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Imaging population distribution between two coupled atomic Bose-Einstein condensates
by using short laser pulses
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In this work we investigate scattering of ultrashort light pulses from two coupled neutral atomic Bose-
Einstein condensates corresponding to two different ground hyperfine sublevels. Two counterpropagating
ando _ light waves are employed to excite the atomic condensates. We find that the spectrum of scattered light
is determined by the initial preparation of the atomic condensate. The spectrum is found to be a mirror image
of the population distribution. The scattered light probes the population distribution between the two conden-
sates. In particular, we find that, when the population is equally distributed between the two ground states, the
quantum fluctuations in the spectrum are suppressed due to destructive quantum interference.
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INTRODUCTION direction determined by the size of the condensate.éfaal.
[13] demonstrated that coherent scattering probes the density
The experimental realization of Bose-Einstein condensaprofile of the trapped atoms. On the experimental side, An-
tion (BEC) of dilute atomic vapor$l—3] has generated im- drewset al.[14] have already used dispersive light scattering
mense interest in the properties of quantum atomic gases afi@ spatially image a trapped condensate. The dynamics of
their manipulation by various techniqugs,5]. Apart from  two BEC's that are optically coupled through a common ex-
the fundamental question of the possibility of achieving suf-Cited state by laser-driven Raman transitions has been inves-
ficiently low temperatures and high densities to obtain BECfigated by many authors in the context of manipulation of
there is another question concerning detection and observguantum statistic$15], measurement of the relative phase
tion of the condensate; obviously, the latter goal may be’€fWeen two condensatgsb], output coupling for an atom

realized by scattering light on the system of cooled atoms. aser[17], realization of a vortex coupler for BE[18], ef-

Analyzing the properties of light scattered from a sampleﬁc'em population transfer into any desired st@t®], and

of cold bosonic atoms can provide a means of detectin eiprobing of statistical properties of BEC’s with ultrashort
fect iated with th fp i fa BEC. P Ig ¢ ulses[20]. Motivated by these interesting developments in
ecls associated wi € formation of a - TOposals Qg apy years of observations of properties of BEC’s and their

utilize scattering of far-off-resonance light to probe denSitymanipuIation, we propose a scheme to image the population

correlationg6,7] are an example. Studies of light scattering yistribution between two coupled BEC's using short laser
from degenerate atomic gases were initiated by Svistun%mses_

and Shlyapnikov{8] and by Politzer[9], who considered
scattering of weak light from a low-temperature~€0) con-
densate formed from a spatially homogeneous gas. For this
configuration band gaps exist in the condensate excitation The atom in the condensate is considered as a system with
spectrum, giving rise to strong reflection of resonant lightinternal transitionsly=1—J.= 1. Initially the atomic con-
from the sharp boundary of the condensate. In the context atensate is assumed to be prepared in one of the two ground-
experiments, however, this situation is inappropriate as istate sublevelsy_) and|g.) or in a coherent superposition
corresponds to the case of an infinitely large trap. A numbeof the two ground states by possible laser-cooling tech-
of classic papers have since appeared dealing with light scatiques. The two ground states differ by their internal quan-
tering from condensates confined in traps of a more realistitum numbers.
size and shape. A review of much of this work has been Two counterpropagating, ando _ light waves are em-
given by Lewenstein and YJu0]. Lewenstein and Yo{l11]  ployed to excite the atomic condensa{€®g. 1). The state
and Youet al. [12] have investigated the scattering of short|g_) is optically coupled to the electronically excited state
but intense laser pulses from a trapped sample of colde,) by the driving field() . with polarizationo . . Similarly,
bosonic atoms. They found that above the critical temperathe driving fieldQ) _ with polarizationo_ couples the state
ture T, for BEC coherent scattering is weak and restricted tdg, ) to the statgey). Both the laser fields are assumed to
a narrow cone in the forward direction, while beldw the  have the same frequeney, and time-dependent amplitude
scattering of photons occurs into a solid angle in the forward)(t). The Hamiltonian governing the interaction of the two
light fields with N bosonic three-leveh atoms confined in a
trap takes the following second quantized form in the Fock
*Electronic address: aranyab@bol.net.in representation:

