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A relativistic version of the€consistent or decohergritistories approach to quantum theory is developed on
the basis of earlier work by Hartle, and used to discuss relativistic forms of the paradoxes of spherical wave
packet collapse, Bohm's formulation of the Einstein-Podolsky-Rosen paradox, and Hardy's paradox. It is
argued that wave function collapse is not needed for introducing probabilities into relativistic quantum me-
chanics, and in any case should never be thought of as a physical process. Alternative approaches to stochastic
time dependence can be used to construct a physical picture of the measurement process that is less misleading
than collapse models. In particular, one can employ a coarse-grained but fully quantum-mechanical description
in which particles move along trajectories, with behavior under Lorentz transformations the same as in clas-
sical relativistic physics, and detectors are triggered by particles reaching them along such trajectories. States
entangled between spacelike separate regions are also legitimate quantum descriptions, and can be consistently
handled by the formalism presented here. The paradoxes in question arise because of using modes of reasoning
which, while correct for classical physics, are inconsistent with the mathematical structure of quantum theory,
and are resolve(br tamed by using a proper quantum analysis. In particular, there is no need to invoke, nor
any evidence for, mysterious long-range superluminal influences, and thus no incompatibility, at least from this
source, between relativity theory and quantum mechanics.
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I. INTRODUCTION among then[2-12. The original EPR argumentl3] was
formulated without reference to relativity theory. However,
Three-quarters of a century after the establishment of itshe fact that quantum theory predicts violations of Bell's in-
basic principles the physical interpretation of nonrelativisticequality[14,15], together with the experimental vindication
qguantum theory remains a controversial subject. The mathef this prediction,[16,17] is nowadays often interpreted to
ematical structure of the theory, a suitable Hilbert space tomean that quantum mechanics is nonlocal in the sense that
gether with the unitary time evolution produced by Schro certain causes can produce immediate effects a (oragro-
inger’s equation, is universally accepted. The controversycopig distance away7,18]. This, of course, calls into ques-
has to do with the meaning to be assigned to a wave funcdion a basic principle of relativistic physics. In addition there
tion, the role of measurements, the significance of waveare other quantum paradoxes, somewhat analogous to EPR,
function collapse, the interpretation of macroscopic quantunin which Lorentz invariance is an explicit part of the con-
superpositionséSchralinger’s cat, a proper understanding of struction[6,19—21, and their existence suggests some con-
entangled states—such as in the famous Einstein-Podolskflict, or at least a certain tension, between quantum theory
Rosen(EPR) paradox—and similar topidsl]. While a fail-  and relativity.
ure to understand these matters has not prevented the appli- Most paradoxes of nonrelativistic quantum mechanics are
cation of quantum theory to an enormous range ofclosely linked to a single fundamental difficulty which the
phenomena, it does make the subject confusing and difficufounding fathers did not solve: introducing probabilities into
for students, and for professional physicists who want to apthe theory in a fully consistent way. Conventional textbook
ply quantum mechanics to a new domain, such as quantumpuantum theory, following the lead of von Neumd22] and
information. A good physical theory requires both a soundLondon and Bau€23], employs a deterministic unitary time
mathematical framework and a consistent physical interpredevelopment based upon Sctimger's equation, and then
tation, and the latter is not entirely satisfactory in currentassumes that emeasurementill, for some reason, have a
guantum mechanics textbooks. random outcome whose probability can be calculated, even
The situation does not improve upon going from nonrel-though its existence cannot be justified, using Sdimger’s
ativistic to relativistic quantum mechanics and field theory.wave function. Assigning measurements to this special role
The mathematics is more elegant and harder to follow, buin a fundamental theory seems rather odd, and generations of
the same conceptual difficulties relating the mathematics tgtudents have been just as perplexed by it as were their
physical reality remain; indeed, they are worse. Wave functeachers. To be sure, a bizarre idea that helps organize our
tion collapse, which is something of an embarrassment foexperience should not be rejected out of hand, and the algo-
the nonrelativistic theory, gives rise to serious conceptuatithm by which a wave function is used to calculate prob-
problems in the relativistic case, and there have been numeabilities of measurement outcomes has been extremely fruit-
ous discussions about this problem and how to deal with itful, with numerous results in very good agreement with
experiment. At the same time, the measurement approach has
given rise to an enormous set of conceptual headaches. In the
*Electronic address: rgrif@cmu.edu field of quantum foundations these are referred to collec-
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tively as themeasurement problegnand there has been very the present paper. While there is no need to list all of them,
little progress in solving therh24—24. In short, while in-  one in particular is worth mentioning: the problem mi-
voking measurements makes it possible to calculate prokerolocality, to be distinguishedor so we believefrom that
abilities which agree with experiment, in many other waysof the macrolocalityneeded for discussing the paradoxes just
this approach to a fundamental understanding of quanturmentioned. Microlocality is associated, at least intuitively,
theory causes more problems than it solves. with the idea that relativistic quantum particles cannot be
In the last two decades methods based upon the idea @fell localized in regions with linear dimensions which are
qguantum historiegconsistent or decoherent histojigsave  too small, nor precisely localized, in a sense which would
been used to introduce probabilities into quantum theory in gplease a mathematician, in any finite region. For example, to
consistent way without making any reference to measuretake the physicist’s point of view, it does not make sense to
ment, by treating quantum dynamics as an inherently stothink of an electron localized in a region smaller than its
chastic proces$27—-35. This allows measurements to be Compton wavelength. Microlocality comes up in Newton-
thought of not as something special, but as particular inWigner states and in Hegerfeldt's results on nonlocalization;
stances of quantum processes to which quantum theory asee[36—38 for some representative literature. The present
signs probabilities using the same laws which apply to allpaper contains no attempt to resolve the mysteries of mi-
other processes. The probabilities of measurement outcomesolocalization; instead the strategy, as[8)4], is to avoid
obtained in this way are identical with those computed usinghem by setting up relativistic quantum histories using a
the older approach, and thus in complete agreement withoarse-grained length scale: distances which, though not nec-
experiment. But in the new approach measurements are ressarily macroscopic, are always significantly larger than the
longer necessary for interpreting quantum theory, and as eelevant Compton or other length scale which might limit the
consequence the measurement problem disappears. This doedion of locality employed in Sec. Il B. The resulting for-
not mean that quantum mechanics reduces to classical physwlation can at best be a good approximation, but we believe
ics. Instead, its seeming oddities, when properly understoodt, is still sufficient for taming those paradoxes with which we
are seen to be the consequences of a perfectly consistesute concerned, for they involve quantum correlations which
mathematical and logical structure, applicable to both micro€an exist over length scales of centimeters or even, in the
scopic and macroscopic systems, which differs in crucial reease of light, meters or kilometers. Thus we take the attitude
spects from that of classical physics. In brief, quantum realthat the problems and paradoxes of macrolocality can be
ity is different from classical reality, just as relativistic reality separated from issues of relativistic microlocality. Should
differs from (prerelativisti¢ classical reality. this be false it would, needless to say, call into question the
Introducing probabilities in a consistent way without ap- main results of this papetNote that the histories approach
pealing to measurements makes it possible to resolve or #&as been applied to some microlocal problems by Gmne
leasttamethe paradoxes of nonrelativistic quantum theory,[39].)
as shown in detail in Chaps. 20 through 25[86]. The In order to make the present work self-contained, Sec. Il
notion of taming a paradox can be illustrated by reference t@ontains a summary of the essential ideas of the nonrelativ-
the well-known twin paradox of relativity theory. Intuitively istic histories approach as formulated[Bb], and a specific
it seems surprising that the astronaut who has been travelirexample is considered in Sec. Il D, to make the presentation
for many years at high speed returns to Earth biologicallya bit less abstrac{Here, and later, we omit the arguments
much younger than his stay-at-home twin brother. 8pie- needed to show that various families of histories are consis-
cial) relativity provides a consistent framework which allows tent or inconsistent, as they are not needed in order to follow
us to understand, in both mathematical and physical termshe presentation. A detailed discussion of consistency condi-
why this can be so. This explanation does not, and shoultlons and methods for checking them will be found in Chaps.
not, remove our surprise when we first encounter the differ10 and 11 of{35]; a more compact presentation is[i82].)
ence between the relativistic idea of time and the notion offhe formulation of relativistic histories presented in Sec. llI
absolute time that seems much closer to our everyday expésllows in the footsteps of earlier work by Har{lé0]. Most
rience. However, once we understand relativistic principleof the ideas are not new, but the way in which they are
the twin paradox is no longer a conceptual headache, apresented owes something to developments in the nonrelativ-
unsolved mystery that calls into question our understandingstic theory during the last decade. There is one important
of physical reality. Instead, it is a striking illustration of how difference between our approach and Hartle's. He employed
that reality differs from what we naively expected beforeregions with a finite extent in the time direction, whereas we
studying it more closely. use spacelike hypersurfaces which at each point in space are
The goal of the present paper is to apply the same apinstantaneous in time. Given that the present formulation is,
proach, probabilities not based on measurement, to relativiss explained in the previous paragraph, coarse grained in
tic versions of the nonrelativistic paradoxes which have beespace, there is no reason not to think of itl@mssome senge
successfully tamed by this method, in particular, to relativis-coarse grained in time, so the difference with Hartle’s formu-
tic versions of wave function collapse, the EPR paradox, antation may not be all that significant. There is other work
Hardy’s paradox. Before presenting a brief outline of the res{39,41 which has made use of relativistic histories and it is,
of the paper, it is worth noting that there are numerous conwe believe, consistent with the present formulation in so far
ceptual difficulties and paradoxes of relativistic quantum me-as they overlap.
chanics and quantum field theory which are not addressed in The discussion of relativistic paradoxes begins in Sec. IV
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with the collapse of the wave function of a single particlethe Hilbert space, nor is its negatiof,=—1/2 OorR S,
emitted in a spherical wave as the result of some nuclear _ 1/ 5 meaningful proposition(For more details, see

decay. This, or rather a one-dimensional analog which servgg3 3g) |n the histories approach two propositions which
to illustrate the main points, is treated in some detail, for ingtang in such a relationship are caliedompatible and the
resolving (or taming this paradox one employs most of the pagic strategy for avoiding the contradictions associated with
ideas needed to handle relativistic versions of the Einsteinyonrelativistic quantum paradoxes is to insist that all valid
Podolsky-RosenEPR paradox as formulated by Bohm, guantum descriptions consist of compatible entities: proper-
taken up in Sec. V, and a paradox due to Hardy, considered ifies histories, etc. In particular, properties corresponding to
Sec. VI. Studying these three paradoxes suffices, we bellevgubSpaces whose projectors do not commute with each other
to expose the basic principles needed to tame other pargre ajways incompatible.

doxes of the same general sort, the kind which tempt one to A quantumhistoryis a sequence of quantum properties at
think that the quantum world is inhabited by mysterious in-5 syccession of times, say

fluences which can propagate at superluminal speeds. One of

our main conclusions is that there are no such influences; o<t <t,<..-<t, 1)
belief in them seems to have arisen through confusion over

the proper rules for reasoning about the physical propertieand has the form

of quantum systems, that is, logical difficulties which are

essentially the same in both the nonrelativistic and the rela- Ye=PYOPUIOPIRO...OPY, 2)
tivistic theory, although relativity adds a few interesting 0 ! 2 f
twists. Counterfactual forms of relativistic paradoxes are @ . . .

strictly speaking, outside the scope of the present paper, be\f\fhere PiJ Is some projector representing a property of the

cause analyzing them requires a relativistic generalization cfYStem at the time; . The «; is a label which differentiates
the formulation of counterfactual reasoning [#2] and this projector from other projectors representing alternative

