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Floquet analysis of atom-optics tunneling experiments

Robert Luter and L. E. Reichl
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Dynamical tunneling has been observed in atom-optics experiments by two groups. We show that the
experimental results are extremely well described by time-periodic Hamiltonians with momentum quantized in
units of the atomic recoil. The observed tunneling has a well-defined period when only two Floquet states
dominate the dynamics. Beat frequencies are observed when three Floquet states dominate. We find frequencies
that match those observed in both experiments. The dynamical origin of the dominant Floquet states is
identified.
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Atom-optics experiments recently have been used to
vestigate the effect of underlying classical chaos on quan
dynamics. The experiments we focus on in this paper h
demonstated the existence of dynamic tunneling in mom
tum space in regimes where the underlying classical ph
space contains a mixture of chaotic and regular orbits.
will show that we can accurately reproduce the domin
tunneling frequencies observed in these two very differ
experiments using Floquet analysis of the quantum dyn
ics.

Typically, cold sodium or cesium atoms are allowed
interact with laser beams that are detuned away from re
nance with two atomic energy levels which have ene
spacing,\v0. Two counterpropagating laser beams creat
periodically modulated standing wave of light which stim
lates absorption and then emission of a photon. This res
in a net atomic recoil of 2\kL , wherekL5vL /c is the wave
vector of the laser beams and\ is Planck’s constant. When
the laser detuningdL5v02vL is large, this process domi
nates the dynamics.

A theoretical model which describes the atomic dynam
in such systems was developed by Graham, Schlautm
and Zoller@1#. Recently, two groups~Steck, Oskay, and Rai
zen @2,3# in Texas and Hensingeret al. at NIST @4#! have
performed independent experiments in which dynamic t
neling has been observed. In this paper, we explore the
curacy of the models used to analyze these experiments
the dynamical origin of the tunneling observed in each
periment. We first discuss the Texas experiment and then
NIST experiment.

In the Texas experiment@2,3#, the dynamics of noninter
acting cold cesium atoms, in an amplitude-modulated sta
ing wave of light, was measured. The atomic center-of-m
Hamiltonian ~in S.I. units! used to model dynamics of th
cesium atoms is

Ĥ5
p̂2

2m
22Vocos2S vmt

2 D cos~2kLx̂!, ~1!

where p̂, x̂, andm are the momentum, position, and mas
respectively, of a cesium atom,vm52p/T is the modulation
frequency, andVo5\Vmax

2 /8dL is the ac Stark shift ampli-
tude, whereVmax522E0d/\ is the Rabi frequency,E0 is the
electric-field strength, andd is the dipole moment of cesium
@5#.
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In the experiments, the initial state is well localized
discrete momentum states separated by 2\kL . This quanti-
zation of the momentum occurs naturally in the experim
due to the presence of counterpropagating laser beams w
cause two-photon transitions. Therefore, in our theoret
analysis, we perform a scaling which explicitly quantizes t
momentum in units of 2\kL . As we will see later, this al-
lows us to use Floquet theory rather than Floquet-Blo
theory, which deals with a continuum of momentum sta
@6#. Let f̂52kLx̂, p̂52n̂\kL , v r5\kL

2/2m, v5vm/4v r ,

t854v r t, andĤ theor5mĤ/2kL
2\2, to obtain

Ĥ theor5n̂22
av2

8p2 Fcos~f̂ !1
1

2
cos~f̂2vt8!

1
1

2
cos~f̂1vt8!G , ~2!

wherea58v rT
2V0 /\. All quantities are dimensionless an

n̂ is the dimensionless momentum operator with eigensta
un&, and integer eigenvalues,2`<n<`. @Note that the ex-
perimental papers@2,3# perform the scalingf̂52kLx̂, t

5vmt/2p5t/T, r̂54pkLp̂/mvm , Ĥexp516p2kL
2Ĥ/mvm

2 ,

and the Hamiltonian takes the formĤexp5(r̂2/2)
22a cos2(pt)cos(f̂).# This system has three primary res
nances centered at (n50,f50) and (n56v/2,f50). For
small values ofa(a,1.5), the primary resonances hav
pendulumlike structure, and the resonance atn50 has half-
width Dn05Aav2/4p2, while the resonances atn6

56v/2 have half-widthDn65Dn0 /A2 @7#. The primary
resonance atn50 bifurcates ata'7.0. The two outer pri-
maries remain visible untila'13.0, when they disappear.