THE MODEL

1050-2947/2002/66)/0536176)/$20.00 66 053617-1 ©2002 The American Physical Society



A. BHATTACHERJEE AND M. MOHAN PHYSICAL REVIEW A66, 053617 (2002

t k.- R
e

which corresponds to an assumption that the pulses have the

forms of plane-wave packets propagating in Ef@edirection

FIG. 1. The atom in the condensate is considered Asgstem  With center frequencw, and polarizatiorr.. . F(y_t) is the
with internal transitions ;=1— J.= 1. The two ground states differ temporal envelope of the pulses, chosen to be real. In the trap
by their internal quantum numbers. Two counterpropagating  system concerned, the characteristic length is the size of the
ando_ light waves are employed to excite the atomic condensatesyibrational ground-state wave functica~10 °m, while
The statdg_) is optically coupled to the electronically excited state the momenta of ther, ando_ polarized photons are in the

leg) by the driving fieldQ, with polarizationo . . Similarly the  rangefik, +# v, /c, whose changes are negligible in com-
driving field O _ with polarizations_ couples the stathy. ) to the parison to 1a~10° m~ .

state|eg).

Q+ S >
hT_F elkL-Rfletl//;t.l/,eniye(kL)-FH_C_,

3

We may thus safely sét=k,_inside 7. o(k ). Using Eq.
(3), the Hamiltonian(1) becomes

i=eg=*

H=%>,
n

ohthnth [ dkokd, .
H=fi 2 o'yly

+hf dk ckdl, ay, i

+5 %F(nt){emﬂw?wem,e(&>+H.c.}. @

+3 f dkQ_(K)a), ¢hg, tnen+e(k) |

The Heisenberg equation fgk that follows from the Hamil-
n Jdkﬂ aTo t _J(K+Hc., @ tonian (4) now becomes linear. Thus, at resonansgz= o,
zn: +o, ¥ng_Yne” e(k) = w®— w9 (we have taken the two ground states to be degen-
erate so thaw9+~ w9-=w?), and in the rotating frame in

I . i —iw% —i(09+ o)t
wherey,; and . are the annihilation and creation operatorsWh_'Ch Yo, =€ g, e TN, they can be
of atoms for thenth vibrational state of the center-of-mass Written as
motion of the atom in the trap, and in the stateg.. , e. We

will consider temperature$<T, (the critical temperatupe - O* (K.t K1)  O*(kt K t
so that the Bose-Einstein condensate is assumed to be in thd7ek.0 _ . 1oy (kD) 92l (K ,
lowest vibrational state, i.en=0. a,_ andaJ, denote Jt 2 2 :
annihilation and creation operators for photons of momen- ®
tumk and polarizationr .. . All the annihilation and creation R R R
operators obey standard bosonic commutation relations. The Iy (K1) CQq(kt) ge(k,t)
coupling strength€) . are slowly varying functions ok. ot = 2 ' 6)
Finally, ni,e(E) are the Franck-Condon factofise., matrix
elements for the center-of-mass transition from the lowest P Rt . -
state of the ground-state potential to the lowest state of the Yg, (kD) _ Qo(K, 1) gre(k, 1) @
excited-state potentigl ot 2 '
> KR where