Chap. 19 of35], and this is not yet available. A concluding Properties which the system might possess at this time. The
Sec. VI provides a summary both of the principles of rela-collection of sucD_ projectors at tintg form adecomposition
tivistic histories in Sec. IIl and of the lessons learned througtPf the identity{P, 1}, or
exploring and taming the paradoxes in Secs. IV to VI.
=2 P, ©)
Il. NONRELATIVISTIC QUANTUM HISTORIES aj
A. Kinematics (The subscript on the identity operatacan be ignored in the
There are by now a number of treatments of the basi®onrelativistic case, but is needed for the relativistic gener-
principles of nonrelativistic quantum theory from a historiesalization) The composite labet=(ag,a1,a5, ...) onYin
perspectivg29,31-33. While these differ in some details, (2) identifies the history as a whole, and the collection of all
the basic strategy is the same; in what follows we use théistories of this sortfor a fixed decomposition of the iden-
notation in[35], where the reader will find a detailed discus- tity at each timgform asamples spacef histories. Note that
sion of various points which, of necessity, are treated in &he superscripts ifi2) and (3) are labels, not powers. This
summary fashion in the present discussion. usage need not cause any confusion, since the square of a
The histories approach starts with the idea, which goegrojector is the projector itself, and thus there is never any
back to von Neumann, Sec. Ill.5 2], that any property of need to raise it to some power. One often considers histories
a gquantum system at a given instant of time corresponds towith a fixed initial stateof the form
subspaceof the quantum Hilbert space, and the negation of
this property to the orthogonal complement of this subspace Y=P,OP{1OP?0 - - OP{", (4)
[43]. Equivalently, a property is represented by a projeBtor
(orthogonal projection operafoonto the subspace in ques-
tion, and its negation by the projectbr P, wherel is the
identity operator. Such properties cannot, in general, be co
bined with one another in the manner which is possible i
classical physics. For example, for a spin-half particle th
property that the component of angular momentum be posi-
tive, S,=+1/2 in units of #, corresponds to a one-
dimensional subspace in the Hilbert space, as does its coun-
terpartS,= + 1/2 for thex component of angular momentum.
In classical physics one would then be able to make sense of =~ ) _
the conjunction of these two propertieS;= +1/2 AND S, of histories, the tensor product_ ofr1 copies of the Hilbert
= +1/2. But in quantum theory this is not possible, at leastSPace of the system at a single tim@5]. The product
without altering the rules of logic as suggested by Birkhoff Y“Y* of two projectors of the fornt2) is zero ifa# a, that
and von Neumanf44]: S,=+1/2 AND S,=+1/2 is not a s, if a; is not equal toEj for somej. Projectors or{ of the
meaningful proposition, as it corresponds to no subspace iform

with ¥ a single projectofpossibly onto a pure statende-
endent ofa.

~ While the symbolsd in (2) and(4) can be regarded sim-
ly as spacers, equivalent to commas, it is actually conve-
ient to think of them as a variant of, the operator for a

tensor product, so that® is a projector on the Hilbert space

H=H,OH,OHy- - - OHs (5)
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dinger’s equation for a closed quantum system one can ob-
Y= m,Y°, (6)  tain a collection of unitaryime development operatorde-
“ noted here byT(t',t), where the timed’ andt serve as
labels. For a time-independent Hamiltonieinthese opera-

where eachr, is either 0 or 1, form @Boolean algebraof tors can be written as

history projectors, all of which commute with one another.

This Boolean algebra, or the sample space which generates Tt )=exg —i(t' —t)H/%]. (7)
it, is called afamily of histories, and in the histories approach
represents thevent algebréor a probability theory. Whether or notH depends on the time, as long as it is Her-

Whereas families of histories of the for(®) or (4), with mitian the time development operators satisfy the following
the projectors at any given time coming from a single de-conditions:
composition(3) of the identity, are the simplest kind to think

about, the histories formalism actually allows for much more T(tO=1, T )T, )=T("1),
general possibilities, see Chap. 14[86], which are some- , e e
times useful. Since including these more general families in T O)=T(t,t") =T (t,t) (8)

a relativistic theory gives rise to no new problems or issues , Y
the exposition below and in Secs. Ill and IV is restricted tofor all t, t’, andt”. _

the simpler type of family based d8). (A further generali- Given the t'T? development operatorsclaain operator
zation allowed by Isham’s formalism, projectors on the his-for the historyY“in (2) can be defined by writing its adjoint
tory spacg5) which cannot be written as a tensor product, agn the form

in (3), or as a sum of projectors which are themselves tensor o oo «

products, are excluded from the present discussion, and from KT(Ye)= Py T(to, )Py T(ty,t)
the relativistic generalization given below. Such histories
have yet to be given any physical interpretatjon.

In ordinary probability theory one assumes tha_t one an%here the projectors appear in the same order d9)irthe
only one of the mutually exclusive possibilities which makeoperatorK(Y“) is then a similar product with the operators

il occurs. Smiaty.  the Nistories approach to quani {1 1EVerse order,and the arguments of €6t iner-
tum theory, one supposes that one and only one of the hist(g:_hanged. Thaveightof a history is given by

ries whifh make up the sa”mple space actually takes place in W(Y®) = (K(Y?),K(Y?)), (10)

a given “experimental run.” In addition, if the history® for

a givena is the one which actually occurs, the successivewhere the operator inner produgh is defined by

projectors in(2) are thought of as representing actual states

of affairs at the times in question. Thus the histories ap- (A,B)=Tr(A™B), (11
proach, unlike textbook quantum theory, does not confine its

physica| interpretaﬂon to measurements or the results (ﬂssuming the trace exists. In the case of a famlly of histories
measurements. Instead, measurements are physical procesi§¥@lving just two timest, andt;, with an initial state ¢) at

to be analyzed in the same way as all other physical proto and a decomposition of the identity corresponding to an
cesses, by constructing appropriate histories of the totdrthonormal basi$s) att,, the weights are given by
guantum system including the measuring apparatus. This ap- N )

paratus must be treated as a quantum mechanical system, W(W,OPT) = T(ty,to)| 4], (12)
since the histories interpretation insists that everything be N o/ e ,

discussed in quantum terms without introducing classical elVhere Wo=[y)(y| and P*=|¢") (4. In this case the
ementsexcept as approximations to quantum thgohy this weights correspond to the usual Born tran3|t|or_1 prpbab|I|t|es,
way the histories approach eliminates paradoxical elemen@d thus(10) can be thought of as a generalization of the
of nonrelativistic quantum theory which arise out of treating 50" rule to the case of histories involving an arbitrary num-

measurement as a fundamental concept. ber of times. o , _
The weights defined i10) can be combined with what-

ever initial information one has about the quantum system in
order to assign probabilities to the various histories, in the
The time development of a quantum system, in the histosame manner as for a classical stochastic process; see Chap.
ries perspective, is fundamentally a random or stochasti@ in [35]. Thus, in particular, if the system is known to have
process, and the deterministic, time-dependent ®ihger  been in the initial staté¢y), the weight in(12) gives the
equation is used as a tool to calculate the probabilities oprobabilities for the historyW (© P73 or, equivalently, the
different histories(To be sure, the theory allows for deter- probability that the quantum system will be in the staté)
ministic histories in which later events follow with probabil- att,, given that it was in the stafe)) att,.
ity one from some initial condition. But such “unitary” his- When three or more times are involved, the histories ap-
tories are exceptional cases; most histories which are géroach imposes additional conditions. In order that a family
interest in connection with actual laboratory experiments ar®f histories be acceptable as a possible stochastic description
not of this form) As is well know, by integrating Schro of a closed quantum system, so that one can assign probabili-

XP32T(tp,tg) - - T(te_q,t0) PYT, ©)

B. Dynamics
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ties to the different histories, the chain operators of the form C. Refinement and compatibility

(2) must bemutually orthogonal Let 7 be a family of histories based upon decompositions

_ _ of the identity of the form(3) at a set of times given bgl).
(K(Y*),K(Y"))=0 fora#a, (13 We shall say that a second familyis arefinemenof F (or
Fis acoarseningf G) provided two conditions are satisfied.
where(,) is the operator inner produ¢il). These are the C1. The collection of times at whidfi is defined includes
consistency conditionsr decoherence conditiongnd the  all those at whichF is defined, and perhaps some additional
left side of (13) is often referred to as decoherence func- times.
tional. [Various alternative consistency conditions have been 2. At each of the times for whici is definedG is based
proposed from time to time; the one encountered most oftef}, o, the same decomposition of the identByasF, or else
is that in which the real part_of th(_a operator inner prm_juct inupon afiner decomposition of the identity, one in which at
(17) rather than the product itself is set equal Afamily 056t one, and possibly more, of the projectors in the original
grr?iIIStg??rer:évaoTLCR(jrfe),-;iﬁagslﬁsd |s.c?lled ?onS|stetnt decomposition has been replaced by two or more projectors
yor . inINgIut description of a quantum e gym up to the projector which has been replaced.
system in physical terms is always based upon some frame- These two conditions can be collapsed into a single con-

work. e . .
The weightsW and the consistency conditions can also bedltlon if one uses the following idea. A history of the form

expressed in terms of Heisenberg projectors and chain operéz—) specifigs certain propgrties at the times giver@m and
tors, defined in the following way. Let be somereference ~ S2Ys nothing about what is happening at any other time. Now

time; its value is unimportant as long as it is held fixed. Then®N€ can “extend” the history2) to additional times without
for each projector entering a history of the fofd, let the ~ changing its physical meaning if the identitys used as a

corresponding Heisenberg projector be defined by projecto_r fo.r each added time becauseprgsents the prop-
erty which is always true, and therefore its occurrence tells

us nothing we did not already know. Given two families of

PUI=T(t, t)PIIT(Y ). (14 nhistories which are not initially defined at the same set of
times, we can always extend the histories in the manner just
The corresponding Heisenberg chain operator is indicated so that we have equivalent families defined at a

larger set of times, which are now the same for both families.
- A oA aq A - If we allow for such an “automatic extension,” thahis a
tyay= prop*pe2 af !
KIY) =P 1Py - P, 19 refinement ofF if and only if at each time where the histo-
ries in both families(of extended historigsare defined, the
which is(formally) simpler than(9) in that time development decomposition of the identity fof is the same or finer than
operators do not appear on the right side. It is then easy tthat for 7. Note that according to this definition, a famify

check that(10) and (13) are equivalent to is always a refinement of itself. Also note that a refinentgnt
of a consistent family7 may or may not be consistent.
W(Ya):<R(Ya),R(Ya)>1 (16) Two frameworksF and 7' are said to beompatiblepro-

vided they possess eommon refinemenwhich is itself a
. o o consistent family or framework. That is, there must be some
(K(Y"),K(Y*))=0 for a#a. (17)  family G which is both a refinement of and a refinement of
F', and which satisfies the consistency conditions. Since ac-
Note that the operators on the right-hand sidg1&) do  cording to the definition given above, a family is always
not (in general commute with each other, and hence the(formally) a refinement of itselfg could beF or 7. Indeed,
order is important. Interchanging this order by using, forif one framework is a refinement of another, the two are
example,P2°P32P¢ in place of PLOPU1PS2 for a history compatible. Frameworks which are not compatible are called
based on the three timeg<t,<t, will (in general change incompatible There are two sllghtly'd|fferent ways in which
the value of the weight ir{16). Thus keeping track of the two_frameworks can be mcompatlble. The f|r_st is that, as
efamllles, they have no common refinement: this means that

temporal order of events is important if one wants to hav  least fthe ti fint tthe two d ” ¢
physically meaningful results. On the other hand, writing thedt '€ast one ot the times of interest the two decompositions o

projectors on the right-hand side ¢f5) in reverse order, the identity contain projectors which do not commute with

L Aoy 2 ap . each other. One might call this “kinematical incompatibil-
with Pt at the left andP,” at the right, merely replaces jy » gyt even if a common refinement exists, it need not

KT(Y®) with its adjoint K(Y?), and this does not alter satisfy the consistency conditions, leading to “dynamical in-
W(Y“) nor, if the change is made fall the histories in a compatibility.”

