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Efficient transfer of coherence through Ising spin chains
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Experiments in coherent spectroscopy correspond to control of quantum mechanical ensembles guiding them
from initial to final target states by unitary transformations. The control infuikse sequencgshat accom-
plish these unitary transformations should take as little time as possible so as to minimize the effects of
relaxation and to optimize the sensitivity of the experiments. Here, we present a novel approach for efficient
control of dynamics in spin chains of arbitrary length. The approach relies on creating certain three spin
encoded states, which can be efficiently transferred through a spin chain. The methods presented are expected
to find applications in control of spin dynamics in coherent spectroscopy and quantum information processing.
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According to the postulates of quantum mechanics, thérains that create an effective Hamiltoniqh,10], which
evolution of the state of a closed quantum system is unitarynakes it possible to propagate spin waves in such chains
and is governed by the time-dependent Sdinger equa- [11-15. In order to achieve the maximum possible transfer
tion. This evolution can be controlled by systematicallyamplitude, many other approaches, that rely either on a series
changing the Hamiltonian of the system. The control ofof selective transfer steps between adjacent spins or on con-
qguantum systems has important applications in physics anchtenations of two such selective transfer steéh30] have
chemistry[1-4]. In particular, the ability to steer the state of been developed.

a quantum systerfor of an ensemble of quantum systéms  Here, we consider an approach to control the transfer of
from a given initial state to a desired target state forms theoherence in spin chains of arbitrary length. The approach
basis of spectroscopic techniques such as nuclear magnetisiies on the creation of a three spin encoded state and effi-
resonancéNMR) and electron spin resonan¢ESR) spec-  cient propagation of this encoded state through the spin
troscopy[1,3], laser coherent contr¢#] and quantum com-  chain. Our method is based on variational ideas as captured
puting[5,6]. Achieving a desired unitary evolution in a quan- p the theory of optimal contrdB]. In the present context of

tum system in minimum time is an important practical conirol of nuclear spin ensembles, we are interested in find-

problem in coherent spect_roscopy. Developin'g short' pU|Sﬁ19 a sequence of RF pulses that will efficiently transfer any
sequencegcontrol laws which produce a desired unitary state(known or unknowi of a given spin in a spin chain to

evolution has _been a major thrust in NMR spe(_:troscki@y a desired target spin. Compared to conventional experiments,
For example, in the NMR spectroscopy of proteins, the trans:

fer of coherence along spin chains is an essential step in :%Itse rl;ev:/J a?g??g&;‘%'F?ﬁrgepov‘:‘ﬁ;g]estg s%i?s;p rir;ttigr;s{ﬁr
large number of key experiments. y up ' 99 PP

A spectroscopist has at his disposal a limited set of controll\I M\l\lji tﬁgifﬁ?::%?y :r?gr;)i(tperr;r;rin\t/vaé %gigfgg: fﬁénpruotglt;or;"
Hamiltonians{#;} (produced by external electromagnetic ; 9 Y, . P )
fields) that can be turned on and off to modify the net Hamil- of tr_ansferrmg_the cohere_nce of a spin at one end of a spin
tonian of the system. There is a natural couplimgeraction chain(label spin ] to a spin at the opposite end of the chain

; ; g'abel spinn) in a spin ensemble. Consider an initial density
between the spins and in the absence of any external contrO erator o representing coherence or polarization on the
Hamiltonians, the state of spin system evolves under thi P Po rep 9 P

; ; _1
interaction or coupling Hamiltoniart{,. The task of the ﬁrstlspm, IWhIC'It‘h has lthe gener?l f?}rmg_?:.“ralllx
pulse designer is to find the right sequence of external pulserr, 8zl1y*asl, .rl e goalis to transter this density _operator
interspersed with evolution of the system under the couplinti.0 the operator; 1+ ayl nct 8zl ny + asln;. Note that it suf-
Hamiltonian,, for different time periods, in order to create ices fo find a unitary transforma_noti that transfe_rsl x
a net evolution or unitary transformation that transforms the_>Inx and l1y—1qy. The same unitary transformation wil

state of the system from some initial to a desired final state iRISO transfel,,l1yJ—=[lnx.Iny], i.€.,11,—1n,. Therefore,

minimum possible time. the transfer of the coherent state of spin 1 to spis equiva-
Even for two coupled spins 1/2, the time-optimal transferlent to the transfer of the non-Hermitian operatqr=1,
of polarization or of coherence is not trivigd,8]. Numerous  —il1y to I,/ =I,,—il,,. The transfer between such non-