7+ o(K)=(g=,0e"Fle,0). (2)
Recent self-consistent analysis has shown that, if the laser- Qu(kt) _ 2 Fnbn-olk) ,
atom interaction time is selected as short as 10 ps, the col- 2 2
lective spontaneous emissions can be legitimately neglected.
Hereafter, we will assume that the two applied light waves QKDY QO _F(wmt K
are pulses of the same temporal envelope with duration of 2(2’ )& (7L2)77*'e( L), (8

the order of 10 ps and width, = 10'* Hz. Consequently, we

assume that during the interaction with the laser pulse the

effects of dissipative spontaneous emission and dispersive Equations(5)—(7) may be easily solved analytically for
dipole-dipole interactions are small, as compared to the efany pulse envelope and appropriate initial condition. Ini-
fects of the coherent driving lasers. We can then rewrite théially, the atomic condensate is assumed to be prepared in the
interaction terms as ground-state sublevég ). With the pulse area defined as
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Q. [t Formally integrating Eq(15), together with the initial con-
A(t)= TJ: F(y Hdt’ (9)  ditions (10), we obtain

and the initial conditions

- “ickt Q0 _Nc > % r
a, (kit)y=e akg_(—oo)—Wm,e(k)%,e(kd

Yy (t=—2)=Ng, 4y, (t=—2)=0,
t
xﬁ dt’ e ekt gif A(t))]

the(t=—)=0, (10)
the solutions are X{cod A(t")] -1}, (16)
. - . . O Ng . -
pe(ky ,t)=—i7% (k) VN/2sifA(1)], (11) ak0+(k,t)=e"thakU+(—oo)— ;7 n- oK) 7" o(k)
t X . ) ,
by (k)= \/}{COS:A(t)]'f‘l}, (12 X ﬁxdt’e K sifA(t')]
X{cog A(t")]+1}. (17
N N, The Franck-Condon fact ing in E d(1
Wy (K1) A {cog A(t)]— 11, (13) areeevgrl](;tedogs on factors appearing in Eq$) and (17)

whereN. is the total number of condensate atoms. Lo PR iR

In deriving Egs.(11)—(13), we have made use of the fol-  7+,e(K) 7% o(k) =(+ Ole”“ le,0)(e,0/e™t 7| - ,0)
lowing relation: —(+ 0|e—ik‘07—lz|_g+.li|_ 0>:e—5k’fa2/2
. i} . L (18)
7+ (k) 7 o(k)=(+,0le” " F|0e)(e,0/e" F|0,—)

(ki —k Y242 - -
—e RS, (14 7o) 7" oK) =e 7, (19

wherea is the dimension of the trafpelated to the size of the where5k1=(lz _IZL ) and 5k2=(|2 _EL ).
ground-state wave functiorWe have considered the dimen- o T
sions of the traps fofg,) and|g_) condensates to be the
same.

The total spectrum of scattered. photons is defined as

" ; + +
SPECTRUM OF SCATTERED LIGHT Cu'i(k) tlm{<akor(t)aku’t(t)>+<ak(rt(t)ak(ri(t)>}

We can now calculate the spectrum of scattered photons (20
with polarizationso . . Thus, using the Hamiltoniafl), we  In Eq. (20), the first term is the contribution due to creation
derive the Heisenberg equations for the photon annihilatiomf a o photon with the simultaneous destruction ofra
operatorsay,  anday, : photon incident on thég-) condensate, while the second

term is the contribution originating from the creation aofa

) ) ) Lo - R photon with the simultaneous destruction ofsa photon

Ay, = —ickay,, =1 (K) iy (K 1) de(ky 1) 75 o(K). incident on the|g.) condensate. The total spectrum from

(15 Egs.(16), (17), and(20) takes the form

o _loPng

Cr (k)= —%

[eﬁkizaz f dt, f dtye ek eultgilckellt giy A(t;) ]{cog A(t;) ]+ 1}

Xsir[A(tz)](cos{A(tz)I1}e_[5k§+5k§]a2/2 f dt; J dtye [k eLltigilck—oL ]t gif A(t,)]

X{cod A(ty) ]+ 1}sinA(ty) [{cog A(ty) * 1}}, (21)
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Spectrum of scattered photons

