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Microwave ionization of alkali-metal Rydberg states in a realistic numerical experiment
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We describe an original approach for the accurate description of alkali-metal Rydberg states exposed to
intense electromagnetic fields. Our method combines FloquetRaemdtrix theory, complex dilation of the
Hamiltonian, a Sturmian basis set to describe the atomic degrees of fréetnding the continuun and,
last but not least, an efficient parallel implementation of the Lanczos algorithm on some of the most powerful
supercomputers currently available. Without adjustable parameteraptiigtio approach opens a route to the
comprehensive understanding of an abundance of laboratory data on the microwave ionization of one-electron
Rydberg states. The versatility of our theoretical/numerical machinery is illustrated in the specific case of
microwave driven lithium, faithfully mimicking every single step of the laboratory experiment.
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[. INTRODUCTION by now, this is an experimentally well-established fact
[1,10-13. Put differently, this very experimentalobservation
For more than two decades, periodically driven one-is arguably one of the most dramatic and most tangible fin-
electron Rydberg states of hydroggl] and of alkali-metal gerprints of chaos in real quantum systems, and hence, of the
atoms[2] are amongst the preferred, experimentally accesprevalence of quantum-classical correspondence beyond
sible objects to study the transition from regular and predictregular dynamics. Let us also note here that dynamical local-
able to highly complex dynamics in simple quantum systemszation[13—15, a quantum interference effect that decreases
exposed to strong perturbations. Whilst the Keplerian dythe experimentally observed ionization yield as compared to
namics of a Rydberg electron on its elliptic orbit around thethe classical prediction, in a certain parameter regiwiach
nucleus incarnates the correspondence between the micrave shall come back to in the sequel of this papdoesnot
scopic quantum world and the clocklike precision of plan-obliterate this statement. On the contrary, precisely the clas-
etary motion[3], chaos invades the electron’s classical phasesically nonintegrable dynamics provides the indispensable
space when it is subject to an oscillating force near resonamndomization[16] of the quantum-mechanical transition
with the classical Kepler frequenci4—7]. Much like a  matrix elements, which allows for a globally destructive in-
comet on a chaotic trajectof®], which finally disappears in terference correction to the classical transport coefficient.
the depth of outer space, the Rydberg electron will finally However, how to interprete such fingerprints of classical
ionizein a laboratory experiment on the real, and this is onchaos in the quantum dynamics, if no classical Hamiltonian
the quantum-mechanical atom, upon absorption of, say, aglynamics can be unambiguously identified? Indeed, as im-
proximately 10...,100 photons from the low-frequency plicit in the above argument, “chaotic” ionization and dy-
driving field in the microwave regime. Remember that, as amamical localization are even observed for one-electron
immediate corollary of the correspondence principle, a driv-alkali-metal Rydberg states of lithium, sodium, and ru-
ing field frequency that is resonant with the classical Keplebidium, without the availability of a well-defined, classical
motion is resonant with the atomic transitiog—ny+1 be-  one-electron Hamiltonian—different phenomenological clas-
tween the neighboring Rydberg manifolds labeled by thesical potentials lead to the same quantum spectrum of the
principal quantum numben, (inherited from the classical unperturbed atom upon quantizatiptiv—19. Furthermore,
principal action, via Bohr’s quantizatipnThis is the origin  all available experimental dafd2,20,23 sugges{21] that
of the experimentalist's choice of microwave frequenciesperiodically driven, nonhydrogenic initial states of alkali at-
when he aims at realizing the chaotic escape of a comet ooms (i.e., low-angular-momentum states with nonvanishing
the atomic scale. However, from a more traditional quantumguantum defects,) exhibit dramatically enhancedbniza-
mechanical point of view based on our understanding of théion as compared to atomic hydrogen, whereas hydrogenic
photoelectric effect or on common intuition on high-order initial states also display hydrogenic yieldd. Hence, there
terms in perturbative expansions, efficient ionization mediis an abundance of laboratory results that remain to be rec-
ated by high-order transition amplitudes from the atomic ini-onciled with each other, and with the above picture, beyond
tial state to the atomic continuum is rather unexpectedhand waving arguments that consider alkali-metal Rydberg
Moreover, as realized in the early days of quantum mecharstates as essentially equivalent to Rydberg states of atomic
ics [9], the highly suggestive quantum-classical corresponhydrogen. As a matter of fact, for reasons of experimental
dence, built on the semiclassical analogy between the hydra@onvenience, almost all of the different experiments
gen atom and a planet’s orbit around the sun, does not carfyl,2,11,12,20,22—2%erformed on the different atomic spe-
over in a simple way to Hamiltonian systems with noninte-cies were so far performed in slightly different parameter
grable classical dynamics. It is therefore by no means obviregimes—i.e., under slightly different physical conditions
ous that efficien{chaotig ionization of a Rydberg electron —which is not the optimum demarche to identify the origin
can indeed be induced by a microwave field, and yetpf physically different behavior in a “chaotic” setting, i.e.,
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under conditions of a strong sensitivity of the system’s re- 2
sponse to initial and/or boundary conditions. Therefore, only H()= 5 +Vaon(r) +F-r coswt, >0, 1)
recently[26—29 some of the different pieces of this puzzle

have been put together in a numerical experiment that COmgherey, . (r) denotes the atomic potential seen by the va-
pares the ionization dynamics of different atomic species Unfance electron, which we shall specify later. Since 89.is
der precisely identicalconditions, for typical laboratory pa- periodic in time, i.e.