The classical motion is obtained from Hamilton’s equ
tions, ṅ52]H theor/]f and ḟ5]H theor]n. In the Texas ex-
periment, v r51.303104 rad/s and T52p/vm520 ms,
which, for smalla, gives a location ofn6563.0 for the
outer primary resonances. For the field strengtha59.7, used
in the Texas experiment, the pendulum approximation for
half-widths of the two outer primary resonances givesDn6

52.1, while the half-width of the central island isDn0
53.0. Thus the Texas experiment, fora59.7, is in the
strong field regime, where the primary resonances have o
lapped and considerable chaos is expected@7#. A surface of
©2002 The American Physical Society15-1
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ROBERT LUTER AND L. E. REICHL PHYSICAL REVIEW A66, 053615 ~2002!
section of the classical phase space fora59.7 is shown in
Fig. 1~a!. The central primary resonance has bifurcated a
is largely destroyed, and the outer primary resonances h
been reduced significantly in size and are centered at
mentum valuesn564.2. Note also that the chaotic regio
lies in the interval25<n<15, indicating that eleven quan
tized momentum states determine the dynamics in the
otic region.

The Texas experiment used atoms prepared initially w
a narrow momentum distribution peaked atn54.2 ~on the
upper island!. To numerically simulate this initial condition
we solved the Schro¨dinger equation, i @]uC(t8)&/]t8]
5Ĥ theoruC(t8)&, using momentum states,un&, as a basis. A
coherent state,

^nuC~0!&[^nufono&

5S s2

p D 1/4

expF2s2

2
~n2no!2

2 i ~n2no!foG , ~3!

centered at (n5no ,f5fo) is used as the initial state, wit
s51.2, which was used in the experiment. In the mom
tum basis, the Schro¨dinger equation reduces to a system
coupled first-order differential equations for the amplitud
^nuC(t)&. This system was truncated, and 81 equations
the stateŝ nuC(t)& with 240<n<40 were kept. The time
variation of the average momentum,^n&, is shown in Figs.
2~a!, 2~b!, and 2~c! for a58.0,9.7, and 13.0, respectively. I
all cases, the initial state is (no54.2,fo50). For all three
plots, the average momentum oscillates between the o
primary resonances. The plot fora58.0(a59.7) has two
dominant frequencies,f 151.95 kHz andf 252.73 kHz (f 1
52.39 kHz andf 252.88 kHz), giving rise to a beating ef
fect. The beating effect ata59.7 was observed in the Texa

FIG. 1. Classical strobe plots.~a! The Texas experiment with
v56.0 and a59.7. ~b! The NIST experiment withv52.5, a
51.66, ande50.29.
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experiment@3#, but the experimental error bars were to
great to resolve it ata58.0. The plot fora513.0 shows one
dominant frequency,f 51.56 kHz.

It is useful to examine these results using Floquet the
@7#. Because the HamiltonianĤ theor has time periodic coef-
ficients, the Schrodinger equation has Floquet solutions
the form ^nuC(t)&5e2 iV j t^nux j (t)&, where V j is the j th
Floquet eigenphase, andux j (t)& is the j th Floquet eigenstate
and is periodic in time,ux j (t)&5ux j (t1T)& @7#. The Floquet
eigenphasesV j are conserved quantities, and the eigensta
form a complete orthonormal basis which can be used
analyze the dynamics. The statesux j (0)& are eigenfunctions
of the Floquet matrix,Û(T), and the phase functionse2 iV j T

are its eigenvalues. The Floquet matrix is computed by t
ing a momentum eigenstate as the initial state and evolvin
for one periodT using the Schro¨dinger equation. The result
ing vector~in the momentum basis! is a column of the Flo-
quet matrix.

The overlap probabilitiesPj[ z^x j (0)ufono(0)& z2 give
the contribution of each Floquet state to the dynamics. T
probability to find the system in momentum state,un&, at
time t can be written@7#

z^nufono~ t !& z25(
i

(
j

exp„2 i ~V j2V i !t…

3^nux j~ t !&^x i~ t !un&^x j~0!ufono~0!&

3^fono~0!ux i~0!&, ~4!

with time t in seconds andV j /2p in Hertz. The oscillation
frequenciesf exp observed in the experiments can be equa
to differences between Floquet eigenphases. The freque
differences f exp5(Vj2Vi)/2p for Floquet eigenstates with
overlap probability,Pi Pj>0.04, are plotted in Fig. 3 for the
range of parameters shown in the Texas experiment@3#. Each