family, does it alter the consistency conditiofis). Conse- A central principle of histories quantum theory is the
guently, the histories interpretation is invariant under a reversingle framework ruléor single family, or single set rulea

sal of the direction of timeg.Note that this is quite a different quantum description must be constructed using a single con-
issue from time-reversal invariance of the Hamiltonian,sistent family, and results from two or more incompatible
which manifests itself in properties of the unitary operatorsframeworks cannot be combined. This is an extension to his-
T(t',1).] tories of the principle illustrated at the beginning of Sec. Il A
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using thex and z components of angular momentum of a history has zero weight or zero probability, apart from
spin-half particle, and in the case of kinematic incompatibil-z*©z*©z*©®- - ., which has probability one. In this ex-
ity can be justified on precisely the same basis: the mathample, and in many of those we will consider later, most
ematics of the Hilbert space structure of quantum theory ahistories have zero weight and only a few occur with prob-
interpreted by von Neumann requires, if one takes it seriability greater than zero. In such cases it is convenient to
ously as representing physical reality, some changes in themploy a shorthand in which rather than listing all possible
way one thinks about that reality. Incompatibility in this histories, as in19), one shows only those that have positive
sense is a quantum concept that does not arise in classigalobability, thesupportof the consistent family. In this short-
physics, and thus there is no good classical analogy for theand(19) is replaced with
single framework rule. Many paradoxes of nonrelativistic
quantum theory involve some violation of the single frame- Fo: 2702'0Z270- -, (20)
work rule (see the discussion in Chaps. 20 to 25%38]), and ) ) ) )
the histories approach avoids these paradoxes by strictly e@nd there is no harmin referring to it as the “framewdry
forcing this rule, which plays an equally important role in in place of the more precise “support df.” (While dis-
relativistic quantum theory. playing the support is usually adequate for indicating the
To complete this discussion, we note that when one uségMily one has in mind, it does not always determine unam-
absent from the fundamental principles of quantum theory. IPN€ has to be more specific about which histories of zero
one treats quantum mechanics as a stochastic theory, thégight are to included in the familyin the remainder of this
various physical consequences can be worked out by usin@Per We_W|II use _thls sho_rthan_d without further co_mment.
the standard tools of probability theory, in particular, by  The unitary family (20) in which each of the projectors
computing appropriate conditional probabilities. For ex-(in the suppoitis equal to its predecessor under the unitary
ample, suppose that a measurement has a probability 1/3 f8ap produced by the time development operator is a rather
turn out one way, the apparatus pointer directed to the lefSPecial sort of quantum description. In practice one usually
and 2/3 to turn out a different way, the pointer directed to thedeals withstochasticrameworks, such as
right. If the experiment is carried out and at the end the e
pointer points to the left, then probability theory allows one F 70 X" OXTOXTO- -, 21)
to calculate various probabilities using “pointer points to the L X OX Ox ©---,
left” as a condition Wave function collapse as seen from a
histories perspective provides a wéspmetimes, but not al- wherex™ andx™ are projectors on the stat&€s= +1/2. The
ways, a useful wayto calculate certain conditional prob- support of this consistent family consists of two histories,
abilities which can also be computed by alternative methodsoth having the same initial state, and each occurring with
In particular, wave function collapse is not a mysteriousthe probability of 1/2. In the first histor$,= + 1/2 att, and
physical phenomenon produced by an equally mysteriouS,= +1/2 att, and all later times. It is somewhat misleading
measurement process. One should think of it as somethinig think of this history as one in which “the spin is pointing
which occurs in the theoretical physicist’'s notebook, not inin the z direction” at ty and “the spin is pointing in the
the experimental physicist’s laboratofin addition, we shall  direction” att; and later times, for this suggests that there is
sometimes use the term “collapse” in a metaphorical senssome torque acting betweégp andt; to make the spin pre-
to indicate the point at which a family of histories branches,cess, whereas we are assuming there is no magnetic field
as in(43).] present, and therefore no torque. Instead, the difference be-
tween Fy and F; is that in the former one has chosen to
D. Example using spin half describe the component, and in the latter tixecomponent,

It is helpful to see how the formalism described aboveOf spin angular momentum at imes |ater ttgnA descrip-

applies to a particular simple example, that of the spin degregOn of a classical spinning object which specifies one com-

of freedom of a spin-half particle in zero magnetic field, soggge:tai:fgié to(f:c;tni a(l)r:]geunlflrsrgom:? gjrlgtg: gr?]:?:l'lzrot:]rge
T(t',t)=1, the identity operator. Suppose that the initial P » S&%,

state att, is |2*) corresponding t&,= + 1/2 in units off, nothing about the direction of the total angular momentum at

and that at later times we use a decomposition of the identitﬁ:tehgijsms;nagsséhIvsvri&"zlffrl’gl d%neﬂ?gt);n%l;h;ﬂ;né grpout

l=z"+z", (18 Sy is zero. o _ .
In F; the two histories “split,” or diverge from each
wherez™' is the projectoﬂz+><z+|, andz™ the projector for other, aftt,, but there are other frameworks in which this Sp“t

S,=— 1/2. Histories of the fornt4) based on the initial state Occurs later, such as

z* then form a family L
- +®x®x O, -
Fo: 270{z",27}0{z",27}O- - -, (19 F2r 2702 X OX O, (22)
in which each history begins with", followed at later times  where it occurs at,. In view of the remarks in the previous
by one of the possibilitieg™ or z~. BecauseT=1, every paragraph, it is evident that the presence as well as the tim-
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ing of such a split—one could also call it a “collapse”™—is omitting the ® between the projectors”™ and X onto the

not some sort of physical effect. Instead, it arises from thestates|z*) and |X) does not lead to any ambiguity. The
possibility of constructing various different, incompatiltile  projectorS projects onto the state

the quantum sengstochastic descriptions of the same quan-

tum system starting in the same initial state. This does 1S)=(|x )XY +|x)X))2, (26)
mean that one of these descriptions is correct and the others

false, but rather that there is no way of combining them intowhich, since the apparatus is of macroscopic size, nsa-

a single description. This is obvious in the caseFpfandF, ~ roscopic quantum superpositidiQS) or Schralinger cat
because at; the former assigns a value & and the latter a  State. As a consequend®,, even though a perfectly correct
value t0S,, whereas the Hilbert space does not allow simul-quantum description of the time development, is not of much
taneous values of two different components of spin angula¢se for discussing the measurement process in physical
momentum. In the same way, bafy and %, are incompat-  {€rms. The reason is th&does not commute with either of
ible with .. The choice of which family to use in a particu- the projectorsX™ or X describing the possible measure-
lar circumstance is made by the physicist on the basis offent outcomes, so if one uses the description provideG,by
what aspects of the time development he wants to discuss. ifiS meaningless to ascribe a position to the pointer after the
it is S, att,, then either, or F; can be used, but nof,, ~ Measurement has taken place.

whereas neithef, nor F; can be used to descrit® at t,. Of greater utility is the framework

Also note that once a split or collapse of the kind one finds in . Ut~

JF; or F, has occurred, it cannot be undone by, for example, G V0 XTXOXTXTOXTXTO- -, 27)
replacingx™ with z* at t5 in both histories in(22) [or in PO X XOX XTOX X0 -,

(21)]. Such a family would violate the consistency condi-

tions, and hence not be a meaningful stochastic descriptiowhich is the measurement counterpart/gfin (21). In this

of the time development of this quantum system. family the apparatus is in its ready staeand the particle is
One can extend this example to include measurement§) one of the two stateS,= = 1/2 att;. At t, and later times

Let |X) represent the initial state of an apparatus designed téhe stateX™ of the apparatus reflects the earlier state of the

measureS,, and suppose that during the time interval from particle, as one would expect givé23). From the measure-

t, to t, the total system of particle plus apparatus undergoe§ient outcomeX™ at any time aftet,, one can infeXcondi-

a unitary time evolution given by tional probability equal to Jlthat S,= + 1/2 both before and
after the measurement; similarly~ implies S,=—1/2 at
IxHY® [X)—[x )& X, earlier as well as later times.
The measurement counterpart8f is the framework
[xT)@[X)—[x")e|X7). (23 xPXOXTXTO- -,
Go: PoOZ"XO (28

Before and after this time both particle and apparatus remain X XOXXTO- -

unchanged(One can imagine that the particle passes throug
the apparatus betwedn andt,, but that for simplicity we
have omitted the center of mass motion of the particle fro
our description. It is helpful to think of|[X™) and|X™) as

rI"t corresponds fairly closely to the traditional “collapse” pic-
ture of the measurement process found in textbooks, since
"bne has unitary time development until the particle interacts
. with the apparatus, after which the particle stateor x~, is

" e : o ESpondifGrejated with the measurement outcome skafeor X~
to two positions of a visible pointer. This is an oversimplified However,G, is only one of a collection of equally valid but

but not misleading description of a quantum measurement. . d - :
- . utually incompatible ways of using quantum mechanics to
see Sec. 17.4 dB5] for a more realistic approackiTypical y P y 94

.describe the measuring process. From the point of view of
laboratory measurements or quantum systems are desnuc“ﬁ?ndamental quantum theory there is no reason to p@fer

in the_sense that the measured property is_ sig_nificantly alt' the unitary familyG,. To be sure, the latter cannot be used
tered in the measurement process. The histories approagh o< ribe the measurement outcome. for. as pointed out

handles these wnhqut difficulty, see Chap. 17[35].’ but earlier, S does not commute witliK™ or X~. Thus from a

.(23) IS a nondestructwg model of measurement, which makefﬁractical point of viewg, is more useful thag,. But there is

it efstleurstgut;)Oprggsrti;‘t"g ttrT: g;:qzlir:z)(;tts)?/gfer?]pg%a;hétate no reason to prefeg, to G;, andg; has the advantage that it

zt®X, i.e.,S,=+ 1/2 for the particle, and the apparatus is in allows one to think of the measurement E)rocess asea-

its “ready” state. One possible framework is that of unitary sur_ementln the usua! sense of that term: a procedure by

1{. luti f the total e which the macroscopic outcome reflects a property the mea-

Ime evolution ot the total system: sured system hatbefore the measurement takes place. In
practice, most measurements on microscopic quantum sys-

Go: WoOZ'XOSOSO- -, (24 tems carried out in the laboratory can best be thought of
using a viewpoint akin to that @,: a gamma ray is detected
where the initial state is by destroying it, the momentum of a charged particles
emerging from a collision vertex is measured by changing it
v,=z"X; (25 in a magnetic field, etdIn these case&3) is not an appro-
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t duce Heisenberg projectors on the Hilbert spéteof a
s3] special reference hypersurfacéor hyperplang S,. As we
,\\ shall ascribe nophysical significance to the Heisenberg
S2 projectors—they are only introduced as a convenience for
— mathematical calculations—the relationship betw&emand
St \ the collection{S;} is arbitrary; in particulaS, may intersect
So /_\ the other hypersurfaces, or it could be identical to one of

0 . ;
= < ¢ them. By means of the unitary time development operators

T;, mappingH, to the other Hilbert spaces we define the
FIG. 1. A possible collection of time-ordered spacelike hyper-Heisenberg operator

surfaces. A
. . PYI=T,PIT; . 30
priate model, because the measurements are destructive, but j e (30
the histories approach handles these equally well, Chap. lgorresponding to the project@” . Heisenberg chain opera-

of [35], and shows that the measurement outcomes are cof- ) i )
to itself are then defined as a product of

related with quantum states which existed before the medO'S Mappingr, ) .
surement interactioh.Descriptions analogous tg, play  Heisenberg projectords), and the weights and consistency

very little role in physics apart from their appearance in text_condltlons are expressed in terms of these chain operators

book lists of quantum axioms where they have confused gert!Sind (16) and (17), with an appropriate definition of the
erations of students, not because they are wrong, but becay@gerator inner produgt,). o

the corresponding “wave function collapse” has been misin- _Defining(,) in terms of the trace, as ifL1), is only sat-
terpreted as a physical phenomenon, rather than just one Bffactory if the trace exists, which need not be the case, since
many ways of describing quantum time development. Recti/tr IS infinite. There is no problem if all the histories we are
fying that misinterpretation is, as we shall see, the key tdnterested in are of the forrt#) with W a pure initial state

untangling several relativistic quantum paradoxes. or a projector onto a finite subspace’ej. Alternatively, one
can introduce a density operateg (with unit trace on H,,
lll. RELATIVISTIC QUANTUM HISTORIES define its Heisenberg counterpartT;opoTo; as in (30),
and replace the operator inner prodggt in (16) and (17)
A. Kinematics and dynamics with

A plausible generalization of the histories approach de-
scribed in Sec. Il can be carried out in the following way.