rameters §p,=28, . . . ,80, theriving field frequency being

36 GH3. In the present contribution, we will expand on the H(t+T)=H(t), with T=27/w, )

details of the theoretical/numerical framework of the emerg-

ing picture, and complement some of the results presented iwe can make use of the Floquet theorg30—-32 to access

Refs.[27,29. the eigenstatefe;) and eigenvalues; of the atom in the
The paper is organized as follows. Section Il presents oufield, which solve the stationary eigenvalue problem

theoretical “setup” based on an exact description of the atom

in the field, without adjustable parameters, which is notably Hlej)=¢ejle)) (©)]

designed for direct access to the detailed spectral structure ) ) )

underlying the quantum transport problem we are dealin@" the extended H2|Ibe3rt space Ofl square integrable, time-

with. Section 11l accounts for the numerical implementationPeriodic functionsZ*(R*)® L=(T,)." The latter is the do-

of our setup in an actual numerical experiment, with somenain of the Floquet Hamiltonian

details on numerical convergence and on memory require- H=H—id @

ments. Section IV presents a numerical experiment on non- t

hydrogenic Rydberg states of lithium, which faithully mim- the spectrum of which is invariant under translationsday

iC.S each singlc_a step Of. th_e laboratory expe“”.‘e".“- 3esides Rnowledge of thele;) and e; inside a given Floquet zone
d|reqt comparison of lithium and hydrogen |on|zat_|0n dy- the equivalent of Ja Bri||OLJIin zone in solid-state physics
namics over a brpad _parame_ter range, we also_ @scuss tlé§3]) of width o is therefore sufficient for a complete de-
role of the atom-field interaction time as an additional, ex

. : “scription of the dynamics. Introducing the Fourier compo-
gﬁrérgser;rtglI)F/)acpoenrtrollable[z,12] parameter. Section V con- nents of the Floguet eigenstaﬂ@),

k= +oo
IIl. THEORY &) k:E_w exp(—ikot)[z]), ®)
The object we have to describe here with a minimum ofye can recast the periodically time-dependent probigin

approximations is a Rydberg atom exposed to a periodiGnig the following coupled set of time-independent equa-
monochromatic driving field. The Rydberg electron moves injgs-

three-dimensional configuration space, subject to the com-
bined potentials of the nucleus and, possibly, of the multi-
electron core, and is driven and eventually ionized by the
external field. Our theoretical description therefore has to
account for the following: :(£j+kw)|8;<>, keZ, (6)

p? AL k-1
E+Vaton1(r) |8j>+7(|8j y+lei )

where the additional quantum numbercounts the number

of photons exchanged between the atom and the [{32d
Sincek is running from—« to + in Eq. (6), the dipole

presence ofthe field, including the atomic continuum; term in EqQ. (1) couples all bound states of the field-free

(iii) the parameter dependence of the ionization procesé_,'am'lt?r:z'an éo thel atomic con_tl?uurfn. 'Lheref;)re, tge spec-
where the parameter space is spanned by the quantum nufie™ © g.(6) no longer consists of a IScrete and a con-
bers that define the initial atomic state, £, mg) (¢, and tinuum pa_rtf bu'g rafcher of resonance state_s with quasienergies
m, stand for the angular momentum and its projection on thei and finite lifetimes ;, embedded in the continuum

guantization axis, respectivglyand by the amplitud€&, the 34]. Prec_lsely the ionization _rate{é,— W'" f|_na||y determine
angular frequency, and the interaction time which char- the exp.e_nment_ally measurgd ionization yield of the atom, for
acterize the driving’ field a specific choice of the field parameters. To extract these

quantities from Eq(6), we use the method of complex dila-
. . tion [34—-40Q, which allows to separate the resonance states
To do so, we have to combine various tools as follows.  from the continuous part of the spectrum. Complexification

Let us start with the Hamiltonian of an atom with one of the position and momentum operators according to
active electron, exposed to a linearly polarized microwave

field of frequencyw=27/T and amplituder. In dipole ap- r—rexpif), p—pexp—ib) )
proximation, employing the length gauge and neglecting

relativistic and QED effects, the Hamiltonian in atomic units

reads with T, =R\ (27/ ) the unit circle.

