisenberg(X chain. In contrast t¢3], we con-  and ferromagnetic cases. We thus restrict our considerations

1050-2947/2002/66)/0623123)/$20.00 66 062312-1 ©2002 The American Physical Society



YE YEO PHYSICAL REVIEW A 66, 062312 (2002

to B,>0 and J>0. Notice that the critical temperature we focus on 8<d<1. The output state is then given (B3]
Teriticar=1.13459, beyond which the thermal entangle-
ment is zero, is independent of the magnetic fglgd This is
in agreement with Ref.10], where the concurrendd1,12
has been adopted as a measure of entanglement. 3

Now we look at Lee and Kim’s two-qubit teleportation =E E tr[(E!' @ EX)( (Xa,B,®XAB,)]
protocol, using two copies of the above two-qubit thermal Jj=0 k=0
state, xa,B,® Xa,8,, as resource. We consider as input two

qubits in the Werner statd4], pw=3(c’®0c°—[(2®

i
t+1)/3]EI 10 '®d') '( 1sd>§1). .The. amount of en- where E9=[W-)(W|, El=|d-}d|, E2=|d* YD,
anglement associated witlp,, is given by E(pw) 3 et i L
=max®,0}. When®=1, py=|¥~ }V¥~| is a maximally ES=|W ) (W], and|®~)=(1/12)(|00) +]1D)). -
entangled pure state. When<@ <1, py is an entangled To characterize the quality of the teleported sm;—::Nit is
mixed state. Lastly, when-1<=®=<0, p,, is a separable often quite useful to look at the fidelity betwepg, andpyy,
mixed state. Since our concern is entanglement teleportatiodefined by[13]

PWZA(XA181®XA282)pW

X(oh ® TR )pwloh ®h ), 4

F(pw.pw) =tV (pw) YZow( pw) Y21}

~ 36(c0ShBB+ hﬂJ)Z{zJ(l_Q))[(l_qD)cc’SﬁBBm*2(2”’)005“5%COShBJJr(l—fD)cosi?BJ]
Ccos m+ Ccos

+J(1—®)[(2+P)cosiH BB+ 2(1— D) coshBB,, coshB+ (1—d)cosHBI+ (1+2P)]

+3(1+®)[(2+D)cosKH BB+ 2(1— D )coshBB,, coshBI+3(1+P)cosEBI— (1+2P)]}2. (5)

The concept of fidelity has been an useful indicator of the

teleportation performance of a quantum channel when the F(pw.pw)— —[(2 P)+3(1-P?)], (6)
input state is a pure stateee, e.g., Ref.7] and references

therein. However, it fails in our context where we consider

the mixed Werner state. In particular, we observe that, in th&vhich increases a®—0.

infinite temperature limit3—0, when there is zero thermal ~ Retumning to the main issue of this paper, we calculate the
entanglement in the channels, we have measure of entanglement for the teleported sigido be

3® costtBI—2(2+d)coshBB,,coshBl—(1— (I))COSFF,BBm—(l'FZ(D)

E(py) = max
(Pw) 3(coshpBB,,+ coshpBJ)?

= max{

In the zero temperature limif3—=, we haveE(py)— P is a quantum property, we therefore do not expect the chan-

whenB,<J, butE(py)—0 whenBy,=J. This is not diffi- ~ NelS 0 teleport entanglement whBg=J.

cult to understand wheB,,<J, since atT=0 the quantum FOF nonzero temperatures, it is clear from Ed) that
channels are in the maX|maIIy entangled ground state€ntanglementis lost in the teleportation, since the coefficient
XAB, = XA8,= |W~)¥~| . For B,,>J, the channels have Of ® is less than or equal to one, and the term independent of
zero entanglement and hence are not able to teleport ef® is nonpositive. The interesting thing to note is that the
tanglement. However, &,,=J, although the channels have thermally entangled channels are still able to teleport some
nonzero entanglement, it does not allow them to perfornfjuantum entanglement even at nonzero temperatures. In or-
better than the “classical channelg7]. Since entanglement der to transmit nonzero entanglement, we require

(coshBB,,— coshBJ)? . 2(costtBI—1) o 4coshﬁBmcoshﬁJ+cosﬁBBm+lo @
3(coshpBB,,+coshBJ)?> 3(coshBJ+coshBB,,)? 3(coshpBB,,+ coshBJ)? '
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2+ an even smalleT™®) ~for some fixedB,<J, that is,
coshBJ> 3% coshBB, exp(BJ)=exp(BB.).
In conclusion, we have established the condition under
—2®2+ 7D +4 1+ 2 which the quantum entanglement in a Werner state can pe
+ costBB,+——, teleported via two separate, thermally entangled two-qubit
9p? 3 Heisenberg<X chain. We also demonstrated that the fidelity

®) [13] in our case is not a good indicator of the performance of
these quantum channels. The two-qubit teleportation together
and henceB,,<J. The “critical” temperatureT™*). . be- with one-qubit unitary operations are sufficient to implement
yond which no quantum entanglement is teleported, is therd!® universal gates for quantum computafid]. It is hoped
fore dependent on the magnetic fiekj, and ond. The that this paper would contribute to the gathering of phenom-

right-hand side of Eq(8) is strictly greater than/2. This enology in this direction.

shows that in order to teleport quantum entanglement, there The author thanks Yuri Suhov, Andrew Skeen, and Suguru
must be some nonzero critical value of minimum thermalFuruta for useful discussions. This publication is an output of
entanglement. This minimum is not a constant but dependgroject activity funded by The Cambridge MIT Institute
on B, and T for some fixedJ, in contrast to Ref[3]. The  Limited (“CMI” ). CMI was funded in part by the United
right-hand side of Eq(8) increases a® —0. This, together Kingdom Government. The activity was carried out for CMI
with Eq. (7), indicates that quantum entanglement in a lessy the University of Cambridge and the Massachusetts Insti-
entangled mixed state is more fragile to teleport. It demandsute of Technology.
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