PHYSICAL REVIEW A 66, 053615 (2002
Floquet analysis of atom-optics tunneling experiments
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Dynamical tunneling has been observed in atom-optics experiments by two groups. We show that the
experimental results are extremely well described by time-periodic Hamiltonians with momentum quantized in
units of the atomic recoil. The observed tunneling has a well-defined period when only two Floquet states
dominate the dynamics. Beat frequencies are observed when three Floquet states dominate. We find frequencies
that match those observed in both experiments. The dynamical origin of the dominant Floquet states is
identified.
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Atom-optics experiments recently have been used to in- In the experiments, the initial state is well localized at
vestigate the effect of underlying classical chaos on quanturdiscrete momentum states separated b% 2 This quanti-
dynamics. The experiments we focus on in this paper haveation of the momentum occurs naturally in the experiment
demonstated the existence of dynamic tunneling in momenrdue to the presence of counterpropagating laser beams which
tum space in regimes where the underlying classical phaseause two-photon transitions. Therefore, in our theoretical
space contains a mixture of chaotic and regular orbits. Weanalysis, we perform a scaling which explicitly quantizes the
will show that we can accurately reproduce the dominantmomentum in units of 2k, . As we will see later, this al-
tunneling frequencies observed in these two very differentows us to use Floquet theory rather than Floquet-Bloch
experiments using Floquet analysis of the quantum dynamtheory, which deals with a continuum of momentum states
ICS-T ol cold sod _ t lowed t [6]. Let p=2k X, p=2ntk , w,=fkZ/2m, w=w, /4w,

ypically, cold sodium or cesium atoms are allowed to,, _ N L2z 2 .
interact with laser beams that are detuned away from rescg- = 4ort, andH peo=MHI2K{A, o obtain
nance with two atomic energy levels which have energy
spacing,kwg. Two counterpropagating laser beams create a Alpeo= N2 —
periodically modulated standing wave of light which stimu-
lates absorption and then emission of a photon. This results
in a net atomic recoil of 2k, wherek, = o /c is the wave n Ecos{?/ﬂ— wt’)
vector of the laser beams aridis Planck’s constant. When 2
the laser detunin@, = wy— w is large, this process domi-
nates the dynamics. wherea=8w,T?V,/#. All quantities are dimensionless and

A theoretical model which describes the atomic dynamicsﬁ is the dimensionless momentum operator with eigenstates,
in such systems was developed by Graham, Schlautmanpm), and integer eigenvalues,»<n=c«. [Note that the ex-
and Zoller[1]. Recently, two groupSteck, Oskay, and Rai- perimental paper$2,3] perform the scalingg=2k X, 7
zen[2,3] in.Texas and Hensipge&t aI._at NI_ST [4]) haye = o tl2r=tT, p=4mk p/mw,, ﬂexp:167rzkfﬂ/mw2m,
performed independent experiments in which dynamic tun- I ~T e
neling has been observed. In this paper, we explore the a@—nd the Ham|Iton|an_ takes  the formHe)_(p—(p 12)
curacy of the models used to analyze these experiments and2® cos{(wr)cos().] This system has three primary reso-
the dynamical origin of the tunneling observed in each ex'@nces centered an{0,$=0) and =+ w/2,¢=0). For
periment. We first discuss the Texas experiment and then thgnall values ofa(a<1.5), the primary resonances have
NIST experiment. pendulumlike structure, and the resonance-al has half-

In the Texas experimerig,3], the dynamics of noninter- Width Ang=\aw/4x*, while the resonances ah.
acting cold cesium atoms, in an amplitude-modulated stand= * /2 have half-widthAn. =Any/\2 [7]. The primary
ing wave of light, was measured. The atomic center-of-masgesonance an=0 bifurcates alw~7.0. The two outer pri-
Hamiltonian (in S.I. unity used to model dynamics of the maries remain visible untid~13.0, when they disappear.
cesium atoms is The classical motion is obtained from Hamilton’s equa-
tions, N=— dHpeod I and = HyeodN. In the Texas ex-
periment, »,=1.30x10%rad/s and T=27/w,=20 us,
which, for small ¢, gives a location ofh. = *3.0 for the
o outer primary resonances. For the field strength9.7, used
wherep, x, andm are the momentum, position, and mass,in the Texas experiment, the pendulum approximation for the
respectively, of a cesium atom,,= 27/ T is the modulation  half-widths of the two outer primary resonances givas.
frequency, and/0=ﬁﬂfna){85L is the ac Stark shift ampli- =2.1, while the half-width of the central island i&ng
tude, where) ,.,= —2E,d/% is the Rabi frequencyg, is the  =3.0. Thus the Texas experiment, far=9.7, is in the
electric-field strength, and is the dipole moment of cesium strong field regime, where the primary resonances have over-
[5]. lapped and considerable chaos is expe¢#@dA surface of
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1050-2947/2002/66)/05361%5)/$20.00 66 053615-1 ©2002 The American Physical Society