(i) the unperturbed one-electron dynamics within a
Coulomb-like potential, amended by the multielectron core;
(ii) the spectrum of the atom “dressed” ky.e., in the
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transforms the Floquet Hamiltonian in a complex symmetric
operator with complex eigenvalues. More precisely, the spec-

trum of the dilated Hamiltonian has the following properties
[34-36,38: b) ()

(@) The spectrum is periodic with period, as for the
original Hamiltonian.
(b) There are continuous spectra along half lines starting

at energiekw (i.e., at multiphoton ionization thresholds :,.m :ro r >
rotated away from the positive-energy axis into the lower
complex plane, by an angle 26. FIG. 1. Division of configuration space for our implementation

(c) There are isolated complex eigenvalues=E; of the R-matrix method[41,42. In the inner regioma, r<r e,
—iI';/2 in the lower half plane, corresponding to the reso-complicated multielectron interactions dominate the dynamics—the
nance states off. They are stationary under changesépf — multiparticle wave function is unknown. In regidn r o<t <ry,
provided the dilation angle is large enough to uncover theithe force of the driving field on the Rydberg electron is negligible as
location on the second Riemannian sheet of the resolvent ¢Pmpared to the influence of the core potential. The Rydberg elec-
H. The associated eigenfunctions are square integrable, ffPn's wave function can be represented as a linear combintgjon

contrast to the eigenfunctions of the undilated Hamiltonian©f régular and irregular Coulomb functions. In regiam >r,, the
which are outgoing wave87]. Rydberg electron moves under the combined influence of the driv-

(d) Apart from exceptional values df and w, there are ing field and of an effectively hydrogenic Coulomb potential, due to

. - C L . the screening of the nuclear charge by the multielectron core. To
no real eigenvalues, since under periodic driving all atomic_, _ . . s .

. - obtain the quasienergies and ionization ratek; of the atom in the
bound states turn into decaying states.

field, the Floquet eigenvalue proble(6) is solved in the outer

Once’H has been subjected to the nonunitary transformatiofie9ionc, with the appropriate boundary conditie0) at the match-
[39] induced by Eq(7), all relevant physical information is "9 radiusro.

therefore directly obtained by a subsequent diagonalization. . , .
While our above discussion is valid for any atonfir the alkali-metal Rydberg electron’s wave function as com-

ionic) system with one active electron, at this point we need?@'€d to the hydrogenic one, due to the scattering of the
to specify the atomic potential in Eq&l) and (6). Whereas  valénce electron off the multiparticle core.

for atomic hydrogeny,. is given by the attractive Cou- To solve Eq_.(6) for alkali-metal .Rydberg states, we thus
lomb potential— 1/r, no uniquely defined one-particle poten- have 1o SubSHItUte/ ronf(r) = — 1/r2, |n2the reduced range

tial is available for multielectron atoms. Therefore, we gen-— 0~ 0. However, the operatai”/dr® is no more Hermit-

eralize a variant oR-matrix theory, which was used earlier 1" 0N the intervali(,>). (Note that the loss of Hermiticity
[41] to describe alkali-metal atoms in static electric and/or@S nothing to do with the complex dilatidi) of position

magnetic fields, to the case of periodically driven systemsf’md momentum operators. It simply illustrates that Hermitic-

Accordingly, we split configuration space in three regions'ty f an operator crucially depends on its domgdd].) To
(see Fig. 1 distinguished by the relative strengths of the €Nforce Hermiticity of the second derivative foe (ro,),
external and of the multiparticle atomic fielf2]. In region W€ have to add a surface term

a, i.e., for 0<r <r y (Wherer . determines the extent of

the atomic corg the amplitude of the external field can be —8(r—ry)
neglected, and the dynamics is governed by complicated

multiparticle effects. Here we cannot write down a one- o .
particle wave function for the valence electron. Outside thd© the Hamiltonian. In the constant tei@y ., the matching
atomic core, but not far away from the origim regionb, condition between regions andb, and thus the nonhydro-
Ieore<r <rg), the external field is still small compared with genic phase shift of the alkali-metal wave function for large
the field between atomic core and valence electron. In this is incorporated. We defin@eysj as the logarithmic deriva-

region, the radial wave functiof, g(r) of the Rydberg elec-  tjve of the wave functiorF ¢ £(r)=F,., «(r), evaluated at

tron with angular momenturfi and energyE can be speci- K hich i - lue of the FI t prob-
fied, with the help of quantum-defect thed#dg], as a super- ;anﬁ)r%fd pogtimr:)(': 'S an elgenvaiue of the Floguet pro

position of regular and irregular Coulomb functiogsz and
CeEs 1 d

Croe k== —F¢.
Foe(r)=co8 m80)s, () +sin(m8,)coe(r),  (8) P R )

i C 9
E—’_ {’,sj ()