Introduce a collection{S;}, j=0,1,3 ..., of smooth, infi- (In this case it is best to regajil as a pre-probability; see

nite, nonintersecting three-dimensional spacelike hypersu )
faces, as suggested by the diagram in Fig. 1. They do no%ec' 15.2 0f35],) Of course, any othek; could be used in

have to be “flat” hyperplanes, but the requirement that noplace OfH,, but physicists typically tend to employ an initial

two surfaces intersect means that if two or more hyperplane(éOndltlon (we live in a thermodynamically irreversible

belong to the collection, they must be parallel. As they do noyvorld_)_. Givena f_amily of_histc_Jries satisf_ying_ the Consistency
intersect, the hypersurfaces can be ordered in time, and V\%O”d't'ons(ln' Its phys_lc_al_ interpretation is precisely '_[he
assume thas; is earlier tharsS, . ;, with S, the earliest hy- same as in the nonrelativistic case: one and only one history

persurface(These spacelike surfaces have no thickness irt‘i?elonglng o the T"?‘F“"y actqally_occurs in any given situa-
the time direction, unlike the open regions in space-time emyor.]' The probabilities of h.'StO”es are determ!ned by the
ployed by HartIe[ALO] Blencowe[41], and in algebraic quan- weights and whatever constitutes one’s information about the
tum field theory[46]. This is consistent with our decision, initial state or experimental setup; see, e.g., Sec. 9[Bf

Sec. |, to ignore problems of microlocality. Should it be nec- Se'?gerfgf;g”;z Ws't:eﬁ]viggs tgnae:egr(]jlgar ;gé zftosrgzgetl:)k(tahe
essary for technical mathematical reasons to introduce gyp u y u

small but finite thickness or duration in the time direction,](,xiInt\'lcilrj]ouS trlrr1nn? trr]?jer(]:}orlebs fﬁml'“frl "3 CI?SS'C:;I tﬁ)]hyilci’r tlhe
that should not alter our conclusiops. oflowing co ents may be nefpiul. Just as e honreta-

Next assume that for each hypersurfhere is a Hil- }:V(I:St—lcit(:izsae@; ese tggs(ijtljg liisilr?t?o%furceglrz:cri]gitiaz)grgy;:esliig
bert spacé; with identity operatod ; . Given a decomposi- ys p . P
. [ : ] ! e hypersurfaces betwedpor before or afterthose in the col-
tion (3) of I; in projectors, one can define histories of the

form (2) on the history Hilbert spac€5). The dynamical Iectlon_ (S}, a_lnd ext_end h'S‘O'_”eS of t_he forl@), W'thou'F .

laws can be expressed using a collection of time develo changing their physu:_a_ll meaning, by mtroduu_ng the rivial
ment operatorgT;}, whereT, is a unitary mapbijective event| on these additional hypersurfaces. This shows that
isometry from 74, onto; , the analog of the nonrelativistic defining histories on a finite collection of hypersurfaces does

i ) not imply that the world ceases to exist at intermediate
T(t;,t). The conditions analogous (6) are, obviously, space-time points, it simply means that these histories con-

To=l, TiToe=Tu, Th=Ty. (29) tain no information about what is happening elsewhere than
Wt T e Tike ke T on these hypersurfaces. Think of being outside on a dark

At this point one could introduce chain operators of thenight during a thunderstorm, when flashes of lightening illu-
form (9), but for our purposes it is more convenient to intro- minate the landscape at certain times, but nothing can be

(A,B),=Tr(pAB). (31)
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i i conditions applicable directly to the collecti¢R;}, but re-
.53 R; . ... |R; quiring that they be embeddable in a time ordered collection
[P K I of infinite hypersurfaces is a fairly simply and intuitive way
8 N L TN Ry to proceed.
L T The lowbrow way to think of a propertl; as local to or
Sl R, 2 localized inR; is to imagine that the Hilbert spad¢; asso-
S & S % R ciated withS; is a tensor produck(|®H, with | associ-
- e T e z ated withR; and?—[iS associated with the complement i8f
(2) o (b) in ;. Then suppose that on this tensor prodagtis of the

FIG. 2. (a) Finite regionsR;, possibly consisting of more than form Pj@I1}, with I} the |dent|t)_/ on™ ;. ThusPj, an op- _
one connected piece, belonging to infinite spacelike hypersurfacegrator on’{;, tells one something about the state of affairs
(b) An alternative way of embedding the same finite regions ininside R;, while I]-s is totally uninformative about what is
spacelike hypersurfaces. going on elsewhere. Note that the usual physicists’ conven-

_ o tion allows the same symb@; to represenP] or P{®17,
seen in the intervening intervals. In the nonrelativistic cas&vithout (much risk of confusion, and we shall make use of
one can, to be sure, produce histories which are described hlis liberty. The highbrow way of thinking about a localized
nontrivial (not equal td) projectors at all times, thus “filling  property requires dealing seriously with the microlocality
in the gaps” in(2); one method of doing this is discussed in problem, see Sec. I, and is outside the scope of the present
Sec. 11.7 of35]. However, different ways of filling the gaps paper. IfR; can be embedded in two different spacelike hy-
lead to incompatible families, and since there is no limit tOpersurfacesSj and S/, then the same local event will be
the number of times which enter a discrete history of theepresented by two different projectors in the Hilbert spaces
form (2), there is really no need to fill the gaps from the 7/ and /. We shall make the plausible assumption that
point of view of providing an adequate physical description.ihase twoj projectors lead to one and the same Heisenberg
The same comment applies in the relativistic case, at least fcb”rojector when mapped Vié80) to the reference spack,

the purposes of the present paper. L using the appropriate time development operaffyis and
Just as in Sec. I, a family of histories satisfying the con-+,

sistency conditions will be called aonsistent familyor
framework A refinementF of a frameworkF must include

among its hypersurfacelsS} all the hypersurfaces associ- ¢ mationsT,, is local in the sense that whenewRr andR,
ated with 7, and on the latter the decomposition of the iden-4 e 1o redions which are spacelike separe(tie;@., each
tity used in" must be a reﬂnem,ent of the one usedAnin  int jn R, is at a positive spacelike separation from each
order for |t_t'o be a frameworkF" must safusfy thg consis- point inR,), andP; andQ, are projectors referring to physi-
tency cqndltlong. Two frameworkg andg will be said tp be g events(or propertie in R; and Ry, respectively, the
compatible provided they possess a common ref'nemen[':orresponding Heisenberg operators commute:

which is itself a framework; otherwise they @aneompatible

This is the same definition employed in the nonrelativistic ﬁ)'Qk:Qkﬁ)'- (32)
case. Thesingle framework rulés also the same as for non- ' J
relativistic quantum theory: quantum descriptions must al-

ways be constructed using a single framework. If two frame-1 NS iS often referred to as the principle of causdl#§]. For

works are not identical but are compatible, a commorP!' analysis it has the important consequence that in cases in

description can be constructed using their common refing/Nich more than one time ordering is possible for a collec-

ment. However, descriptions corresponding to incompatibldion Of regions{R;}, because some of the regions are space-
frameworks cannot be combined. like with respect to each other—for exampk, andR; in

Fig. 2—these different time orderings will give rise to the
same chain operatofd5), since the corresponding Heisen-
berg operators commute with each other.

For discussing macrolocality and quantum paradoxes we Suppose thaR; consists of two or more disconnected
shall want to consider spacelike regioRs of finite extent,  subregions, e.gR; in Fig. 2(a). We shall say that a projector
see Fig. 2a), each consisting of one or else a small numberP; which is local toR; is in additionlocalized with respect to
of connected pieces belonging to a spacelike hypersurfadese subregioni§it is a product of projectors, ongoossibly
S; , with each piece of “macroscopic” size, much larger thanthe identity for each subregion, i.e., local to this subregion.
a Compton wavelength, with “reasonablég.g., piecewise OtherwiseP; is entangledwith respect to these subregions.
smooth) boundaries—imagine a sphere or a culdduch of  The distinction is important, because, as we shall see later,
the following discussion is valid iR; is an infinite piece of one may wish to embed the subregions in distinct noninter-
S;, but we shall be interested in cases in which it is finite. secting hypersurfaces, as in Fighp which are part of a
By making eactR; part of someS;, with the collection{S;} time-ordered collection. IP; is localized, this construction
satisfying the conditions given in Sec. lll A, we ensure that itcauses no difficulty, because each of the factors making up
is possible to impose a well-defingine orderingon these P is itself a local projector on the corresponding subregion,
finite regions. One could also do this by working out a set ofand the physical interpretation of this projector does not de-

ry -
Next we make the very important assumption that the
dynamics embodied in the collection of unitary time trans-

B. Local regions and properties
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pend on the hypersurface in which the subregion is embed- plej= pYLT. (36)
ded. But if P; is entangled, one cannot change the embed- ! SR
dmg by placing Fhe _su_breglor(at least those among Wh.'Ch It is then easy to show that the weights calculated using the
;i 1S er:jtgfngle?j |ndd|st|nct:tlrlypersurfac?s V‘t’.'thou; V'?'?t'.n?. chain operator¢15) for such histories inC’ are the same as

1€ condition, Tundamental 1o our construction of relativistiCy, o;, counterparts irC, and the consistency conditio&7)
histories, that each projector representing a single event in Rold in £’ if and only if they hold inZ, using the operator

history be associated with a particular hypersurface in fnner product defined iL1). or the one in31), providedsp

tlme-ordere_d collection of such surfaces. Th_|s dlfferen(_:e .b.ei's replaced by a suitable’. Thus the descriptions in the two
tween localized and entangled projectors will play a signifi-

cant role in the later discussion of quantum paradoxes Lorentz frames are physically equivalent to each other. A
q P ) final point has to do with locality and the conditi¢82) for

o Heisenberg operators associated with regions which are
C. Lorentz invariance spacelike separated from each other. All one needs to note is
Lorentz invariance requires that the “laws of physics” be that regions which are spacelike separated in one Lorentz
the same in every Lorentz frame. In the preceding analysiffame are also spacelike separated in any other, and the trans-
the whole discussion has been carried out for a single Lorformation rules in(36) ensure thaﬁij is identical to@kﬁ’j
entz frame; let us call i€. What should we expect if we use ¢ gnqg only if ﬁij{( is the same aé}&ﬁj’ .
a different Lorentz frame’, thought of as a different choice 14 pe sure, all the difficulties of Lorentz invariance have

for a coordinate system? been “buried” in the assumption that appropriate transforma-
Each spacelike hypersurfa& should be thought of as jong | ; exist, and that the unitary time transformations sat-

consisting of a definite collection of space-time points WhIChiSfy (34), whatever inertial frame’ is employed. This, how-

is unchanged when the new coordinate syst&nis adopted.  gyer is as it should be: the present paper is not devoted to the

All that happens is that the quartet of numbers(t,x,y.z) gifficult task of constructing a Lorentz-invariant relativistic

representing a particular space-time point is replaced by gheory. Instead, its purpose is to show how various quantum

new quartetr = (t’,x’,y’,z"). The symbolSj can be used paradoxes are to be resolved, by the appropriate use of his-

to denote the same collection of space-time point§jadut  tories, within the framework of such a theory, assuming it

relabeled using the new coordinates. Ifdrthe hypersurface exists.