ROBERT LUTER AND L. E. REICHL PHYSICAL REVIEW A66, 053615 (2002

4 L L L 1 L 1 L
25 3 35 4 45 5
X(s) x10”

FIG. 1. Classical strobe plot¢a) The Texas experiment with FIG. 2. Evolution of average momentuxm) (in dimensionless
0=6.0 anda=9.7. (b) The NIST experiment withw=2.5, @ ynits), for the Texas experiment fo=6.0: () «=8.0, (b) «
=1.66, ande=0.29. =9.7, and(c) =13.0.

section of the classical phase space dor 9.7 is shown in  experiment[3], but the experimental error bars were too
Fig. 1(a). The central primary resonance has bifurcated a”%reat to resolve it at = 8.0. The plot fore=13.0 shows one
is largely destroyed, and the outer primary resonances havg,minant frequencyf = 1.56 kHz.

been reduced significantly in size and are centered at mo- ¢ js yseful to examine these results using Floguet theory

=+ i i ~
lr::air}tnumev?nl tlia ?{?akgi“i;ﬁoée iiljic():atgﬁt ttr;]ztcng,’gﬁ ri%'r?_n [7]. Because the HamiltoniaH .o, has time periodic coef-
. T 9 evenda ficients, the Schrodinger equation has Floguet solutions of
tized momentum states determine the dynamics in the cha[lhe form <n|\If(t)):e““it<n|xj(t)> where Q); is the jth

otic region. . ) . .
. - .. Floguet eigenphase, ang:(t)) is thejth Floquet eigenstate
The Texas experlmznt used atomskpr;pared |(n|t|allﬁ/ Wlthandqis peri%difin timel)d?ja(Jt();L |Xj(tJJrT)) [7? The gloquet
a narrow momentum distribution peakedret4.2 (on the . ' . ’ .
upper islangl To numerically simulate this initial condition, ?c;?ringhggr?]%fe?éeocr?r?;?g\r/r?\ilqEzgitg"\a/\?ﬁigkr:dcglr? ségigsetgtfs

we solved the Schiinger equation, i[4|¥ (t"))/dt'] analyze the dynamics. The stat%(O)) are eigenfunctions

:oﬂgﬁgln\tps(:agg, using momentum statem), as a basis. A of the Floquet matrixiJ(T), and the phase functiores "7

are its eigenvalues. The Floquet matrix is computed by tak-

(n|¥(0))={(n|pyn,) ing a momentum eigenstate as the initial state and evolving it
for one periodT using the Schrdinger equation. The result-
o\ —o? 9 ing vector(in the momentum basigs a column of the Flo-
- (? exp 5 (NN, quet matrix.

The overlap probabilitiesP;=|(x;(0)|#,n,(0))I* give
the contribution of each Floquet state to the dynamics. The
probability to find the system in momentum state), at

_ o ~ timet can be writter[7]
centered atif{=n,,d=¢,) is used as the initial state, with

o=1.2, which was used in the experiment. In the momen-
tum basis, the Schdinger equation reduces to a system of |<n|¢0n0(t)>|2=2 E exp(—i(Q;—Q)t)
coupled first-order differential equations for the amplitudes, b

—i(n—no)sﬁo}, )

(n|Ww(t)). This system was truncated, and 81 equations for X (n|xi (O xi (DN x:(0)] hong(0)
the stategn| W (t)) with —40<n=<40 were kept. The time (M) 0a(OIN (0 ool 0))
variation of the average momentukm), is shown in Figs. X(ono(0)|xi(0)), (4)