approaches have been proposed and are currently{9ktml  Hermitian operators arises naturally in coherent spectroscopy
transfer polarization or coherence through chains of coupledf ensembles and constitutes a fundamental step in multidi-
spins. Examples are the design of radio-frequeify) pulse  mensional NMR spectroscopy of biological macromolecules
[7]. We emphasize again that any unitary transformation that
transfersl; to I, , implies that any state of the formy
*Email address: navin@hrl.harvard.edu. =11+al,+a,l 1yt asly, is transferred to spim.
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Besides applications in spectroscopy, finding optimalencoded and decoded in a short time. We will refer to such
methods to control the dynamics of coupled spin networks i€ncoded states as effective soliton operateeg end of this
of fundamental importance for the practical implementationsectior).
of quantum information processing. In recent years, many Now we consider the three specific effective soliton op-
innovative proposals have come out to harness the dynami@sators Ay, =21 o)l (k-1)2: Aky=2lk-1)xlkz» and Ay,
of spins in the liquid[5,6] and solid statd16,17 for the =4I _),l (k-1)ylk,, Which obey the commutation relations
purpose of information processing. Like many coherencg A, ,Agl=l€,z,A,, Wheree,g, is the Levi-Civita symbol

transfer experiments in multidimensional NMR  spectros-which is 1(or —1) if {a8y} is an evenor odd permutation
copy, these NMR quantum computing architectures rely orpf {x,y,2 and 0 if two or more of the indices, 3, y are
elaborate sequences of radio frequetiRf) pulses for real- jgentical. Each individual soliton operatar,, is advanced
izing desired effective Hamiltonians. Recent proposals byyiong the spin chain by one unit if the propagatdy
Yamamoto[17] use a chain of nuclear spins 1/2 in the solid =exp{—iAHexp{—i (m/2) Fy} with Fy=1,+ 15+, is
state for purpose of computing. A major challenge in suchyppied:

architectures, which is also found in various other quantum

information devices, is finding efficient ways of making qu- Ua

bits interact if they are not directly coupled. A prototype Aka— Akt 1)a -

example of this problem is finding efficient ways to generate

unitary transformations which exchange the states of spinghe propagatol , can be realized by applying a nonselec-
on the two opposite ends of a spin chain. Pulse sequencéye 90° pulse (with negligible duration to all spins, fol-
presented in this paper can be used to accomplish such ofpwed by the evolution of the spin system under the coupling
erations efficiently. Hamiltonian, for a durationA =(2J) 1.

Consider a linear chain ofi weakly interacting sping With the help of the soliton operators, = A —iAyy, it
particles placed in a static external magnetic field in zhe is possible to transfet; =1,,—il,, efficiently to I, =1,
direction and with Ising type couplings between next neigh-—i| ny’
bors[18,19. In a suitably choserimultiple) rotating frame

which rotates with each spin at its resonant frequency, the e L L
Hamiltonian that governs the free evolution of the spin sys- Ii=—=Ay == Ay = — 1, .
tem is given by the coupling Hamiltonian (n—3)times
n Here, the encoding of, as the soliton operatoh ; is ef-
He=2m D, I 1kl k=12 k2> fected by the propagators
K=2

Ulzexp{—iAHc}exp{i glly]exp{ =i gllxl,
whereJ,_, is the coupling constant between sjift 1 and

k. If the resonance frequencies of the spins are well sepas g
rated, spink can be selectively excitethddressedby an
appropriate choice of the amplitude and phase of the RF field U,=exp{—iAHfexp{—i (7/2) (115+ 1)}

at its resonant frequency. The goal of the pulse designer is to

make appropriate choice of the control variables comprisingrinally, the decoding of the soliton operatdr, into I, is
of the frequency, amplitude and phase of the external REchieved by the propagatos, and

field to effect a net unitary evolutiod (t) which efficiently

transfers the initial operatgk=1; to B=1,, . For simplicity Upn+1=expfi(m/2)1 exp{ —iAHfexpli(m/2) (154

but without loss of generalitgvide infra), we assume that all
coupling constants in the spin chain are equal, Dg.,;y
=J for 1_<ksn. ) _ U;, Uy, U,, andU, ., require a period\ =(2J) ! each,
_A straightforward way pf transferring the oi)e_raﬂqr to resulting in the timereyo=(n+1)/2J for the complete
I, is to perform sequential transfers, wherelRy is trans-  yansfer froml] to .

ferred tol,, , [21,22. Each of these sequential steps takes The flow of soliton operators is summarized in Figo)l