(r). (10

where the 5, denote the angular-momentum-dependent Sincee; is not known beforehand, in principle, an itera-
guantum defects that specify the different alkali atoms. Fitive procedure is required to solve E@) under the con-
nally, in regionc (i.e., forr=rg), the potentiaV 4., can be  straint(10). Such a procedure, however, guarantees only the
described as a Coulomb potentiall/r. However, the eigen- convergence of one single eigenvakjewith the associated
function in regionc has to be matched smoothly to the wave eigenvector which coincides with the energy at which the
function (8) in regionb. This determines the phase shift of surface term is evaluated. To obtain more than just one con-
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verged eigenvalue per diagonalization we expand the surfader the atom-field coupling term in Ed6). These selection
term[41], which is a smooth function of energy, in a power rules express that the exterridipole) field couples only the
series: neighboring angular momenta. Hence, changing the angular
momentum by one quantum requires the absorption or emis-
Cre, ’kch},’gj ’,(nL(erka))Cﬁj PR (1))  sion of a photon(which can carry one quantymand the
eigenvalue problen(13) consequently factorizes into two
Instead of the exact tern@, , ,, we employ only the con- sub_spaces labeled by the eigenvaluek of the generalized
stant and the linear termé:(g?aj « and C(ﬁgi \» respectively. PaYy;

These are found by computing the Coulomb functions M=(—1)"k, (16)
sgygﬁkw(r) andc€,8j+kw(r) over a suitable energy grid, and

fitting the logarithmic derivative to a linear function. This which is conserved by the external field. To obtain all rel-
approach finally allows us to obtain some hundred—insteaévant information on the ionization process, the Floquet
of one—converged eigenvalues, with one single diagonalizaHamiltonian has to be diagonalized on both subspaces,
tion [28] of the eigenvalue probler(®). which, however, each can be explored with half the total
The complex dilated Floquet Hamiltonian amended by thememory requirement.
core induced surface term is now represented in a suitable The flexibility of Sturmian functions is yet enhanced by
basis set. An appropriate choice are the real Sturmian basike real scaling parameter in Eq. (12), which determines
functions[45,46. In spherical coordinates, they are given by the spatial resolution of the basis. Comparison of @@) to

the expression the analytical form of hydrogen wave functions shows that
. (apart from normalization constapthe nth bound hydrogen
(r,6,/S y=D(n €)ex;{ —_f) (ﬂ) wave function can be identified with threh Sturmian func-
T £,m ' a tion, provided that ,y4o= I swumf/ @. Thus, a suitable choice

of « enables us to define the spatial region where the basis is

2r . . .
(20+1) optimally adapted to represent the electronic wave function,
X — . ;
L”‘(‘l( a )Y('m(ﬁ’d))’ (12 even for a basis size that is not too large.
In a numerical simulation we obviously have to introduce
with D(n,€)=+(n—€¢—1)!/(n+£)!, |m|<€<n, a cutoffng,, of the Sturmian basis, due to the finite memory

of any computefsee also Sec. Il This implies a shift of the
where theY, (9,¢) denote the usual spherical harmonics continuum threshold towards a valogll <. Since the ex-
[47], andL %, 1)(r) denote the associated Laguerre polyno-pectation value of the position operatr,q. scales as?,
mials [47]. The ideal suitability of the Sturmians for Cou- the above scaling argument for Sturmians yieldgyy
lomb (-like) problems consists in the fact that they perfectly ~na. Hence, the expectation valugsgym Of the ng,gh
match the internal symmetry of the Coulomb potential. Fur-Sturmian function scales as,x, and the effective con-
thermore, they form a discrete basis set that spans the entitiuum thresholdsi®™ andES"  are given by, respectively,
Hilbert space, including both the discrete and the continuum
part of the spectrum. This is paid by the minor disadvantage off off
that they are orthonormal with respect to a scalar product Nmax= VNsup®s  Econ™
involving a factor 1¢, instead of the usual scalar product on

3 H i . . .
L,(1). Hence, our eigenvalue problei®) transforms into a  note also that in laboratory experiments an effective cutoff

generalized eigenvalue problem of the form quantum numbem&" is introduced, i.e., highly excited

(A—&;B)|s;)=0, (13) ?ound states with>n°"_ cannot be distinguishe_d from con-
inuum states. There, the existence of an effective continuum

threshold is caused by unavoidable stray electric fields cre-
ated by contact potential40,12 (which, of course, is noth-
ing but an experimental limit to the spectral resolution

Now all is set to diagonalize the generalized eigenvalue
problem (13), in order to obtain the quasienergies, the
decay rated”;, and the associated eigenstaeg of the
microwave driven atom. These constitute the raw data of our
numerical experiment, as illustrated in Fig. 2. The experi-
mental quantity of interest, the ionization probabiligver-
aged over the initial phase of the driving figkt timet of an
atom initially prepared in the statey,€q,mg), is easily de-
duced through48]