S; is specified by an equation

t=7(xY.2), (33) IV. WAVE FUNCTION COLLAPSE

then in £’ the same hypersurface, denoted &y, will be A. Intraduction

specified in the same manner, by settihgequal to a differ- Imagine a particle emitted in a nuclear decay, moving

ent function7/(x',y’,z’). outwards as a spherical wave packet. When detected by a
Let us assume that there are well-defined rules based upélgtector some distance away, its wave function, according to

the functionr for assigning a Hilbert; to the surfaces; textbook quantum theory, collapses instantaneously to zero

and that these rules do not depend upon the Lorentz fram@verywhere outside the detector, since that is where the par-

Of course they will assign a different Hilbert spa]d¢ to ij ticle. is now located. This collapse helps explain why the
becauser’ is not the same function as However, we can Particle cannot be detected later by a second detector located

expect that{] is related to}; by a unitary map(bijective furltlher frﬁm tthe g{i%inal deca;]y. _B_Utt the notion otfhsuchl_a t
somet) L wich caries some) n 7, onto ) i COIS6SE Has roubled many physicte ever sce e eares
representing the same physical property. Next assume thgfy g o : ling ' 9
. f . . . other things, what is instantaneous in one Lorentz frame is
the unitary time transformatiom;, mappingS, to S; is de- . . .
: ; . ) . ! not instantaneous in another, and therefore in some Lorentz
termined in a unique way by the two functionsand 7y, by

rules which do not depend upon the Lorentz frame OnCé‘rames the collapse will travel faster than the speed of light,

h functi . In th . or even backwards in time, placing the effect earlier than the
ese functions are given. In the same W-BJ'S(’ mappings cause. In addition, if after a suitable time the detectorrwis

to Sj will be determined by the functions; and 7. The  jetected the particle, the probability increases that the par-
Lorentz invariance of the dynamics is then expressed by thgcje will be detected by another detector located further
requirement away, unless this second detector is shadowed by the first, so
T LTt (34) even nondetection can altécollapse? the particle’s wave
ki kK function. (This has led to the rather confusing idea of an

for every pairj andk. “interaction-free” measurement; sgd9] and pp. 495ff of

A history embodying the same physical events ag2n [48].)

will, when expressed using the Hilbert spadéj’s be of the In order to focus on essentials and simplify the discussion
i ’ of how a histories approach resolvies tame$ these prob-

form lems, it is useful to consider the analogous situation in one
Y ¢=P(*OP|1OP,*20 - - - OP; 1, (35) spatial dimension, as shown in Fig. 3, where the wave func-
tion of the particlegloneparticle, not twg is given by a linear
with superposition
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¢p(t;) are well inside one of the intervals and not on the
A _j\ boundary between two of them. This way the family
|$a) | )

FIG. 3. Wave packets representing a single particle, moving left
and right from a sourc& towards detectoré and B.

Fii Yt O{PYBO{PLAO{PLRO- -+ (40)

will be consistent, and its support contains just two histories,

()= da(1)) +]bp(t)]/ V2 (37 PHOPZOPYO. ..,
. Fii P(t0)O) b by b

of two wave packets moving outwards from a central source PIOP2OPFO- -,
Stowards two detector8 andB, with A closer toS thanB.
If A detects the particle, then at that instant of titaecord-  with equal weight. The first history says that as time in-
ing to the collapse idgdheb part of the wave packet i87)  creases the particle is in a series of intervalsa,, . ..
vanishes, whereas A doesnot detect the particle, the super- falling along the dashed lina in Fig. 4@a), and the second
position(37) is to be instantly replaced Hyp,(t)). Figure 3 that it is in a series of intervals falling alotig Thus they are
is only schematic; we are interested in situations in which theoarse-grained quantum descriptions that approximate clas-
distances separating source and detectors are very mugftal trajectories. The two histories are mutually exclusive
larger than the widths of the wave packets, perhaps larggossibilities: either the first occurs, so the particle follows
enough that it takes light a significant amount of time totrajectorya, or the second, so the particle follovss The

(41)

travel fromSto A or B [50]. particle cannot follow both trajectories, or hop from one to
the other. If at timd,, it is, say, in the intervad,, then earlier
B. Without detectors it was ina,, and later it will be inas.

As in Sec. II D, it is helpful to begin our analysis by The families7o andfl are incompatible, becauﬁ?al and
considering a situation in which there are no detectors®;’ do not commute with(t;), as follows from(37) and
present. The dashed lines in Figa¥represent the centers of

the wave packetsp,(t)) and|¢,(t)) in the Lorentz frameC Pf‘i| P(t))=| ¢>a(tj)>/\/§,
where their velocities are equal and opposite. Unitary time
devel t th dstoaf ith t j
evelopment then corresponds to a famfly with suppor P?J|‘//(tj)>:|¢b(tj)>/\/§- (42)

(as defined in Sec. Il Pconsisting of the single history

Fo: () Q(t)Oeh(ty)O- -, (38)  To suppose that df the particle is in the physical stait;)
andthat it is located in one of the two intervaPﬂ‘aj or P;DJ' is
wherey(t) is the projector ontdy(t)). To discuss the loca- as meaningless as saying that a spin-half particle is in the
tion of the particle, and in particular whether it is to the left stateS,= + 1/2, and at the same time ascribing to it values of
or to the right of the source, we introduce at timjea de- S .
composition of the identity Next consider a familyF, with support consisting of

. Lopxko...
|j=z P}‘J, (39) P2OPRO---,

x Foi P(to)Oe(t)O PSZQP23®~ . (43

]
where the projectorﬁ’?i project onto nonoverlapping inter-
vals of thex axis chosen so that they are large in compariso
to the widths of the individual wave packetg and ¢,,, but
small compared to the macroscopic length scales in Fig.
They are also chosen so that at each ttmigoth ¢,(t;) and

Until t; the particle is in a nonlocal superposition, and there-
"hfter it either follows thgcoarse-graingda trajectory or the
trajectory, two mutually exclusive possibilities, with prob-
bility 1/2. One could, if one wants to, say that the initial
description in terms ofj(t) “collapses” betweent; andt,
onto another sort of description in which the particle follows
one of two distinct trajectories. However, one should not
think of this “collapse” as a physical process. Instead it is
the analog of a description of a spin-half particle in terms of
t1 . . 2 v S, followed at a later time in terms d§,, as in(22). The
N/ y /\‘M' families 7y, F1, and]-“? are mutually mcompatlble in much
1 the same way as their counterparts in Sec. Il D. Each is a
(a) z (b) z (c) z valid way of describing the quantum particle, and there is no
“law of nature” that specifies that one of them is the “cor-
FIG. 4. (a) Wave packet trajectorigslashetland constantlines ~ rect” description. However, there is a law of mathematics
in the £ space-time diagram(b) Additional constant’ lines for ~ Which prevents one from combining them, since there is no
Lorentz frameL’. (c) Alternative hypersurfaces replacing the con- way of representing in the quantum Hilbert space a combi-
stantt lines. nation of events corresponding to noncommuting projectors.
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There are always many incompatible ways of describing ainiverse. In a Hilbert space of one-particle wave packets,
quantum system, and the choice among them depends @t is not of this form, because it tells us both that the
what one wants to discuss. The useof makes it possible icle is ina, andthat it is not in some distant region: i.e.,
to ascribe at time, a relative phase to the sum of the wave ;s hrgiector provides more than local information. The way
packets making upy), in the sense that & sign occurs to get around this is to employ a many-particle Hilbert space,

rather than a— sign on the right side 0€37), but does not . a . .
allow one to assign a position to the particle, even to thedeflnePll to be the projector that tells us there is exactly one

extent of saying that it is to the right or to the left of the Particle ina;, and use the initial statg(to) to specify that
sourceS Assighing a coarse-grained position at this timethe universe contains only one particle, as well as giving the
requires that one usg;, or something like it, in which case wave packet for this one particle. In a history whose initial
the relative phase of the wave packets becomes a meaningtate isy(to), and given a dynamical law that the particle
less concept. Incidentally, once the “split” has occurred incannot disappear or other particles appear, the d‘\’/?mvill
the family];z the hi.;,tories cannot be “joined” at a later time: gjlow us to infer that the particle is ia; and therefore not
replacingP;* andP;* in (43) with y(ts) violates the consis-  g|sewhere, even though the projeckyf* by itself provides
tency conditions, and the same comment applieg{0In  only |ocal information. The reader for whom this argument is
these respects th_e situation is analogous to that of the SPiihnecessary should ignore it, while he who finds it inad-
half particle considered in Sec. Il D. equate is invited to construct a better version.
We conclude that in terms of their actual physical con-
C. Different Lorentz frames tents,; and F; are compatible, with a common refinement,

Consider a Lorentz framé’ moving with respect to the call it F7 , that uses the time ordering associated with the

frame £ we have employed thus far, with constant-time sur-collection of hypersurfaces in Fig(e. The support ofF}
faces shown in Fig. @) superimposed on the space-time again consists of two histories, one with the particle follow-

diagram of 4a). Let ing trajectorya in a coarse-grained sense, described some-
o o o times by an{ and sometimes by ag’ projector, and the
' (1)) =[] pa(t )+ dp(t NI/N2 (44 other following trajectoryb in a similar fashion. Aside from

the subtleties associated with coarse graining, in both space
represent the wave function as it develops unitarily in time inand time, the trajectories agree with the picture provided by
the new Hilbert space. The obvious analdgs F;, andF,  classical physics, even though they arise from a fully
of the families considered previously can be obtained byjuantum-mechanical description.

adding primes to the appropriate symbols(8), (41), and On the other hand, the trick just discussed cannot be used
(43), and the remarks made above about the physical intein order to combineF; with 7, . While one can introduce a
pretations of theF; apply equally to theF . common set of hypersurfaces as in Figc)4 the common

The three familiesF,, F;, and F, are not only incom- refinement will not satisfy the consistency conditions. The
patible with one another, each is also incompatible with eacfouble is that the particle can be localized on tteajectory
of the three familiesF,, F,, and.F,, because the constant- att; in 73, and this precedeén the time ordering of the
time hyperplanes of’ intersect those of, and there is no hypersurfacesthe entangled state betwearandb att; in
way of placing them in a time-ordered sequence. Howeverf, . As noted above, trying to “uncollapse” a quantum de-
the incompatibility of7; and 7} is only apparent, and can be scription in this manner violates the consistency require-
removed by employing the “trick” shown in Fig.(4). Here ~ ments. It is like introducing a®, description into(21) after
the finite regions, shown with heavy lines, where the particlean S, description has appeared. In addition, one cannot com-
can be located ai andt, in F; have been embedded into an bine F, with F,, for in this case the events &t in the
alternative set of hypersurfaces which do not intersect, anébrmer and at; in the latter are both entangled, so the col-
are thus compatible with, the hyperplanes usedjn This  lection of hypersurfaces in Fig( is no longer of any use.
construction is possible, as indicated at the end of Sec. Ill A(lt is possible, see the comments near the beginning of Sec.
provided we are interested in properties which are localize1l A, that some consistent generalization of the rules given
in the separate subregions, rather than entangled amomg Sec. Il might allow one to construct a common refine-
them. In the familyF; we are concerned with local proper- ment in this case, but possible extensions of these rules fall
ties: whether the particle is located in thesubregion or in  outside the scope of the present paper.
the b subregion, rather tha#(t,) andy(t,), which occur in
the unitary familyF,, and are entangled between thand
the b subregions. D. Detectors