FIG. 2. Relative orientation between the incident photon with

wave vectork, and scattered photon with wave vector T

where we have takef(),|=|Q_|=|Q|. We will consider 1

an important special case of the hyperbolic secant pulse o0, ) : 2 ~~~~~ !
area 2r: N N ; °

x(dimensionless}

F(t)=seclin), (22) FIG. 3. The frequency spectrum for photons emitted at an angle

cosezl/kfa2 calculated from Eqs(23) (shown by curve Cjland

wherey, is the Fourier width of the pulse. The final analytic
" P Y (28) (shown by curve Cpfor k a~1.

expression focgi(lz) takes the following form:
The photon annihilation operatoes,,, anday, are then

—oKk2a2
. (0= |Q[?NZme 2k given by
o 2N
{eZKf cosoaz(X2+ 1)+[(X—1)2+4X2]1/2} akat(E,t)ze_ithakat(—oo)— 4 ¢ n;‘e(E)
~ cost(mx/2) ’ < (R + 7t (RO
/. ]
(23) e\l +,e\RL
! i " i ’ ’
where we have takejk|/|k |=1, x=(w—w.)/y,_, andf is ><f_ocdt’e_'°k“‘t )sinA(t")]cog A(t")].

the angle between the incident photon with wave vektor
and the scattered photon with wave vedtars shown in Fig. (27)

2. The influence of the initial state of the Bose-Einstein CON—ryg fing| analytic expression for the spectrum corresponding
densate on the spectrum is analyzed by changing the initia}, ihe initial condition(24) is derived as
condition.

W_e_noyv recalculate the spectrum for the following initial A |Q|2N§w2e‘2kfaz 8x2 cosﬁ[kfaz cos0]
condition: c, (k)= >
7% 8yf cost(mx/2)
g (t==2)=Nc/2, ¢y (t=—0)=N/2, (28)
Yo(t=—0)=0. (24 DISCUSSION OF THE SPECTRUM

Since the two hyperfine ground states are taken to be degen- Ve are now in a position to discuss the angular and spec-
erate, the phase difference between the two condensates!{gl dependence of the scattering spectrum as given by Egs.
zero. The selection of a nonzero phase implies the breaking?d and(28). The spectra of scattered photons with polar-
of the degeneracy of the ground state of the system. Evelationo . ando_ show similar angular and spectral depen-
though we start initially from number states without any ini- dénce. The frezquency spectrum for photons emitted at an
tial phase, the relative phase between the two condensat@ggle co¥=1/kia® calculated from Eqs(23) and (28) for
subsequently starts accumulating and evolves at a rate prta~1 is shown in Fig. 3, curves C1 and C2. Clearly, we
portional to the local difference in chemical potential be-find two completely different population distributions. In
tween the two condensates, which in general is a function ogeneral, the total spectrum of scattered photons consists of
time. Due to the ultrashort duration of the laser pulse thiscoherent and incoherent parts. The coherent part is, as in the
accumulated relative phase is negligible and can safely b&ingle-atom case, proportional to the modulus squared of the
neglected. With the initial conditioii24), the solutions of Fourier transform of the mean atomic polarization. The inco-
Egs.(5)—(7) are herent part originates from the quantum fluctuations of the
atomic polarization.
N. . A nonzero value of the scattered intensity in the frequency
v sifA(t)], spectrum at resonance is a signature of quantum fluctuations.
25) Clearly, when the two ground states are equally populated,
the quantum fluctuations are absent as shown in Fig. 3, curve
_ . C2, which could be due to destructive quantum interference
Yg_(KD)= kg, (k1) = VNe/2CO$A(D)]. 28 petween the two channdlg, )— |e) and|g_)—|e). On the

Yok, 0)=—i{7* o(K))+ 7% (kD)) .
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045 = ‘ ' ‘ - e Tee— Egs.(23) and(28), since only that due to Eq28) will show
04 1 a dip aroundd= /2.