1
2Ng

(17)

where both4 and 5 are nondiagonal. However, the integrals
defined by the matrix representation of E§3) now become
simple expressions, slightly complicated for alkali-metal at-
oms, but always with strong selection rules. Indeed, for lin-
ear polarization of the driving field along tizeaxis, what we
shall assume in the following, and after integration of Eq.
(13) over the solid angle, we havem=0, due to the rota-
tional symmetry of the problem with respect to the polariza-
tion axis,

A¢=0, Ak=0, (14
for the atomic part, and
Pion(t)=1- 2 wjexp(—T'jt), (18)
Ad==x1, Ak==1, (15 £]
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1 TOo0ns oS field polarization axis with one single diagonalization. We
N "-,_' shall take advantage of this feature in Sec. IV.
0
= [ IIl. NUMERICAL IMPLEMENTATION
« R S
[E0e R AL ! We have now collected all the tools for an accurate de-
Q o : : P scription of the atomic excitation and decay process under
[
|

periodic driving, without any adjustable parameters. Still, we
have to adapt this machinery to the specific physical situation
under study, defined by

-0.0001487  -0.0001437 _ -0.0001387 . _
Re (¢) [a.u] (1) the quantum defects, of the atomic species,
(2) the atomic initial staténg €, mg), and

FIG. 2. Complex eigenvalues—il';/2 of the complex dilated (3) amplitudeF and the frequency of the driving field.

Hamiltonian of microwave driven lithium atoms, exposed to a field
amplitudeF=2.3x10"% a.u. and frequencw/27=36 GHz. The
plot shows the spectrum in two adjacent Floquet zones, for geneMVhile the §,—obtained from highly accurate spectroscopic
alized parityll=+1; see Eq(16). According to the mathematical experimental dat§53]—determine the number of angular-
theory of complex dilatior{35,36,3§, the continua are rotated in momentum channels with nontrivial matching conditions
the lower complex plané'second Riemann sheel’ideally by an ~ (10) and (11), the (invarian) value my of the angular-
angle —24. This is approximately true only very close to the real momentum projection sets the minimum value{gfwhich
energy axis, as displayed in the ingtfte branching point defined can be reached during the atomic excitation process, see Eq.
by Eg. (17) is located roughly in the middle of the inset, which (12). In view of the limited memory of any computer, we
extends over an energy range of apauilO]. 1_’he ionizatioq ra_tes_ also seek to impose an upper limft,,, on the angular-
T gf gﬁ reliv?r:nt rzsonagcgs_,t_wlhlc:w tcontlrrl]bute rt]o the |on_IZﬁ_“°r}nomentum component of our basis set, without loss of con-
probability o e desired initial states through nonvanis 'ngvergence. As a rule-of-thumb, we fourfgh,=Co+Kay 10
weightsw; in Eq.(18), are of the ordel’;=10 °-10 ®a.u. They g tfice \wherek,, is the upper bound that we impose in the
appear as black dots in the immediate vicinity of thea) energy £ e exnansion) of the Floguet eigenstates, i.e., in
axis in the plot. Few spurious eigenvalues with positive imaginary - .
parts are also observed, which have to be rejected as physical hysical terms, the ma).(lmum nu.mber qf photons a.bsorbed
unacceptable solutions. Since they exhibit vanishing weights y.the atom frqm the field. Obviously, in ordgr t(.) Indug:e
this does not affect the resulting ionization yield. efficient population transfer across the effective ionization
threshold ES" . Eq. (17), we need Kpa>keon= (ET
, .. —Eg)lw, with Eg=—1/2(ny— &,)? being the energy of the
with w; the (phase averaggcverlap of the atomic initial nperturbed atomic initial state. Hence, the order of the rel-
state with the atom-field eigenstafe;) [48]. The sum is  evant multiphoton process increases with decreasingr
understood to run over all eigenstates in one Floquet zone, i and so ddk,,, and ¢ . IN OUr present treatment, using
both parity subspacdd = +1. Sincew; andl'; are obtained the length gaugdsee Eq.(1)] to allow for a transparent
for a fixed value of the driving field amplitudg, the finite partition of configuration space as illustrated in Fig. 1,
switching time(when the amplitude is ramped from O  we achieved numerical convergence  forkax
or from F to 0) of the field in any experiment is neglected. =1.%K o, - - - » 2Keont: Which is a considerably larger photon
Whilst recent experiments on lithium atorf®], which used basis size than reported in R¢48]. In these hydrogen cal-
a switching time of approximately three field cycleom-  culations, however, no matching condition had to be fulfilled
pared to a total atom-field interaction time of 100 field and the velocity gauge—which is known to lead to consid-
cycleg, almost realize this ideal situation of a rectangularerably faster numerical convergence than the length gauge
pulse, earlier experimen{d0] switched on a considerably [54,55—was used. With the above valueskafy, € max typi-
longer time scaldturn on and turn off of=50 field cycles cally reaches values betweerf’ and Ngyp— 1, with the
each, flat top of=300 field cyclex Howeuver, it is known strongest reduction of memory demand for the largest driv-
[49-52 that the pulse envelope has no decisive effect on théng field frequencies considered hereafter.
experimentally observed onset of ionization, for the typical Whereas the maximum number of photons absorbed from
field strengths and interaction times of microwave ionizationthe field, k., clearly may not be smaller thaq,;, we can
experiments, except for specific valuesngt impose a tighter bound on the maximum number of photons
Finally, let us note that, unlike methods that propagate armitted into the fieldk,,. For the typical parameter values
initial wave packet in timéand which, on the other hand, are considered in the following sectiok,,;,=—10 turned out to
well suited to track pulse-induced effegteur Floquet ap- be a good choice. This dramatic asymmetry in the truncation
proach provides theompletespectral information on the of the photon component of our basls,{, can reach values
driven atom. Since the spectral ingredients of EtB) do  larger than 100Q!is a consequence of the anharmonicity of
neither depend om nor on the atomic initial state, we can the Rydberg spectrum, which leads to rapidly decreasing
easily determind®;,(t) for different values ohg, ¢,, andt  transition amplitudes fronjny €, my) towards lower-lying
(mg is invariant, due to the rotational symmetry around thestated 28].
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As the last component of our basis set, we have to truniitial state. Since we are interested in nonhydrogenic effects
cate the principal quantum numbey with an upper limit  induced by the atomic cof@7-29, we prepare the atoms in
ng,p already introduced in the preceding section. Motivatedow-angular-momentum stateé’s=0 with the largest quan-
by the analogy between the finite spectral resolution in theum defects, =0.399 46853]. Note that this is in contrast