But doesP‘;‘l, whose physical interpretation is that “the  Most of the tools required to resolver tame the para-
particle is in the(smal) intervala,,” really represent docal ~ dox of wave function collapse are now in hand; all that re-
property? There is a subtlety here, for in the lowbrow ap-mains is to introduce measurements. This we do using a fully
proach outlined in Sec. Il A a local property is representedquantum-mechanical description of the two particle detectors
by a projector on the Hilbert space ofmacrglocal region, shown in Fig. 3. Let their states when ready to detect a par-
times the identity on another Hilbert space for the rest of theicle be denoted byA(t)) and|B(t)), respectively, and sup-
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1t | | I is analogous taF; in Sec. IV B. In the first history the par-
! 4 ! / ticle follows thea trajectory and is detected by, while the
ts | i ta | i . . .
X 71 : 7 B detector is unaffected. In the second history it is the
Iy l’ 1 27Ty 7 1 detector that remains in its ready state while the particle
ot moves along trajectorlp and triggersB. Note, in particular
| \ /. | ’ | | - . y y
1 a\|/b 1 1 a\ /b 1 that from the fact that detectdk triggers one can conclude
Y = A (‘1:) == that the particle was earlier moving towards this detector,
a

rather than toward8, while if at t, detectorA has not de-
tected the particle, one can infer that the particle@aisd wa$
moving towards detectds, and will later be detected bi.
Such inferences are not at all mysterious, and make no ref-
erence to wave function collapse. Instead, they are conse-

pose that the detection event for the particle when repreduénces of the fact that the two histories%0) are the only
sented by wave packdip,) is given by a unitary time two possibilities; all others have zero probability. There are,
development é to be sure, many other frameworks that can be used to de-

scribe this situation in quantum terms, but any framework
[pa)|A)—|A*). (45)  that contains the events needed to draw the conclusions
stated above will assign them the same probabilitie§,as
Here |A*) is a state in which this detector has detected thesee Sec. 16.3 di35].
particle, as indicated by the position of a large pointer, or Another family G, with support
some other macroscopic change that clearly distinguishes it
from the untriggered or ready stdt). The time arguments A*BOA*BO- -,
have been omitted i(¥5); one should think of the left side as Gy WO uY(t))ABO "
at a timet’ before the particle interacts with the detector, $p(t2) ABOAB* O -
while the right side as at a tinté& after the interaction, when ) . ) o
the particle is trapped inside the detector. If, on the othefS @nalogous td in Sec. IV B in that the particle remains in

FIG. 5. (a) Wave packet trajectoriesloping dashed lingsand
detector trajectorieévertical dashed lingsn the £ space-time dia-
gram. (b) Additional constant’ lines for Lorentz frame’’.

(51)

hand, the particle is represented by wave pablsg}, it will @ Superposition statg at timet,, whereas at, there has
not interact with detectod, and the counterpart @#5) is been a “collapse” into two possw_)llltles: elther the particle
has been detected b, the first history, or, in the second

| pp)|AY— | )| A). (46)  history, it has not been detected Ayand is still on its way to

towardsB, which will have detected it bys. [In the second

The analogous expressions for tBaletector are: history one could use the interval projectb?2 at timet, in
place of the wave packet projectay,(t,); for our purposes
|¢a)[B)—[#2)[B), [#p)|B)—[B¥). (47) it makes no differencéNote that just as the “collapse” in

With both detectors initially in the ready state, the overall 7, is not a physical process, but represents a change in the
unitary time development corresponding to the space-timeype of description being employed, so alsods it is not
diagram in Fig. %a) is represented by a family with support something which is brought about by some “law of nature,”

as is evident from the fact th&, and G, are equally good

Go: YOV, 0OV,0¥;0- -, (48  descriptions, and in neither of them does interaction with a
measuring apparatus produce a corresponding “collapse.”
where Introducing another description based on constant time
(hypepsurfaces in a second Lorentz frant€, Fig. 5b),
[Wo)=4(to))|A)[B), leads to no new principles beyond those already discussed in
Sec. IV C. There is a formal incompatibility between de-
|W1)=|y(t1))|A)|B), scriptions based upon constdrend constant’ hyperplanes,
but if one is concerned with local properties it is possible to
|\I’2>=[|A*)+|¢b(t2)>|A>]|B)/\E, (49)  adopt a common refinement in which the particle either
moves along tha trajectory to be detected &, or along the
|qf3>:[|A*>|B>+|A>|B*>]/\/E, b trajectory to be detected bg, and can be seen to do so

using eitherZ or £ projectors, provided that these descrip-
and time arguments have again been omitted from the detetions are interleaved and one does not try and impose them
tor states. Note that since the detectors are macroscopic obimultaneously at the sanfmacropoint in space-time. Note,
jects, both|¥,) and|¥;) are examples of MQS states; seein particular, that if one is using such a local quantum de-

(26) and the comments following it. scription, the fact that irC’ the particle can reacB earlier
The family G; with support than it can reacl, the reverse front, is no more paradoxi-
cal than in classical relativistic physics. It is only if one
Pi‘lABQA*BQA*BQW insists upon employing a collapse picture usifg (51),
Gi: V0 (500  along with its counterparg, in £', that difficulties arise.

b
P'ABOABOAB" ©- - These two families are incompatible according to the rules of
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Sec. lll, and it makes no sense to ask which of them igroduced by Bohn{51] in which two spin-half particles
correct, or when it is that the collapse “really” occurs, etc. andb prepared in a spin-singlet state
Is0)=(1z2)|25) —|z2) 1z ))1V2, (52
E. Summary

It is useful to summarize the lessons provided by the pre-
ceding analysis by restating its conclusions as they apply t#here|z, ) is the stateS,,= +1/2 of particlea, etc., fly apart
the situation which initiated our discussion: a particle mov-from each other, and the spin of one of the particles is later
ing outwards in a spherical wave, which may later encountemeasured. I5,, is measured and the outcome-isl/2, this
a detectoror perhaps several detectpr§he spherical wave means that,,= —1/2 for particleb, while an outcome of
corresponds to unitary time developmesblving Schid- ~ —1/2 implies thatS,,= + 1/2. Similarly, if S, is measured,
inger’s equatioh and if unitary time development is applied thenS,, will have the opposite valu&,,= — S,4. The para-
to the full quantum system of particle plus detector, the resultiox is that one seems able to assign a value to effeor
will be a MQS state of a triggered and untriggered detectorto S, depending upon which measurement is carried out on
While this, the analog ofj, in (48), is a perfectly valid particle a, and since the measurement should not influence
quantum description, it is not useful for answering questiongarticle b, this seems to mean that bo8, and S,, have
such as: Did the detector detect the particle? Where was theell-defined values, contrary to the principles of quantum
particle before it was detected? Posing these questions réheory.
quires using projectors which do not commute with the pro- Neither the original EPR formulation nor that of Bohm
jector ¥(t) on the statgW(t)) resulting from unitary time make use of relativistic quantum theory. But the paradox
evolution, and hence they are meaningless within that framgsecomes a bit sharper in a relativistic context, for partieles
work. Instead, one must use a family of stochastic historiesnd b could be spacelike separated when a measurement is
in which at an appropriate time the detector has or has nonade org, so that any influence dmwould seem contrary to
detected the particle, something analogougtor G, in (50)  the principles of relativity theory. In addition, if the paradox
and(51). In families which are the analogs 6f, the particle is formulated in terms of wave function collapse—the spin
follows a coarse-grained trajectory, the quantum counterpagtate|s,) changes instantly to eithée_ )|z, ) or |z;)|z;)
of a “classical” description, moving in a straight line from when S,, is measured—one encounters the same problem
the source of the decay until it reach@s some historiesor ~ noted in Sec. IV A: the collapse is not Lorentz invariant, as
misseq(in otherg the detector. This is the type of description well as (or because 9fbeing instantaneous between space-
actually used by physicists when thinking about decays ofike separated points.
unstable particles, especially when designing equipment with Rather than a single measurement on partclene can
collimators and detectors, or considering sources of undesiimagine separate spin measurementa@mndb, and if they
able backgroundsee, e.g., pp. 123f ifi31]). Because the are of the same component, s8y, then they will always
events in these families atecal in a coarse-grained sense, give opposite resultsg,,=—S,,. It is worth emphasizing
relative to macroscopic length scales, their behavior undethat this sort otorrelation even when the measurements are
Lorentz transformations igessentially the same as in clas- carried out in spacelike separated regions, is not in itself
sical relativistic physics. paradoxical, as can be seen from a simple classical example.

Wave function collapse iseverneeded in order to pro- A pair of opaque envelopes is prepared, one containing a red
duce physically meaningful quantum descriptions, since onend the other a green slip of paper. One envelope, chosen at
can always assign probabilities within a consistent family omandom, is taken by astronaut Alice on a voyage to Mars,
framework using the Born rule and its consistent extensionwhile the other remains behind on the desk of Bob at mission
and then use these to calculate appropriate conditional prolgontrol. By opening her envelope and observifigieasur-
abilities. There are, to be sure, families of histories, the anaing”) the color of the slip of paper, Alice at once knows the
logs of G,, which can be thought of as exhibiting a “col- color of the slip of paper in Bob's envelope, and thus the
lapse.” While these are perfectly legitimate quantumcolor that Bob will observe(or perhaps has already ob-
descriptions, the collapse can occur in the absence as well gaerved when he opens it, even if that event occurs at a
in the presence of a measurement, and represents a changespacelike separation. As with every classical analogy, this
the type of quantum description employed, not some sort obne is not adequate for illustrating all aspects of the quantum
physical process. It is analogous to the physicist’s choice tagituation, but it does help clarify what is and is not specific to
describe an isolated spin-half particle during a certain timequantum theory.
interval usingS,, and during a subsequent time interval us-
ing S, even though the unitary time development is trivial;

see the comments followin@1). B. Without measurements
As in Sec. IV, we shall first analyze what happens in the
V. EPR PARADOX absence of measurements, assuming the two-particle wave

A. Introduction function satisfying Schidinger’s equation is given at time

The celebrated Einstein-Podolsky-Ro$28] (EPR para-
dox is usually discussed nowadays using the formulation in- (1)) =]w(t))|so), |w(t))=]da(t))|dp(t)), (53
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where | ¢,(t)) and |¢y(t)) are wave packets of the sort evolution makes the others false, or that one must invoke
shown in Fig. 3, except that now they referttwo distinct  some hitherto unknown law of nature to decide which frame-
(and distinguishab)eparticles. Their trajectories in a space- work is “correct.” Instead, think of each one as describing a
time diagram are shown by the dashed lines in Fig. 4, wheresomewhat different “aspect” of the time development of the
once again we assume that the distances are macroscopigjantum system, viewing it from a somewhat different per-
much larger than the microscopic extent of a wave packetspective, and thus each framework allows one to answer a
Since we are interested in the spins rather than the positiordifferent set of physically sensible questions about the sys-
of the particles, it is convenient to ignore the latter, and thinktem. How are the values &,, andS,, related to each other
of at some particular time? This can only be answered by em-
ploying a framework in which the relevant projectors occur
Foi O8O0 - - - (54 at the time of interest; e.gZ; must be used rather thaf.
One does not have to use the same component of spin

as a unitary history, withy, the projector on the initial state angular momentum for particlesandb. In the framework

|4(ty)) andsy on the spin singlet statisy). In this family
nothing can be said about any component of the spin angular

++ ++
momentum of particle or of particleb, since the projectors ZaXp OZaX%p O+,
for individual spin states, such h@f), do not commute with Z;’XEQZ;XEQ' B
So- Fai $® Z X, Oz X O 58
. . . T . . a b a’b ~ "
More information about properties of individual spins is -0 0T
provided by the family ZyXp OZyXp O
2,2,02,2,0- -, the four histories occur with equal probability, and there is
F1t O (55  no correlation betweel$,, and S,,. For additional com-

-+ -+
222,022, O, ments on this and other examples, see Sec. 23[35)f
where each history occurs with probability 1/2. The physical

interpretation is straightforward: in the first history, partiale C. Measurements

has S,,=+1/2 and particleb has S,,=—1/2 at all times The spin measuring devices introduced in Sec. I D can

later thant,, whereas in the second histo8,=—1/2 and 5155 pe employed in the present context if supplied with a

Spz=+1/2. In either case the spins are opposg,=  gypscript to indicate which particle is being measured. For