2(a), 2(b), and Zc) for «=8.0,9.7, and 13.0, respectively. In

all cases, the initial state imf=4.2¢,=0). For all three with time t in seconds and};/2x in Hertz. The oscillation
plots, the average momentum oscillates between the outérequencied ,, observed in the experiments can be equated
primary resonances. The plot far=8.0(«=9.7) has two to differences between Floquet eigenphases. The frequency
dominant frequenciesf,; =1.95 kHz andf,=2.73 kHz (f;  differencesf.,,=(;—)/27 for Floquet eigenstates with
=2.39 kHz andf,=2.88 kHz), giving rise to a beating ef- overlap probabilityP;P;=0.04, are plotted in Fig. 3 for the
fect. The beating effect at=9.7 was observed in the Texas range of parameters shown in the Texas experiff&nEach
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FIG. 3. Oscillation frequenciespQ=(Q;—();), calculated
from the Floguet eigenphase differences for varying dimensionless FIG. 4. Husimi plots of Floquet eigenstates for the Texas experi-
field strengthsa. A threshold of P;P;=0.04 overlap probability —ment for «=6.0 and @=9.7. (a) Floquet eigenphasél,,/2m
was used to select the dominant frequencies. The three values16.9 kHz and an overlap probabiliy,,=0.416. Stateb) Flo-
shown ata=9.7 correspond to(,,— Q4)/27, (Qga— Qge)/2m, quet eigenphasé),,/2m=19.7 kHz and an overlap probability
and Q4,— Qye) /27, P4,=0.224. (c¢) Floguet eigenphasé),./2w=14.5 kHz and an
overlap probability P,.=0.20. (d) Floquet eigenphasé),4/2m

. . =18.4 kHz and an overlap probabilify,3=0.045.
curve is a plot of the frequency difference between two Flo-

guet states as a function af At values ofa where there are ~>

n_1u|tiple curves, there_are more than two dominant frquen- Fipeo= N2+ w K[1+2y€ cogat')—cosd
cies. The Texas experiment was able to resolve the dominant 2

frequenciesf ;<3 kHz, in the interval betweea~8.7 and
a~10.3. Our analysis exactly reproduces those experimental
results. In the amplitude range~7.6 to a~11.6, we find . _ _ .

that two frequencies dominate and give rise to the beats seé’\rllherey_ *1. Wheny=+1 (v=-1), Eq.(5), with start

in Figs. 4a) and 2b). In the Texas datf3], large error bars Ir?]g:tmethj;r? ’ ;Zgrosi;ft.e: thte.r:élla:rrr}::s(?f_tgirll:lll)STTehgger|-
occur in the regions= <7.0 ande=13.7. This may be due W ng fime= . -

to the rapid change in the dominant frequencies in thosel}—|am|lton|an again discretizes the momentum in units of

regions. A fundamental change in the dynamics occurs fof7KL. Which reflects the quantization of momentum due to
a>14, where a different set of Floquet states begins tdhe two-photon transitions(The HamiltonianH e.,=(p*/2)
dominate the dynamics. +2k[ 1+ 2€ sin(w, M ]sir(¢/2) used in the experimental pa-
Only 11 Floquet states have support on momentum in th@er is obtained by setting?=(4ﬁ?f/m2>m)ﬁ and Hexp
regionn=—5 ton=5, and determine the dynamics in the =(8~kf_1ﬁ2/mzz’ﬁ1)|:|meor-)
chaotic region. In Figs. @)— 4(d), we show Husimi plots for For small amplitudesk and ke, the NIST Hamiltonians
the Floquet states which, far=9.7, have the largest overlap naye three primary resonances. Fer — 1, they are located
probability, three of which dominate the dynamics. The darky; (=0, $=0) and (==®/2, ==, while for =
regions of these plots show the region of the classical phas

$ — = = iN
space where the probability of finding the cesium atoms is 1 they are located atn(=0, $=0) and l2, ¢

largest. The eigenphase differences) §— Q4,)/2m :0);2 They have half-widths,Anp=Vo?« and An.
—2.89 kHz and Q45— Q,.)/2m=2.40 kHz correspond to = Vo ke [7]. . .
the two dominant oscillation frequencies observed by the A strobe plot of the classical phase space for the Hamil-
Texas experiment a¥=9.7. The state in Fig. () has the tonian in Eq.(5) with »=—1 and experimental parameters
fourth highest overlap probability?y=0.045, but it lies in  wp,/27=250 kHz, ©=2.5, k=1.66, ande=0.29 is shown
the chaotic sea. The state in Figd4and others not shown in Fig. 1(b). Seven Floquet states determine the dynamics in
contribute to the fine scale structure in these curves. the chaotic region between= — 3 andn=3. For the param-
Let us now consider the NIST experimé#di, which used eters used in the experiment, the pendulum approximation
a Bose-Einstein condensate of sodium atoms to observe dpredicts the primary resonances to liera0 and ton
namic tunneling. Formation of a condensate with the sodiunm= =1.25, and have half-widthany,=3.2 andAn.=1.7.
atoms yields a narrower distribution of initial momenta thanWe find that the primary resonances are totally destroyed at
the Texas experiment. The Hamiltonian used to describe the~0.2, and then new resonances, which resemble the prima-
experiment can be written in the form ries, reappear and disappear repeatedly mssincreased. For

—vecod p—ot')—vecod p+wt')], (5
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FIG. 5. Evolution of momentum expectation valge) (in di-
mensionless unijs for the NIST experiment fork=1.66, €
=0.29, w=2.5, andw/27= 250 Hz: (a) n,=1.6 and¢,=0; (b)
n,=3.0 and¢,=0.