3/2J units of time, resulting in a total time of 8(-1)/2  The panel schematically traces the evolution of the initial
(see Fig. 1 However this is far from optimal. It can be gperatorsl,,, l1y, andl,, via the soliton operatord yy,
shown(8] that given any initial operatok that represents a A, and A, in the spin chain as a function of time. The
state involving spirk and spins with label less thdg the operatorsAyy, Ay, and Ay, represent local correlations of
minimum time required to advance this operator one step UBpink—1 with its neighbors. Under the proposed pulse se-
the spin chain is 12 This suggests that an efficient ap- quences, these correlations advance one step in the spin
proach to transferring the statg to |, is to prepare an chain, everyrge=1/2J units of time. Although these opera-
encoded staté, such that it is possible to go fromi, to  tors evolve to other operators under the proposed pulse se-
A1 inatime of 1/2. Furthermore, it is desirable that these quences, if the spin system is observed stroboscopically, ev-
encoded states be sufficiently localized so that can be  ery 74, units of time, the correlations maintain their shape

_I(nfl)y)}-
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A B decoding steps but not in the propagation steps. The propa-
gatorsU , that advance the effective soliton operators by one
step in the chain can be implemented entirely without spin-
A selective pulses. Hence, it is only required to selectively ad-
dress the first and last spin in the chain but it is not necessary
to implement selective rotations for the remaining spins. In
contrast, a sequence of sequential swap operations requires
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’ % ’ z spin-selective rotations for all spins in the chain, because
4 T —— 4 kg iz ] during a swap operation between two directly coupled spins
ELLE R R R spinsk andk+1, the spinsk—1 andk+2 must be selec-

S I I m m tively decoupled. A straightforward implementation of such a
3n4 S N ] z} swap operation between spins and k+1 consists of

’x three time periods of duratioh=(2J)" ! with effective
S8 1 " propagators  eXp-imlil 1y,  expg—imllys1y), and

—— —_— exp{—iml ) k+1)}- The creation of these effective propaga-
spinchain spinchain tors requires the application of sevefapin-selective radio
frequency pulseffor a detailed discussion of various experi-

FIG. 1. Panela shows the flow of coherence and polarization . .
) . . . o mental pulse sequences for the implementations of swap op-
in a spin chain under a sequence of selective isotropic mixing pe-

riods[10,21,23, (sequential swap operationsach of which can be erations, seéZ(_)])_. For spme applications, the significantly
decomposed in three steps of duratitr-(2J) 1 with effective reduced selectivity requirements of the new transfer scheme

Hamiltonians 2rdl_ 1 ix: 2731 g 1yyliy» @nd 2731 g1yl iz, may pe yet another advantage compared to a sequence .of
respectively. After the first step the initial operatbyg, 14y, 1,, are selective swap operations. A further issue to be considered is
transferred toly,, 211,05, 211,15 respectively. Coherence is the relative sensitivity of the sequences to errors in timing,
transferred in a sequential manner where the state of theksigin ~ Strength of the radio-frequency pulses and due to their finite
transferred to spirk+1 in 3J/2 units of time. The total transfer duration. For each time periodl and each radio-frequency
takes 30— 1)/2J units of time. Pane{b) shows the flow of coher- pulse, there are finite errors in both sequences. However, in
ence and polarization under the proposed pulse sequence basedtb® new sequence, not only the number of transfer steps of
effective soliton operatoréindicated by gray arrows Here, a lo- duration A (see Fig. ], but also the number of pulses is
calized spin wave is created which moves one step in the spin chaireduced by about a factor of three, which helps to increase
in every 1/2 seconds. The total transfer time for the proposed pulsehe robustness of the new sequence to experimental imper-
sequence isr(+1)/2). For clarity, operators such ag, are indi-  fections. As quantum information is encoded differently in
cated by the lettex at positionk within a box; each box displays, in  the new transfer schem@pread over three spins or qubits
a vertical array, what the initial operatoxg/,z have evolved to at jnstead of one or twp it will in general have a different
the time indicated on the vertical axis. Slm”arly, b|||ndar trilin- degree Of robustness W|th respect to relaxat|0n or external
eaj product operators such s, (or A,,) are indicated only by pojse. A detailed study of the transfer efficiency for various
the axis labels, y, orzat the corresponding spin position, omitting tynes of relaxation mechanisms or environmental noise is of
prefactors of 2or of 4) and possible algebraic signs. interest but beyond the scope of the present paper.
. ) . ) The proposed pulse sequences are also compared with the

and are just trar_wslated_ one step up in the spin chain. Hen%idely used concatenated INEPT pulse sequeii28s24],
the name effective soliton operators. which transfer only one component of magnetization along a

