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Teleportation via thermally entangled states of a two-qubit HeisenbergXX chain

Ye Yeo
Centre for Mathematical Sciences, Wilberforce Road, Cambridge CB3 0WB, United Kingdom

~Received 6 May 2002; published 20 December 2002!

Recently, entanglement teleportation has been investigated by Lee and Kim@Phys. Rev. Lett.84, 4236
~2000!#. In this paper we study entanglement teleportation via two separate thermally entangled states of a
two-qubit HeisenbergXX chain. We established the condition under which the parameters of the model have
to satisfy in order to teleport entanglement. The necessary minimum amount of thermal entanglement for some
fixed strength of exchange coupling is a function of the magnetic field and the temperature.
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The linearity of quantum mechanics allows building
superposition states of a composite systemSAB that cannot
be written as products of states of each subsystem (SA and
SB). Such states are called entangled. States that are
entangled are referred to as separable states. An entan
composite system gives rise to nonlocal correlation betw
its subsystems, which does not exist classically. This no
cal property enables the uses of local quantum operat
and classical communication to teleport an unknown qu
tum state via a shared pair of entangled particles@1#. In the
standard teleportation protocol, these local quantum op
tions consist of Bell measurements and Pauli rotations.
shown in Ref.@2# that standard teleportation with an arb
trary entangled mixed state resourcexAB is equivalent to a
generalized depolarizng channelL(xAB) with probabilites
given by the maximally entangled components of the
source. Quantum teleportation of single-body quantum s
via single quantum channel shared between two parties
been studied by a number of authors~see references in@3#!.
In a recent paper@3#, Lee and Kim considered teleportatio
of an entangled two-body pure spin-1

2 state via two indepen
dent, equally entangled, noisy quantum channels represe
by Werner states@4#. In their two-qubit teleportation proto
col, the joint measurement is decomposable into two in
pendent Bell measurements and the unitary operation
two local one-qubit Pauli rotations. They found that quant
entanglement of the spin-1

2 state is lost during the teleporta
tion even when the channel has nonzero quantum entan
ment, and in order to teleport quantum entanglement
quantum channel should possess a critical value of minim
entanglement.

Recently, the presence of entanglement in conden
matter systems at finite temperatures has been investig
by a number of authors~see, e.g., Ref.@5#, and references
therein!. The state of a typical condensed-matter system
thermal equilibrium~temperatureT) is x5e2bH/Z, whereH
is the Hamiltonian,Z5tr e2bH is the partition function, and
b51/kT, wherek is the Boltzmann’s constant. The entang
ment associated with the thermal statex is referred to as the
thermal entanglement@6#. In Ref. @7#, quantum teleportation
using the thermally entangled state of a two-qubit Heis
berg XX chain as a quantum channel is considered. In
paper, we investigate Lee and Kim’s two-qubit teleportat
protocol using two independent thermally entangled state
two-qubit HeisenbergXX chain. In contrast to@3#, we con-
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sider as input a two-qubit Werner state@4#. We find that
quantum entanglement of the Werner state is lost during
teleportation even when the channel has nonzero therma
tanglement, in accordance with Ref.@3#. In order to teleport
quantum entanglement, the parameters of the model hav
satisfy Eq.~8!.

The HamiltonianH for a two-qubit HeisenbergXX chain
in an external magnetic fieldBm along thez axis is

H5
1

2
J~sA

1
^ sB

11sA
2

^ sB
2 !1

1

2
Bm~sA

3
^ sB

01sA
0

^ sB
3 !,

~1!

where sa
0 is the identity matrix andsa

i ( i 51,2,3) are the
Pauli matrices at sitea5A,B. J is real coupling constant fo
the spin interaction. The chain is said to be antiferromagn
for J.0 and ferromagnetic forJ,0. The eigenvalues and
eigenvectors ofH are given byHu00&5Bmu00&, HuC6&5
6JuC6&, and Hu11&52Bmu11&, where uC6&5(1/A2)
3(u01&6u10&). For the system in equilibrium at temperatu
T, the density operator is

xAB5
1

Z
@e2bBmu00&^00u1e2bJuC1&^C1u1ebJuC2&

3^C2u1ebBmu11&^11u#, ~2!

where the partition functionZ52 coshbBm12 coshbJ, the
Boltzmann’s constantk[1 from hereon, andb51/T. To
quantify the amount of entanglement associated withxAB ,
we consider the measure of entanglement@3#, E(xAB)
5max$22(mlm

2 ,0%, wherelm
2 is a negative eigenvalue o

xAB
TB , the partial transposition ofxAB . The density operator

xAB is entangled if and only ifxAB
TB has any negative eigen

values@8,9#. After some straightforward algebra, the amou
of thermal entanglement is

E~xAB!5maxHAcosh2bBm1cosh2bJ222coshbBm

coshbBm1coshbJ
,0J .

~3!

The amount of thermal entanglement is invariant under
substitutionsBm→2Bm and J→2J. The latter indicates
that the entanglement is the same for the antiferromagn
and ferromagnetic cases. We thus restrict our considerat
©2002 The American Physical Society12-1
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to Bm.0 and J.0. Notice that the critical temperatur
Tcritical'1.134 59J, beyond which the thermal entangle
ment is zero, is independent of the magnetic fieldBm . This is
in agreement with Ref.@10#, where the concurrence@11,12#
has been adopted as a measure of entanglement.