FIG. 2. Evolution of average momentum,^n& ~in dimensionless
units!, for the Texas experiment forv56.0: ~a! a58.0, ~b! a
59.7, and~c! a513.0.
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curve is a plot of the frequency difference between two F
quet states as a function ofa. At values ofa where there are
multiple curves, there are more than two dominant frequ
cies. The Texas experiment was able to resolve the domi
frequencies,f exp,3 kHz, in the interval betweena'8.7 and
a'10.3. Our analysis exactly reproduces those experime
results. In the amplitude rangea'7.6 to a'11.6, we find
that two frequencies dominate and give rise to the beats
in Figs. 2~a! and 2~b!. In the Texas data@3#, large error bars
occur in the regionsa5<7.0 anda>13.7. This may be due
to the rapid change in the dominant frequencies in th
regions. A fundamental change in the dynamics occurs
a.14, where a different set of Floquet states begins
dominate the dynamics.

Only 11 Floquet states have support on momentum in
region n525 to n55, and determine the dynamics in th
chaotic region. In Figs. 4~a!– 4~d!, we show Husimi plots for
the Floquet states which, fora59.7, have the largest overla
probability, three of which dominate the dynamics. The d
regions of these plots show the region of the classical ph
space where the probability of finding the cesium atoms
largest. The eigenphase differences (V4b2V4a)/2p
52.89 kHz and (V4a2V4c)/2p52.40 kHz correspond to
the two dominant oscillation frequencies observed by
Texas experiment ata59.7. The state in Fig. 4~d! has the
fourth highest overlap probability,Pd50.045, but it lies in
the chaotic sea. The state in Fig. 4~d! and others not shown
contribute to the fine scale structure in these curves.

Let us now consider the NIST experiment@4#, which used
a Bose-Einstein condensate of sodium atoms to observe
namic tunneling. Formation of a condensate with the sod
atoms yields a narrower distribution of initial momenta th
the Texas experiment. The Hamiltonian used to describe
experiment can be written in the form

FIG. 3. Oscillation frequencies,DV5(V j2V i), calculated
from the Floquet eigenphase differences for varying dimension
field strengths,a. A threshold ofPi Pj>0.04 overlap probability
was used to select the dominant frequencies. The three va
shown ata59.7 correspond to (V4a2V4b)/2p, (V4a2V4c)/2p,
and (V4b2V4c)/2p.
05361
-

-
nt

tal

en

e
r

o

e

k
se
is

e

y-
m

he

Ĥ theor5n̂21
ṽ2k

2
@112ne cos~ṽt8!2cosf̂

2ne cos~f̂2ṽt8!2ne cos~f̂1ṽt8!#, ~5!

wheren561. Whenn511 (n521), Eq. ~5!, with start-
ing time t850, reproduces the dynamics of the NIST expe
ment, which has starting timet̃5T̃/4 (t̃53T̃/4). This
Hamiltonian again discretizes the momentum in units
2\ k̃L , which reflects the quantization of momentum due
the two-photon transitions.„The HamiltonianĤexp5(r̂2/2)
12k@112e sin(ṽmt̃)#sin2(f̂/2) used in the experimental pa
per is obtained by settingr̂5(4\ k̃L

2/mṽm)n̂ and Ĥexp

5(8k̃L
4\2/m2ṽm

2 )Ĥtheor.…
For small amplitudes,k andke, the NIST Hamiltonians

have three primary resonances. Forn521, they are located
at (n50, f50) and (n56ṽ/2, f56p), while for n5

11 they are located at (n50, f50) and (n56ṽ/2, f
50). They have half-widths,Dn05Aṽ2k and Dn6

5Aṽ2ke @7#.
A strobe plot of the classical phase space for the Ham

tonian in Eq.~5! with n521 and experimental paramete
ṽm/2p5250 kHz, ṽ52.5, k51.66, ande50.29 is shown
in Fig. 1~b!. Seven Floquet states determine the dynamic
the chaotic region betweenn523 andn53. For the param-
eters used in the experiment, the pendulum approxima
predicts the primary resonances to lie atn50 and to n
561.25, and have half-widthsDn053.2 andDn651.7.
We find that the primary resonances are totally destroye
k'0.2, and then new resonances, which resemble the pr
ries, reappear and disappear repeatedly ask is increased. For

ss

es

FIG. 4. Husimi plots of Floquet eigenstates for the Texas exp
ment for v56.0 and a59.7. ~a! Floquet eigenphaseV4a/2p
516.9 kHz and an overlap probabilityP4a50.416. State~b! Flo-
quet eigenphaseV4b/2p519.7 kHz and an overlap probability
P4b50.224. ~c! Floquet eigenphaseV4c/2p514.5 kHz and an
overlap probability P4c50.20. ~d! Floquet eigenphaseV4d/2p
518.4 kHz and an overlap probabilityP4d50.045.
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ROBERT LUTER AND L. E. REICHL PHYSICAL REVIEW A66, 053615 ~2002!
k51.66 ande50.29, a large resonance exists at (n50,f
50) and three small pairs of higher-order resonances exi
(n'61.5,f56p), (n'63.0, f50), and (n'62.0, f
50).