The time 7ji0n taken by the proposed pulse sequencespin chain, i.e.);,— I . If all couplings are equal td, the
should be compared.wnh the t[ansfe[ time for conventionajjme required for transferringiy,— |, by the concatenated
pulse sequences which transfgr to I, [10,21,23. These |NEPT pulse sequencesiig2]. For largen, this is approxi-
pulse sequences require-1 steps of selective isotropic mately the same as the time required for the new soliton-
transfers in which thgth step transfers the operathr to  based pulse sequences. However, the soliton sequences trans-
l;+1. Inthejth step, only spingandj +1 are active and the fer the complete state of spin 1 to spinwhich may result in
remaining spins in the chain are decoupled. This mode o&ppreciable gain of signal to noise ratio in spectroscopic ap-
transfer is depicted in pan@) of Fig. 1. Each such isotropic plications[9].
transfer step requires J2units of time and therefore the The proposed pulse sequences can be used to efficiently
total time is 31— 1)/2J. In the limit of largen, the proposed exchange théarbitrary states of spins at the two ends of a
soliton sequences only take 1/3 amount of time as comparespin chain with possible applications to proposed quantum
to state of the art pulse sequences. A comparison of the timeomputing architecturegl7]. This exchange operation be-
taken for the coherence transfer by the conventional setween spin 1 anah, in general will not preserve the state of
quence of selective isotropic pulse sequenggs, and the  other spins on the spin chain and hence donot represent a
proposed pulse sequencesion iS shown in Fig. 2 forn swap gate between spin 1 amdin the usual sense. The
<10. proposed soliton sequences can be used to transfer the state

As the implementation of spin-selective pulses is oftenof spin 1 to spinn and spinn to spin 1 simultaneously in
difficult, it is of interest to note that in the new sequence,(n—+1)/2] units of time. This should be compared to the
spin-selective pulses are only required in the encoding andpproach where states of spin 1 andre exchanged through
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3.0 est of the coupling constandg_,y—1, Jx—1x, Jkk+1, 1-€., if
Jk‘k+1=min(‘]k,zyk,l,\]k,lyk,Jk]kJrl),then |t W|” take Tk
=1/2]y x+1 units of time to produce the propagator exp
{_I.W(I(k—Z)ZI(k—l)Z—f_—I(k—l)ZlkZ+|kZ|(k+1)Z)}' ThlS IS a(::hleveq by
2.0 letting the couplingJy x4+, evolve during 7, while letting
Jy—2k—1 and Jy_;x couplings evolve only during
(I k+ 1/ k-2 k—1) 7k @nd Py k+1/Ix—1x) 7k respectively and
decoupling these couplings for the remaining time. This can

1.0 be achieved by standard refocusing techniqi¢sTherefore
the total time required for propagation of the solitdg to
A, is
n—3 1
0'02 "4 6 8 10 k=1 2 mMin(Jy s 153k 1209k 2K+ 3)
n Similar arguments yield that the time required for prepara-

FIG. 2. A comparison ofrge= 7/(n—1), the average time re- tion of_ soliton state. from th(_a initial _state is 12
quired to advance by one step in a chainnotoupled spins for T 1/2mindi,,J23) and finally the time required to reduce the
pulse sequences which effect full transfer frdf to I, . Dia-  Soliton state to the final state is 1/2mip(zp-1,Jn-1n)
monds: conventional sequence of selective isotropic mixing steps 123, 1.
between neighboring spifi®1,22. Squares: sequence of optimal ~ The proposed methods for control of spin chain dynamics
indirect SWAPK,k+ 2) operation$25] (of duration 3/3/2J) which ~ may have the potential to improve the sensitivity of multidi-
are followed by a selective isotropic mixing step between spinsmensional heteronuclear triple resonance experiments, used
(n—1) andnif nis even. Circles: soliton pulse sequence. for example for sequential resonance assignments in protein

NMR spectroscopy9]. The proposed method of manipulat-
a sequence of neighboring swap operati@#®. Each swap ing dynamics of spin chains could also reduce decoherence
operation requires 3J2units of time. Therefore the total time effects in experimental realizations of quantum information
required to exchange states of spin 1 antdy sequential devices[17]. Although minimizing the time required to pro-
swapping is at least 3i(—1)/23, which in the limit of large  duce desired unitary evolutions in a quantum system is ex-
n is three times longer than the proposed approach based @ected to reduce dissipation and relaxation effects, optimiz-
soliton operators. ing pulse sequences by incorporating a realistic relaxation

Finally, we analyze the time taken by the proposed cohermodel may further improve the sensitivity of experiments in
ence transfer methodology when couplings are not equal. Tooherent spectroscopy.
produce the effect of the propagatdy acting onA,, Ay, This work was funded by DARPA-Stanford Grant No.
Ay, in EqQ. (1), the only terms in the coupling Hamiltonian F49620-01-1-0556. This work was funded by the Fonds der
H. that are instrumental are Jy ok 1lk-2)/k-1).  Chemischen Industrie and the Deutsche Forschungsgemein-
+Ji- 1 (-2l ket Ik 1l kd (k1 1)2) - I Ik k1 is the small-  schaft under Grant No. G1 203/4-1.
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