Ia}boratory and in the numerical experim¢see the discus- to the hydrogen experimefit0], where only the principal
sion O.f Eq.(l_?) in Sec. Il "’.‘bOV@ we chosens,, and the_ quantum numben of the initial state was well defined, and
Sturm|an' scalmg.parametenn such efway that thes_g mimic £, was smoothly distributed over the energy shell. However,
an effective continuum threshold af,~ 104 (specifically, since the driving field efficiently mixes differert states

we sgtaz?O a.ndneSﬁ“p: 155), comparable to state of the art [59,60, this does not affect our expectation for the global
experiments W't.mmaxz 90 [.10]’ =135 [1.2]’ and_:280 [2]. dependence of the ionization yield og [52,60.

. F!nally, we still have to fix the matching ragwg and .th(.e Let us first come back to Fig. 2, which shows the numeri-
dilation angled. For our subsequent calculations on lithium cal raw data in the complex plain, obtained from one single

with ng=28,...,80,ry=10, ...,18(similar to the radius . o "o
; : diagonalization, for F=2.3x10° a.u=11.83 V/cm and
| Ref[41 =0.02...,0.06 | I '
employed in Refl41]) and 6=0.02 . .. 0.06 led to optimal - ">7" 521 107 5 || _ 36 GHz. By virtue of Eq(18), the