xk=1.66 ande=0.29, a large resonance exists at<0,¢
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FIG. 6. Husimi plots of Floquet eigenstates for the NIST experi-
ment with k=1.66, €¢=0.29, »=2.5, andw,/2m=250 Hz. (a)
Floquet eigenphasé)g,/2m=49.0 kHz and overlap probability
Ps,=0.380. Statgb) Floquet eigenphas@g,/277=73.9 kHz and
overlap probability Pg,=0.306. (c) Floquet eigenphas€)g /27
=15.3 kHz and overlap probabilitfs.=0.427.(d) Floquet eigen-
phaseQg4/27m=33.5 kHz and overlap probabilitps4=0.421.

=0) and three small pairs of higher-order resonances exist at

(n=*x15¢p==xm7), (n==3.0,¢$=0), and fi==*2.0,¢
=0).

In Fig. 5, we show the time evolution of the momentum
expectation value for two different initial conditions for the
v=—1 Hamiltonian at parameter valuess=1.66, €
=0.29, w=2.5, andw,/27=250 kHz. Figure &), with
(n,=1.6,¢,=0), shows a somewhat noisy oscillation with a
dominant frequency 24.9 kHz10.0 modulation periods

oscillation results from the even-odd Floquet pair shown in
Figs. 6c) and &d). Figure &c) [Fig. 6(d)] is even (odd)
under the transformation— —n. They have a frequency
difference Qg.—Q0gq)/27m=18.3 kHz. This oscillation ap-
pears to result from states sitting in the outermost nonlinear
resonance.

We finally consider thev=+1 Hamiltonian with param-

etersk=1.66, e=0.29, w= 2.5, andw /27 =250 kHz. We

which is in good agreement with the experimental resultfing that the 25.0 kH210 modulation periodsoscillation

Figure 8b) shows the case withng=3.0,$,=0). A clean
oscillation with frequency 18.3 kHZL3.7 modulation peri-

dominates those initial momentum states which are centered
at =0 and lie in the intervah,=1.7 to n,=3.0. These

ods occurs. This oscillation was not observed in the experipgcillations appear to result from the two Floguet states
ment, but we expect it would show up in a power spectrumyich Jie in the chaotic sea. If we change the parameters to

of the experimental data. . ~
. . .. k=1.82 ande=0.30 and the modulation frequency &,
We now consider a Floquet analysis for both Hamilto — 222 kHz, the dominant frequency for the initial state, (

nians,y= £ 1. The Floquet eigenphases for £ 1 are iden- I . : )
tical, but the Floquet eigenstates associated with each eigerT-Z‘O’%_O) is 36.8 kHz(6.03 modulation periogswhich

phase are different for the two Hamiltonians. Let us first'> N agreement with the NIST experiment.
consider the v=—1 Hamiltonian with parametersx In conclusion, the model Hamiltonians, with momentum

B B ~ ~ N ) quantized in units of &k, , give extremely good predictions
g1'66'd6_b0'29' “’h_ 25th art1d wnlgllzw_fs? It(HZ‘ :]r) :lgs. . of the experimental results. Because of the momentum quan-
(@ anh E{d), we s OfW e .V‘{O o(;:lqe sa_els(\i/v IC—O OMI~ tization imposed by the dynamics of the experiment, we
nate the dynamics for initial conditionng=1.660=0).  f5nq that it was advantageous to use Floquet theory rather

Ihey have a frequency .difference Qbp—Dea) 27 yhan Floguet-Bloch theory to analyze the experiment. In fact,
_.25.'0 kHz. Their frequency_dlﬂ‘erence accounts for the 0S¢, resyits are so good that these models might be used to
cillation of 10 modulation periods reported[i#]. These Flo- help calibrate future experiments.

quet states are not even-odd pairs as suggestéd],irand
they both lie in the chaotic sea. If the effective Planck’s The authors wish to acknowledge the Welch Foundation,
constant for this experiment were smaller, more FloqueGrant No. F-1051, NSF Grant INT-9602971, and DOE con-
states would be supported by the chaotic region and weract No. DE-FG03-94ER14405 for partial support of this

would not expect to find this simple oscillatig8] for this
initial condition.

If we take the initial condition §,=3.0, ¢,=0) for v
—1, we obtain the oscillation shown in Fig(B. This

work. We also thank the University of Texas at the Austin
High Performance Computing Center for use of their com-
puter facilities, and we thank Mark Raizen, Dan Steck, Win-
dell Oskay, and Chris Helmerson for useful conversations.
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