’ In 1996, Andrewset al. reported the direct, nondestruc-
tive observation of a Bose condensgid]. Dispersive light
scattering was used to observe the separation between the
condensed and normal components of sodium atoms in the
F=1, mg=—1 hyperfine state at a temperature of LK.

They found the incident photons to be elastically scattered in

the forward direction by an angle/4R (R is the radius of the

Bose gag which was typically 0.02 rad. An increase in the

, . , , . . density of the Bose gas was accompanied by an increase of

s 2 ! N ! 2 8 the scattering angle. Andrewet al. established that short
(Rapians) light pulses could provide good temporal resolution.

FIG. 4. The angular dependence of the scattered spectrum for More recently, Inouyeet al. studied Rayleigh scatterling
(0—w)ly.=1 andk_a~1. The case when tHg ) state is com- off a BE condensatf21]. An elongated condensate was illu-

pletely empty is shown as curve C1. The case when the two g|rouna"inate_d with a single off-resonant laser beam. Collective
states are equally populated is shown as curve C2. scattering led to photon scattered predominantly along the
axial direction. The angular pattern of the scattered light

other hand, unequal population distribution between the tw@long the axial direction changed with the pulse width. De-
ground states gives rise to quantum fluctuations, which igreasing the pulse duration increased the scattering angle. In
evident from Fig. 3, curve C1. The complete absence of th@ctual experiments the angular distribution of the scattered
central dip at resonandée., at (@— w, )/, =0] indicates light would become anisotropic because of the elongated
the fact that the number of incoherently scattered photons ighape of the Bose cloud. Unequal confining potentials for the
maximum for this particular case. Note that at resonancévo hyperfine states would result in a relative phase between
only incoherent scattering dominates. With increasing valuéhe two condensates.

of (w—w)/y_, the coherent scattering begins to contribute

to the total spectrum. Both the coherent and incoherent parts CONCLUSIONS

vanish for large values ofe{— w )/, . Hence the central

dip may be used as a means to probe the relative distribution In this work we have investigated theoretically the possi-
of the condensates in the two hyperfine levels. The angulasility of using the scattered spectrum of intense short laser
dependence of the scattered spectrum for-(@ )/y =1 pulses off two coupled BEC’s as an imaging technique to
andk a~1 is presented in Fig. 4. Significant difference in probe the population distribution between the two conden-
the angular dependence is noticed for the two cases undeates. A nonzero value of the scattered intensity in the fre-
consideration. For the case when the) state is completely quency spectrum at resonance is a signature of quantum fluc-
empty, scattering takes place predominantly in the forwarduations, which we find arises only when population is
direction(curve CJ. When the two ground states are equally unequally distributed between the two ground states. This
populated, the angular distribution changes dramatically. Theeak at resonance slowly transforms to a dip as the popula-
spectrum now indicates scattering not only in the forwardtion difference between the two ground states decreases.
direction but also in the backward direction, with a minimumWhen the population is equally distributed, the quantum
at #=m/2 (curve C2. This case has an advantage in thefluctuation completely disappears which is traced back to
sense that the difficulty associated with the detection of phodestructive quantum interference. Equal population distribu-
tons scattered in the forward directidas they cannot be tion is also reflected in the angular dependence of the scat-
distinguished from the laser photonis now removed. To tered photons, where we find that scattering takes place both
measure the spectrum corresponding to a given polarizatioim the forward as well as the backward directions. Initially, if
we would need to select from the scattered light the requiredne of the ground states is completely empty, photons are
polarization. If the detector is insensitive to polarization of scattered only in the forward direction. By placing the detec-
scattered light, the spectrum has contributions from both théor at the appropriate point, we find that it is possible to
polarizations. By moving the detector aroudd- /2, we  know the population distribution at that time by simply look-
can distinguish between the two spectra corresponding ting at the angular dependence of the spectrum.

Spectrum of scattered photons
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