In Fig. 5, we show the time evolution of the momentu
expectation value for two different initial conditions for th
n521 Hamiltonian at parameter values,k51.66, e
50.29, ṽ52.5, and ṽm/2p5250 kHz. Figure 5~a!, with
(no51.6,fo50), shows a somewhat noisy oscillation with
dominant frequency 24.9 kHz~10.0 modulation periods!,
which is in good agreement with the experimental res
Figure 5~b! shows the case with (no53.0,fo50). A clean
oscillation with frequency 18.3 kHz~13.7 modulation peri-
ods! occurs. This oscillation was not observed in the expe
ment, but we expect it would show up in a power spectr
of the experimental data.

We now consider a Floquet analysis for both Hamil
nians,n561. The Floquet eigenphases forn561 are iden-
tical, but the Floquet eigenstates associated with each ei
phase are different for the two Hamiltonians. Let us fi
consider the n521 Hamiltonian with parameters,k
51.66, e50.29, ṽ52.5, and ṽm/2p5250 kHz. In Figs.
6~a! and 6~b!, we show the two Floquet states which dom
nate the dynamics for initial condition, (no51.6,fo50).
They have a frequency difference (V6b2V6a)/2p
525.0 kHz. Their frequency difference accounts for the
cillation of 10 modulation periods reported in@4#. These Flo-
quet states are not even-odd pairs as suggested in@4#, and
they both lie in the chaotic sea. If the effective Planc
constant for this experiment were smaller, more Floq
states would be supported by the chaotic region and
would not expect to find this simple oscillation@8# for this
initial condition.

If we take the initial condition (no53.0, fo50) for n
521, we obtain the oscillation shown in Fig. 5~b!. This

FIG. 5. Evolution of momentum expectation value,^n& ~in di-
mensionless units!, for the NIST experiment fork51.66, e
50.29, ṽ52.5, andṽm/2p5250 Hz: ~a! no51.6 andfo50; ~b!
no53.0 andfo50.
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oscillation results from the even-odd Floquet pair shown
Figs. 6~c! and 6~d!. Figure 6~c! @Fig. 6~d!# is even ~odd!
under the transformationn→2n. They have a frequency
difference (V6c2V6d)/2p518.3 kHz. This oscillation ap-
pears to result from states sitting in the outermost nonlin
resonance.

We finally consider then511 Hamiltonian with param-
etersk51.66, e50.29, ṽ52.5, andṽm/2p5250 kHz. We
find that the 25.0 kHz~10 modulation periods! oscillation
dominates those initial momentum states which are cente
at f50 and lie in the intervalno51.7 to no53.0. These
oscillations appear to result from the two Floquet sta
which lie in the chaotic sea. If we change the parameter
k51.82 ande50.30 and the modulation frequency toṽm
5222 kHz, the dominant frequency for the initial state (no
52.0,fo50) is 36.8 kHz~6.03 modulation periods!, which
is in agreement with the NIST experiment.

In conclusion, the model Hamiltonians, with momentu
quantized in units of 2\kL , give extremely good prediction
of the experimental results. Because of the momentum qu
tization imposed by the dynamics of the experiment,
found that it was advantageous to use Floquet theory ra
than Floquet-Bloch theory to analyze the experiment. In fa
our results are so good that these models might be use
help calibrate future experiments.
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work. We also thank the University of Texas at the Aus
High Performance Computing Center for use of their co
puter facilities, and we thank Mark Raizen, Dan Steck, W
dell Oskay, and Chris Helmerson for useful conversation

FIG. 6. Husimi plots of Floquet eigenstates for the NIST expe
ment with k51.66, e50.29, ṽ52.5, and ṽm/2p5250 Hz. ~a!
Floquet eigenphaseV6a/2p549.0 kHz and overlap probability
P6a50.380. State~b! Floquet eigenphaseV6b/2p573.9 kHz and
overlap probabilityP6b50.306. ~c! Floquet eigenphaseV6c/2p
515.3 kHz and overlap probabilityP6c50.427. ~d! Floquet eigen-
phaseV6d/2p533.5 kHz and overlap probabilityP6d50.421.
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