Now we look at Lee and Kim’s two-qubit teleportatio
protocol, using two copies of the above two-qubit therm
state,xA1B1

^ xA2B2
, as resource. We consider as input tw

qubits in the Werner state@4#, rW5 1
4 (s0

^ s02@(2F
11)/3#( i 51

3 s i
^ s i) (21<F<1). The amount of en-

tanglement associated withrW is given by E(rW)
5max$F,0%. WhenF51, rW5uC2&^C2u is a maximally
entangled pure state. When 0,F,1, rW is an entangled
mixed state. Lastly, when21<F<0, rW is a separable
mixed state. Since our concern is entanglement teleporta
th
th

er
th
l
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e
e
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t

06231
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we focus on 0,F<1. The output state is then given by@2#

r̃W5L~xA1B1
^ xA2B2

!rW

5(
j 50

3

(
k50

3

tr@~Ej
^ Ek!~xA1B1

^ xA2B2
!#

3~sA1

j
^ sA2

k !rW~sA1

j
^ sA2

k !, ~4!

where E05uC2&^C2u, E15uF2&^F2u, E25uF1&^F1u,
E35uC1&^C1u, anduF6&5(1/A2)(u00&1u11&).

To characterize the quality of the teleported stater̃W , it is
often quite useful to look at the fidelity betweenrW andr̃W ,
defined by@13#
F~rW ,r̃W!5$tr@A~rW!1/2r̃W~rW!1/2#%2

5
1

36~coshbBm1coshbJ!2
$2A~12F!@~12F!cosh2bBm12~21F!coshbBm coshbJ1~12F!cosh2bJ#

1A~12F!@~21F!cosh2bBm12~12F!coshbBm coshbJ1~12F!cosh2bJ1~112F!#

1A3A~11F!@~21F!cosh2bBm12~12F!coshbBm coshbJ13~11F!cosh2bJ2~112F!#%2. ~5!
the
The concept of fidelity has been an useful indicator of
teleportation performance of a quantum channel when
input state is a pure state~see, e.g., Ref.@7# and references
therein!. However, it fails in our context where we consid
the mixed Werner state. In particular, we observe that, in
infinite temperature limit,b→0, when there is zero therma
entanglement in the channels, we have
e
e

e

F~rW ,r̃W!→ 1

4
@~22F!1A3~12F2!#, ~6!

which increases asF→0.
Returning to the main issue of this paper, we calculate

measure of entanglement for the teleported stater̃W to be
E~ r̃W!5maxH 3F cosh2bJ22~21F!coshbBm coshbJ2~12F!cosh2bBm2~112F!

3~coshbBm1coshbJ!2
,0J

5maxH F ~coshbBm2coshbJ!2

3~coshbBm1coshbJ!2
1

2~cosh2bJ21!

3~coshbJ1coshbBm!2GF2
4 coshbBm coshbJ1cosh2bBm11

3~coshbBm1coshbJ!2
,0J . ~7!
an-

ient
t of

he
me
or-
In the zero temperature limit,b→`, we haveE( r̃W)→F

whenBm,J, but E( r̃W)→0 whenBm>J. This is not diffi-
cult to understand whenBm,J, since atT50 the quantum
channels are in the maximally entangled ground st
xA1B1

5xA2B2
5uC2&^C2u . For Bm.J, the channels have

zero entanglement and hence are not able to teleport
tanglement. However, atBm5J, although the channels hav
nonzero entanglement, it does not allow them to perfo
better than the ‘‘classical channels’’@7#. Since entanglemen
e:

n-

is a quantum property, we therefore do not expect the ch
nels to teleport entanglement whenBm5J.

For nonzero temperatures, it is clear from Eq.~7! that
entanglement is lost in the teleportation, since the coeffic
of F is less than or equal to one, and the term independen
F is nonpositive. The interesting thing to note is that t
thermally entangled channels are still able to teleport so
quantum entanglement even at nonzero temperatures. In
der to transmit nonzero entanglement, we require
2-2
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coshbJ.
21F

3F
coshbBm

1A22F217F14

9F2
cosh2bBm1

112F

3F
,

~8!

and henceBm,J. The ‘‘critical’’ temperatureTcritical
(m,F) , be-

yond which no quantum entanglement is teleported, is th
fore dependent on the magnetic fieldBm and on F. The
right-hand side of Eq.~8! is strictly greater thanA2. This
shows that in order to teleport quantum entanglement, th
must be some nonzero critical value of minimum therm
entanglement. This minimum is not a constant but depe
on Bm and T for some fixedJ, in contrast to Ref.@3#. The
right-hand side of Eq.~8! increases asF→0. This, together
with Eq. ~7!, indicates that quantum entanglement in a le
entangled mixed state is more fragile to teleport. It dema
06231
e-
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l
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s
s

an even smallerTcritical
(m,F) for some fixedBm,J, that is,

exp(bJ)@exp(bBm).
In conclusion, we have established the condition un

which the quantum entanglement in a Werner state can
teleported via two separate, thermally entangled two-qu
HeisenbergXX chain. We also demonstrated that the fidel
@13# in our case is not a good indicator of the performance
these quantum channels. The two-qubit teleportation toge
with one-qubit unitary operations are sufficient to impleme
the universal gates for quantum computation@14#. It is hoped
that this paper would contribute to the gathering of pheno
enology in this direction.
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