convergence. Note that large valuesngffavor the numeri- . : , :
cal stability under changes of, since the largen,, the imaginary parts=il’;/2 of the dlﬁerent_resone_mce states, t_o—
smaller the electronic density close to the matching regiof@€ther with the overlaps; of the associated eigenstates with
[28]. the atomic initial state, allow to extract the ionization prob-
With these premises, we arrive at basis sings;cand  ability Pioy(t;F, ), after summation over all resonances of
bandwidthsn,,,q of the eigenvalue problenild) ranging Fig. 2. It should be noted as a side remark that the present
from N, 279 072,npand= 4862 (for atomic initial states in ~ Physical situation obviously cannot be described by any sort
the vicinity of ng=70) tonp,se= 1 010 016,np,,,= 6306 (for of single-pole approximation widely used for the description
no=230), in our subsequent calculations on lithium. The cor-Of the ionization of ground-state atoms by optical fieléls].
responding quantum defects a@® _,=0.399 468, 5,_; This is just a consequence of the broad distribution of
=0.047263, 5,_,=0.002129, and §,_z=—7.7x10"° the w; andl'; (over several orders of magnitude
[53]. To compute the ionization probabiliti8) of a specific  [12,23,28,51,52,62,83which is a direct spectral signature
atomic initial state, not all eigenvalues of these huge matriof “quantum chaos.” Such broad distributions generically
ces are needed, but only those approximately 4000 resdead to algebraic rather than exponential temporal decay of
nances that have a nonvanishing ovengpwith the initial  the survival probability Py, a resurgent matter of inter-
state. Since this is a small number comparedg;, the €stin the context of classically mixed regular-chaotic trans-
Lanczos algorithni48,56,57 is ideally suited to extract the POrt[64—68 in mesoscopic deviceg$9,70.
required spectral information from such large matrices. In Furthermore, note that there are few spurious solutions
order to handle their enormous sigapproximately 20—97 With positive imaginary parts in Fig. 2, which have to be
Gbytes of memory are needed to store the complex symmetejected as unphysical. Consistently, however, these states
ric matrice$, we use an efficient parallel implementation of always have vanishing overlap with the atomic initial state,
the a|gorithm[58]’ and work on some of the |argest super- and discarding them does not lmply a loss of the norm of the
computers(i.e., on the HITACHI SR8000-F1 of the LRz initial state represented in the Floquet basis. Zooming into
Munich and the CRAY T3E of the Rechenzentrum Garching the spectrum in the vicinity of an effective continuum thresh-
accessible in the academic redlﬂ‘sizq_ old, Eq (17), the inset of Flg 2 addltlonally shows that the
numerically obtained spectrum of the complex dilated
Hamiltonian does not display a straight-line continuum
swept by & into the complex plane, as expected from the
Let us now come to the results of our numerical experi-mathematical theor{34]. Rather several continua appear to
ment. At first we study typical ionization yields of micro- emanate from the branching point, as a consequence of the
wave driven lithium atoms, which exhibit similar qualitative lifted angular-momentum degeneracy of the continuum states
features as observed for microwave driven atomic hydrogerin a truncated basis, interacting with close-by resonances
Here we focus on the dependence of the ionization probabil48,52,71,72
ity on the laboratory field amplitude, for fixed frequency and  Figure 2 provides the elementary building block of the
variable initial atomic states. From that we will extract the numerical experiment, which is reproduced for several val-
driving field amplitudeF 4, Which defines the ionization ues off, in order to extract the ionization yield as a function
threshold, for different principal quantum numbers, and fi-of the driving field amplitude. Figure 3 shows the result for
nally address the apparent differences in the ionization profive atomic initial states |ng,£o=my=0), with n,
cess of alkali-metal and hydrogen atoms. =61,63,65,67,69, in close qualitative agreement with labo-
For the sake of comparison, we choose exactly the laboratory ionization yields, and with the characteristic threshold
ratory parameters of the experiment reported in Re&f], behavior. Below a certain threshold amplitude, the Coulomb
where the microwave ionization of atomic hydrogen wasfield largely dominates the external drive, and the dynamics
studied. More precisely, we employ a linearly polarized mi-is governed by the spherical symmetry of the bare atom. This
crowave field with fixed frequencyw/27=36 GHz, and is the perturbative regime where the field does not induce
principal quantum numbersa,=28, ...,80 of theatomic  appreciable ionization. Above threshold, the external field

IV. NUMERICAL EXPERIMENTS

053416-6



MICROWAVE IONIZATION OF ALKALI-META L. .. PHYSICAL REVIEW A 66, 053416 (2002

06
05
04
03t

(327x2r/w)

Pian(t)

§0.2}
01 |

P

12 16 2 24 28 32 % 16 2 24 28 32
9
F[10° a.ul] F[107a.ul

FIG. 3. lonization probability vs field amplitude of five dif- FIG. 4. lonization probability of the initial statfny=63,
ferent initial state$no, €o=mo=0) of lithium, for no="61(circles,  —m =0) as a function of the driving field amplitudg, for six
63 (squares 65 (diamonds, 67 (crosses and 69(starg. Atom-field ifferent interaction timest=227x2x/w (circles, 327x2m/w
interaction time and driving field frequency are fixed tat327 (squarel 560X 2/ w (diamond$, 925x2m/w (crossey 2023
X2mlw and w/2m=36 GHz, respectively, precisely as in the hy- x 27/ (stary, and 3286 2/ w (triangles. The frequency is the
drogen experiment reported in Rfl0]. On top of the global  same as in Fig. 3. Since the time dependence of the ionization
threshold behavior of all ionization signals there are local strucyropability differs for different values of [different values ofF
tures, most prominent in the local maximum of the=63 signal, at  jead to different distributions of the weightg and rated’; , which
F=2.3x10""a.u. Such local extrema can be attributed to theenter Eq.(18)], the local structure irF changes with increasing
avoided crossings in the Floquet spectrum, with a correspondinghteraction time, as evident from the flattening out of the local mini-
enhancement of the ionization rates, caused by multiphoton resQuum atF=2.3x 102 a.u., ast is increased from its minimum to
nances that facilitate the electronic transport to the continuum.  jts maximum value. The 10% ionization threshold, however, is only

weakly affected by changes of the interaction time.