— Sy, In the same way as the colors of the slips of paper iyample, the device to measiBg, has an initial statéZ,),

the envelopes belonging to Alice and Bob. and we assume that the unitary time development when it
Still another consistent family interacts with particlea has the form

o
ahOBnO ) 1Za)=22)1Z2), |z)1Za)—12)1Z0). (59
For an S,, measurement replacg with X and z with x.
is analogous td, in Sec. IV B: up tot; the spins are in the Nondestructive measurements are not essential, but they sim-
entangled singlet state, but thereafter they “collapse” intoplify drawing connections with traditional discussions using
states in which each particle has a well-defined valug,of wave function collapse.
Of course this collapse, just like those discussed in Secs. Il D If we assume world lines as in Fig(&, but with theB
and IV B, has nothing to do with any physical process, anddetector eliminated, unitary time development starting with
instead reflects a change in the choice of basis in which tan initial state
describe the spins of the two particles; the comments follow-
ing (43) apply equally in the present case. The frameworks | Toy=|¥(tg))=|w(tg))|So)|Za), (60
Fo, F1, andF, are mutually incompatible. In addition, con-
sistency conditions mean that one cannot “uncollapse” thén which the detector is ready to measu8g,, results in a
histories inF, (or in ;) by replacing theS, projectors at, succession of states
say,t; with sy; again, the situation is analogous to that dis-
cussed in Sec. IV B. [V (1)) =|o(t1))[S0)|Za),
There is nothing special about taealirection. The family
x;xg(Dx;xg@ - |\I’(t2)>: |w(t2)>(|2;>|zb >|Z;—>_ |Za >|Z;>|Za >)/\/§(,61)

F3i O (57

X Xg OXXp O - -
and so forth; fort; and all later times the spin and detector

is as good a quantum description/&g and replacing by x  states are the same as faf(t,)).

everywhere in(56) results in yet another consistent family. ~ Now |¥(t,)) is an MQS state, so that the unitary family

All of the frameworks discussed thus far are mutually incom-that contains it, the analog @, in (48), cannot be used to

patible, which doesiot mean that using one of them to con- discuss the outcomes of measurements. Instead, we need

struct a correct quantum description of the particle’s timesomething like
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2:2,2,025 2,20z} 2,270 - -, with the presence or absence of a particle in some region of
(62 space. Here we ar@t least potentiallyinterested in differ-

ent properties, always of the same particle, represented by
noncommuting projectors, such 8g, andS,, . Suppose, for
example, we are interested in intercalating into the two his-
tories inF; in (55) at some time between andt, a (local)
property of particlea. If this is an £ event, in the sense of
one defined using a projector on a hyperplane which is at a
constant time inZ, then it must satisfy the consistency con-
ditions; in particular, if it is a projector onto a spin state of

I UNO)
G0 Vo 2,20 2,02,20 2, 02,2, 2, O - -,

where the two histories occur with equal probability. In the
first of theseS,,= + 1/2 andS,,= —1/2 at timeg; and later,
and the measurement outcomeZis at timest, and later, as
one would expect, while in the other history and — are
interchanged. This family corresponds to the classical ana
ogy introduced in Sec. V A, where astronaut Alice’s opening

the envelope and seeing a reu greel) slip of paper reveals Barticle a, it must be eithelz; or z, . If, instead, we inter-

a prior state of affairs, and enables her to conclude that thcalate anC’ event, then it, too, must satisfy the consistenc
one in Bob’s envelope is of the opposite color. Of course, - itions. In eith,er case’ theée are determined,(8e b y
this is not surprising given our earlier discussion of the fam- : ' y

ily G, in Sec. Il D andg, in Sec. IV D modified Heisenberg chain operators in which the additional
1 . 1 . .

; . event is represented by its Heisenberg projector at an appro-
One can construct a familg,, the analog of(51), in . T - .
which the spin state in both his%riesl &) at tirr?etl(anzj the priate point in the defining product5). That is to say, there

“ B : . gre restrictions on whiclf’ properties can be consistently
collapse” occurs in the same time step as the measurement; ; ) .
ncorporated into arC history, but they are of precisely the

7t 77707 22770 ... same form governing the addition Gfevents to that history.
a“b “a a“b “a >~ : s : : :
08,20 63 While relativity theory adds technical complications, the ba-
Gpt WoOSZO) o (63) \ _ :
2,2, 2, 02,2, 2,0, - -. sic rules for consistency are exactly the same as in nonrela-
- tivistic quantum theory.
An equally good family is When one is interested imonlocalproperties represented

o 4 4o by projectors on entangled states between partilesd b,
ZaXpZa OZgXp 25 O+, then, as noted in Sec. IV C, the “trick” of introducing new
z;xg2; @zgxgz; O -, hypersurfaces, Fig.(d), will not work, and one must pay
e (64)  attention to the rules of Sec. Ill A in order to avoid a situa-
ZaXp Za OZa Xy Zy O, tion in which one entangled state 4 “occurs” both before
Z Xy 2y Oz X253 O+, (for particlea) and after(for particleb) another(entangled
or produc} state inL. It is meaningless to combine two such
the measurement counterpart 8§, where the collapse oc- descriptions, in the precise sense that the theory as formu-
curs at the same time, but now the properties of parkicdee  lated in Sec. Il cannot assign a meaning to the combination,
uncorrelated with those of partice The existence of frame- even though the individual events are themselves parts of
works such agj; andg, as alternatives tg, helps prevent sensible quantum descriptions.
one from drawing the erroneous conclusion that a measure- Including measuring apparatus in the discussion leads to
ment carried out on particla has some mysterious long- nothing new beyond what has already been noted at the end

Ga: V05,Z,0

range influence on particle of Sec. IV D. In particular, if a measurement outcome is
being used to infer a property of some particle in a localized
D. Different Lorentz frames region, such an inference is possible whether or not the par-

ticle is moving relative to the measuring apparatus. Of
course, if one is interested in a property of the particle in its

frame £ we have used up till now, with constant time&X o\ rest frame, this must be appropriately related to the
surfaces as shown in Fig(). FrameworksF; analogous to  frame in which the calculation is carried out. Such transfor-

the F; of Sec. V B can be defined by introducing primes onmaiions, and their analogs in classical relativistic physics,
the appropriate symbols i63)—(58), just as in Sec. IVC,  gre not trivial, but these are technical issues not directly con-
and all comments made above on the physical interpretatiofected with the paradoxes associated with wave function col-
of these families apply equally to these new descriptions. A$apse. The latter are best disposed of by abandoning the no-
in Sec. IV C, each# is incompatible with eactf; accord-  tjon of collapse, at least as some sort of physical process, and
ing to the rules of Sec. Il A, but in the case &} andF;,  instead using appropriate conditional probabilities based
which refer tolocal properties, one can use the “trick” in  upon histories.
Fig. 4(c) in order to produce a common refinement which
includes the events of both frameworks forlalandtj’ with VI. HARDY’'S PARADOX
j>0, with eithery, or ¢ (choose one or the otheas the
initial state. That is, the relative time ordering of events with
spacelike separation is of no concern provided they are, in- Hardy’s paradoX21] resembles the EPR paradox in that
deed, spacelike separated and not represented by entanglethvolves two well-separated particles in an entangled state.
projectors, such as,. However, it is more striking in that certain assumptions, in-
There is, however, a complication not present in the eareluding Lorentz invariance, seem to lead to a contradiction:
lier discussion in Sec. IV C, where we were only concernedsomething is shown to be true that is known to be false. As

Consider a Lorenz fram&’ moving with respect to the

A. Statement of the paradox
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If the interferometers are sufficiently large there will be a
Lorentz frameL’ in which particleb is detected byE or F
before particlea has reached the beam splitter on the left. It
is then plausible that just before detection occurs at the time
t; in L', see Fig. 7a), the wave function for the two par-
ticles is obtained by applyin@7) but not(66) to (65), with
the result

lgy)=(2]c"T")+|d"f")+|d"e"))/ 6, (69)

well as the relativistic paradox discussed here, Hardy’s origiwhere the primes indicate wave packets at constant time in

nal paper contains a slightly different paradox whose discusg’

sion requires the use of counterfactuals, and for that reas
lies outside the scope of the present paper. Our expositi
differs in some unimportant ways from Hardy’s original, and
makes use of the nonrelativistic analysis in Chap. 2B36t
(which also discusses the counterfactual paradox

Imagine a sourc&, Fig. 6, that simultaneously emits two
particlesa andb into the arms of two interferometers, in an
initial state

lo)=(|cc)+|cd)+|dc))/V3,

where |[cc) denotes a state in which partickeis moving
through thec arm of its interferometer on the left side of the
figure, andb is moving through the arm of the interferom-
eter on the right. Note tha65) has no|dd) term, so it is
never the case thatis in thed arm at the same time théat
is in thed arm.

The two beam splitters give rise to unitary time transfor-
mations

ey —(le)+11)/V2, [d)—(—|e)+][f))/2,

(65

(66)

=) +[NV2, [d)—(-[e)+[T)/N2, (67
where for convenience we have chosen real phaselike
[21]). Unitary time development results in a state

ldo)=(—|eg)+|ef)y+|fe)+3|fT))/\12,  (68)

at a timet,, Fig. 7@, when both particles have passed
through the beam splitters. Note thag) occurs with a finite
amplitude, implying that andb will be simultaneously de-

tected byE andE with a probability of 1/12.
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From this one can infefe.g., by collapsing ;) to

g'&’g’)) that if b is detected byE, then att; particlea is in

the d arm of its interferometer. Similarly, there will be a
Lorentz frameL” in which a is detected byE or F beforeb
reaches its beam splitter, and the counterpask6ef is

@)= (2|f"c")+|f"d") +[e"d"))/\6. (70)

From this it follows that if particle is detected by, then at

t] particleb is in thed arm of its interferometer.

Next assume that the presence of partecie armd at a
point on its trajectory indicated bg; in Fig. 7(a) does not
depend upon whether one describes it usihgr £’ or £",
and that there is a similar invariance for partibleelative to

armd, and for which of two detectors has detected a particle.
Hardy calls this assumption tHeorentz invariance of ele-
ments of realityand it seems physically plausible, especially
if one thinks of extremely large interferometers, so that the
different Lorentz frames can be moving rather slowly with
respect to each other. Assuming Lorentz invariance of this
form, the inferences based @69) and (70) can be trans-
ferred to the Lorentz framg&, and one arrives at the disqui-
eting conclusion that in those cagescurring with probabil-

ity 1/12) in which a andb are simultaneouslyin £) detected

in E andE at timet,, these particles were earlier,taf in the

d andd arms of their respective interferometers. But this
conclusion is inconsistent with the initial stg&b), since, as

noted previously, it lacks a@ component.

B. Resolution of the paradox

It is helpful to analyze the logical structure of the argu-
ment leading to the paradox in a bit more detail. Using the
space-time “points”(regions small compared to the distance
between beam splittersabeled in Fig. 7a), the inferences
based upori69) and(70) can be written in the form

Eé:d’ , E;:E{, (71

where@ means that in the Lorentz fram& particleb has

been detected bE_ at £-time t,, an event which inl’ is
simultaneous with the evedt : particlea is in thed arm of

FIG. 7. Space-time diagram for Hardy's paradox. The openitS interferometer aC-timet;. In a similar way, the double-
circles represent the points where the particles pass through tH&fime events refer t€”. The assumption of Lorentz invari-

beam splitters, the solid circlest(in £) represent measurements
which in £’ and£" are simultaneous with the corresponding points
att;. In (b) these points are on nonintersecting hypersurfaces.

ance of elements of reality implies that these inferences are
still valid if we add or delete primes from any of the symbols
in (71). Combining the two inferences with primes elimi-
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nated is what leads to the paradox. What can one say abourtg that are compatible with the mathematical structure of
this in terms of relativistic quantum histories? guantum theory. In particular, chaining arguments together in

The inferences in71) refer to two hyperplanes which a manner which is perfectly acceptable in classical physics
cross, and therefore combining them is a violation of thecannot be done in the quantum context without first checking
single family rule as formulated in Sec. IIl. But, as alreadythat they belong to a single framework. That is the basic
noted in Secs. IV C and V D, one can get around this prohilesson to be learned from the Bell-Kochen-Specker result
bition when considering local properties, such as those ih92]: and from the extensive discussion of quantum para-
(71), by the device of introducing curved hypersurfaces, as ifloxes in[35]. Indeed, the procedure used here for resolving
Fig. 7(b). What is essential is the time order in which the relativistic Hardy paradox is, in its essentials, identical to

- = ioh i . that used for its nonrelativistic counterpart in Sec. 25.3 of
precedes=,, andd, precedes,, which is true in any Lor- [35], to which the reader is referred for additional details,

entz frame(e.g.,d; precedesy), while the relative tempo-  jncjuding detailed arguments for consistency and incompat-
ral order of spacelike separated events, suatya@ndE,, is ibility of certain families.

irrelevant, because we are not concerned with entangled By contrast(and contrary to the conclusion of Hardy's
states connecting two spacelike separated regions. To liginal pape), the assumption of Lorentz invariance of local
sure, the wave functions i69) and(70) are entangled states elements of reality gives rise to no problems: certain things
in the sense just mentioned. However, their only role in theone might expect to be the same in different Lorentz frames,
argument is that they are a way of calculatinga wave such as the presence or absence of a particle, are indeed the
function collapsg certain probabilities of local properties, same, or at least the assumption that this is true is not the
probabilities which could be calculated just as well by otherorigin of the paradox.

methods which make no reference to entangled states. In the

terminology of Sec. 9.4 of35|, the entangled wave func- VIl. SUMMARY AND CONCLUSIONS
tions in(69) and(70) are pre-probabilities, and one need not S
think of them as representing physical reality. Thus each of A. Relativistic histories

the inferences it71) can be justified by appeal to the appro-  The rules of nonrelativistic quantum kinematics summa-
priate conditional probabilities, quite apart from the math-rized in Sec. Il A have a straightforward generalization to the
ematical method used to calculate the probabilities. relativistic theory provided one adopts the condition, Sec.
Nevertheless, despite the fact that one is dealing with lot|| A, that the spacelike hypersurfaces used to build a rela-
cal properties and hence the crossing of hyperplanes is of n@istic family of histories be time ordered, or, equivalently,
concern, one can only, as pointed out in Sec. V D, intercalatgannot intersect each other. In the nonrelativistic theory the
(local or nonlocal events at additional times into a quantum proper time ordering of events represented by Heisenberg
history if the consistency conditions are satisfied. This is grojectors in the produdtl5) defining the chain operator is
feature of both nonrelativistic and relativistic quantum essential if one wants physically reasonable results, and this
theory, and in the present instance it prevents one from comseems to demand nonintersecting hypersurfaces in the rela-
bining the two inferences ifv1). Each of these inferences is tivistic version, unless one wishes to construct an entirely
valid by itself, in the sense that the events to the left anchew theory. However, if the Heisenberg operators associated
right of the =’s can be placed in a consistent family that with two intersecting hypersurfaces commute with one an-
confirms the correctness of the inference through assigning @her for the histories one is interested in, the chain operator
value of 1 to the corresponding conditional probability. How-will not depend upon their order. In particular, this is true if
ever, the family required to justify the first inference is in- the Heisenberg operators are identical, and that suggests that
compatible with that required to justify the second, and thecombining certain unitary familiege.qg., 7, and 7 in Sec.
two cannot be combined, as one one would have to do tpy C) may make sense. Whether an extension of the rules of

reach a contradiction. _ _ Sec. Il A allowing this sort of thing is worthwhile, and if so
To be more specific, any consistent history based on thgow best to formulate it, are open questions.

initial state| o) of (65) which includes the everd, (or d; Locality and local properties are important concepts both

or d7) cannot also include the later evesj (or E; or E5).  for formulating and for resolving quantum paradoxes. The

That is, it makes no sense to say that particis earlier in - approach in Sec. Il B seems adequate for the purposes of
thed arm of its interferometer and later detectedfayAnd  this paper, but could undoubtedly be improved, especially by
what is meaningless—an “element of unreality"—in one making its technical assumptions more precise and less de-
Lorentz frame is equally meaningless in another. Each inferpendent on lowbrow intuition. Part of this task is to give a
ence in(71) refers to events which are spacelike separatedproper mathematical characterization of macrolocality, some-
so their Heisenberg projectors commute, and for this reasothing which does not look trivial given the difficulties asso-
they are compatible with the consistency conditions. How-ciated with microlocality, as mentioned in the Introduction,
ever, the conclusion of the first inference is incompatible, inthough work by Omne[39] may be pointing in the right
the quantum-mechanical sense, with the premise of the sedirection. Another nontrivial task is that of constructing sig-
ond inference, so putting the two together is not possiblenificant Lorentz-invariant theories satisfying the conditions
and this blocks the path to a logical contradiction. stated in Sec. Il C, in a way which can be applied to general
In summary, Hardy’s relativistic paradox is resolved  hypersurfaces and not just to hyperplanes. The present paper
tamed by paying careful attention to using rules of reason-contains nothing useful for this task, unless it be a clarifica-
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tion of what it is that one is after. textbooks which include the rather unrealistic model of non-
Such unresolved issues should not obscure the fact thalestructive measurements going back to von Neumann lack
the histories approach extends in a very natural way fronthe basic concepts needed to understand, from a quantum
nonrelativistic to relativistic quantum theory. The basic for- perspective, the devices actually used in practice.
mulas defining histories, Heisenberg chain operators, weights The use of families of the; or G, type, with macrolocal
or probabilities, and consistency conditions are formally theproperties both before as well as after a measurefifety)
same in the nonrelativistic approach as summarized in Sec. thkes place, has the further advantage that it simplifies the
and in the relativistic extension in Sec. Ill. Not only are thediscussion of how the description of a quantum system must
symbols the same, the associated concepts are extremddg altered in a relativistic theory if one uses a moving coor-
close if not completely identical: the occurrence of eventdinate system. For families of this type, with an appropriate
and histories, consistent families or frameworks, refinementsoarse graining in space and time, the quantum description
incompatible frameworks, the single framework rule, andbecomes “classical{as one would anticipate from the work
probabilities. Even the examples are similar. of Gell-Mann and Hartl¢28,30), and Lorentz transforma-
This close connection is hardly surprising given the fact,ions of particle trajectories behave the same way as in clas-
pointed out in the Introduction, that relativistic versions of Sic@l relativistic physics. States which are entangled over

the histories approach have been around for some timdnacroscopic distances, such as the pre-measurement proper-

Nonetheless it is gratifying that some more recent developt'fas n theg, families, are not as easy to analyze, b.Ut the
histories approach provides the tools needed for using en-

ments first formulated in a nonrelativistic context—e.g., pre-

probabilities and fully consistent schemes for assigning prob'Eangled descriptions in a manner consistent with the basic

abilities based on different sorts of data—can beprinciples of quantum theory,_ or_com_bin@ng entangled and
“relativized” without any difficulty. This straightforward local states at different times in histories in the same frame-

compatibility stands in marked contrast to the major difficul—Wo\r/b'h.I th d f i
ties which beset attempts to construct relativistic versions iqu el et iatie. BNt mocham s

some other “observer-free” quantum interpretatié68,54. nction c;ollapse from nonrelatlwstl'c'qyantum mechanics,
the case is even stronger for a relativistic theory. The use of

collapse understood as some sort of physical phenomenon is
one of the main sources of the widespread notion that the
The three paradoxes resolved, or at least tamed, in Seaguantum world is inhabited by superluminal influences, lead-
IV, V, and VI, are all connected with the idea that a measureing to a prima facie conflict with relativity theory. It is then
ment which takes place in some localized region can haveecessary to prove theorems to the effect that these influ-
effects at a distant place spacelike separated from the regi@nces cannot carry information, i.e., they are completely un-
in question. And they all invoke some form of wave function observable phenomena. While a detailed discussion of the
collapse in order to calculate probabilities or make inferencegsupposeg nonlocality of quantum theory lies outside the
about the state of affairs at this distant place. scope of the present paper, it seems clear that to the extent
The basic strategy by which the histories approach disthat unobservable superluminal influences arise from think-
arms these paradoxes is by getting rid of wave function coling of wave function collapse as a physical phenomenon,
lapse. How to do this is shown in detail for the exampledisposing of the latter will get rid of the former. In any case,
considered in Sec. IV; see the summary in Sec. IV E. Theéf collapse is not a physical phenomenon, discussions of
conclusion is that wave function collapse is not needed irwhen it actually occurd?2] are irrelevant to the physical
guantum theory, and that if it is used it shoudverbe  theory.
thought of as a physical effect produced by a measurement. Once wave function collapse is out of the wéyr has
Because of its misleading connotations it might be best to geteen tamed, should one wish to continue usingtlite reso-
rid of wave function collapse altogether. There is nothinglution of the relativistic EPR and Hardy paradoxes is fairly
that can be calculated dcorrectly inferred using collapse straightforward, using methods similar to those used em-
which cannot be calculated or inferred equally well usingployed for their nonrelativistic counterparts in Chaps. 23 to
conditional probabilities based on fundamental quantun®5 of [35]. As long as one limits oneself to a single frame-
principles that make no reference to measurements or to colvork, there is nothing paradoxical about EPR correlations in
lapse. The histories approach can supply physical descriand of themselves, for they have a simple classical analog,
tions that resemble those of collapg$iee G, families of Secs. Sec. V A. The notion that a measurement on paréci®me-
IV D or V C), and which help explain why the use of col- how influences particléd can be effectively undermined by
lapse as a calculational procedure yields correct answers. Babting some of the different frameworks that provide equally
it also supplies alternative descriptiotiee 7, andG,; fami-  valid descriptions of the quantum time development. In the
lies in these same sectignshich are much more useful for case of Hardy’s relativistic paradox the source of the diffi-
thinking about measurements from a physical point of viewculty is not a failure of the Lorentz invariance of elements of
because they show how a measurement outcome is relatedrality, such as the presence or absence of a particle in a
some property of the microscopic system before the meagiven region of space, but instead a process of reasoning
surement took place. It is, in fact, this latter type of descrip-which combines results from incompatible frameworks. In
tion that experimental physicists use for designing theimparticular, the problem has to do with what one can mean-
equipment and analyzing their data. It is to be regretted thahgful say about the time dependence of the state sihgle

B. Resolving paradoxes
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particle, rather than measurements on a second particleell when proper account is taken of the rules which are
spacelike separated from the first, and thus relativistic conneeded to make even nonrelativistic quantum mechanics a
siderations are actually irrelevant to the fundamental concepeonsistent theory.
tual difficulty. Classical modes of reasoning easily give rise  There remain, of course, the problems of microlocality,
to contradictions if imported into the quantum domain with- ynderstanding the quantum vacuum, constructing field theo-
out regard to the way in which the mathematics of quantunties using honest mathematics, and the like, whose resolution
theory differs from that of classical physics. is not brought any nearer by anything in this paper. Unless it
We believe that the paradoxes considered in this paper aig indirectly through allowing a redirection of intellectual
representative of a larger class, those in which traditionagnergy away from enigmas whose ultimate origin is the un-
ideas of measurement and wave function collapse give rise @atisfactory manner in which probabilities have traditionally
contradictions, or to nonlocal influences in apparent conflicheen introduced into quantum theory, both nonrelativistic

with relativity theory. If that is true, then the methods usedang relativistic, and which disappear when this is done in a
here for resolving the paradoxes of wave function collapsegyly consistent way.

EPR, and Hardy should work equally well for this larger
collection, and help assuage the concern, seemingly wide-
spread in the quantum foundations community, that quantum
theory and relativity are fundamentally incompatible. The
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