(which has cylindrical symmetjydominates over the Cou-

lomb attraction, and induces a strong coupling of a largaimest=(227, ... 3286)xX 27/ w. Although neither the glo-
number of atomic boundand continuum states, leading to bal trend ofP;,, vs F nor the threshold fieldF 4, depend
enhanced ionization. This manifests in a steep increase ®fery sensitively ort, we observe a change in the local struc-
Pion, and justifies thétraditiona) definition of the ionization  ture of the ionization yield. The rather pronounced maximum
threshold by that amplitude~(q,) which causes 10% of the in the vicinity of F=2.3x10 % a.u., fort=227x2n/w,
atoms to ionizg21]. Besides the threshold structure exhib- flattens out for longer interaction times, until the ionization
ited by the five curves in Fig. 3, we also observe, in somgjield is almost constant in the intervalF=(2.2
cases, a local maximum on top of the global trend, mostx 107°)—(2.4<10°°) a.u. for t=2023x2x/w. While, at
dramatically forny=63, atF=2.3x10"% a.u=~0.42 V/cm.  F=2.3x 10 %a.u., the ionization probability is dominated by
Such a local enhancement of the ionization probability canhe ionization rates of the near-degenerate Floquet states
be attributed to an anticrossing of two Floquet states in théwhich also cause the maximum of thg=63 yield in Fig.
quasienergy spectrum, under changes of the field amplitud®, see our discussion abowen short time scales, these states
[28,51]. Near degeneracies between two atom-field eigenalready decayed for long interaction times. The remaining
states at a given field amplitude reflect multiphoton resopart of the electronic population is spread over more stable
nances between atomic bound states. These enhance the catbm-field eigenstates. Hence, tagcreases, the atomic de-
pling to the continuum, and thus also the ionization rdtes cay atF=2.3x10"° a.u. slows down as compared to larger
of the atom-field eigenstates that are involved in the antifield amplitudes, which explains the observed behavior. Let
crossing. In the present case, the projectionsof these us mention here that a similar observation was recently re-
near-degenerate Floquet states on the atomic initial staigorted on laboratory experiments on the ionization of hydro-
Ing=63,=my=0) are larger than their projection on those genic initial states of lithiuni2]. There[see Fig. 8a) of Ref.
initial states withny=61,65,67,69, and hence thg=63  [2]] the ionization probability is essentially flat below thresh-
state exhibits a larger ionization probability than the otherold for short interaction times, while a shoulderlike structure
four states aF=2.3x10"° a.u. [see Eq.(18)]. Increasing emerges for longer timesleading additionally to an observ-
the field amplitude further, the anticrossing is passed, and thable effect in the experimental ionization thresh@#h. 4 of
ionization probability of theny=63 state decreases again. Ref.[2]).

From the definition18) of the ionization probability of a Having understood the essential features of the ionization
given initial state as a weighted sum over the exponentialgield of a given atomic initial state, we can now address the
exp(—I'jt) of the ionization rated’; of all atom-field eigen- dependence of the ionization threshdidy, on the initial
states, it is clear tha®,,, depends on the atom-field interac- state’s principal quantum number. Figur@5compares our
tion time [48,51,52,73 in qualitative agreement with labo- numerical lithium thresholds to the results of laboratory ex-
ratory experiments on rubidiufi2,23, and, more recently, periments on hydrogefil0] and lithium[22], respectively.
lithium [2]. In Fig. 4, we plotP;,, as a function of, for the  Whereas the hydrogen experiment was performed under the
initial state |ny=63m=¢=0), and for several interaction same conditions as our numerical experimé&ge above
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107 [og ' T ] with a clear change of the decay exponent of (tnemerical
% ) (“) 0 lithium curve atny=42 [thus defining the transition from
‘f% regime(lll) to (11)].
(3) For ng=54 [regime ()], the my=4€,=0 lithium
thresholds agree well with the hydrogen results.
As pointed out in Refs[27-29, the distinct behavior of
the (alkali-meta) ionization dynamics in the three regimes,
and the differences between the alkali-metal and the hydro-

Fio [aU]
>

iR e
107 , g i . Y% gen thresholds, can be explained by the level structure of the
20 30 40 50 60 7080 different atomic species. In reginib, the external frequency
Ny o exceeds or equals the splitting between the unperturbed

hydrogen manifoldsy, andngy+ 1. Here, the external driving

/ field easily induces a near-resonant one-photon coupling of
] adjacent hydrogenicemerging from angular-momentum
states with vanishing quantum defectsd nonhydrogenic
(emerging from angular-momentum states with nonvanishing
guantum defecjsenergy levels in the alkali-metal atom,
much the same as a coupling of adjacent levels in atomic
hydrogen.

For lower quantum numbef regime(ll)], the splitting
between unperturbed hydrogenic energy levels exceeds the
external driving frequency. Thus, the external field cannot
induce efficient mixing of adjacent hydrogen levels any
more, and consequently, the experimental hydrogen data
change their slope at,=54 in Fig. 5a). In contrast, while
the external field cannot drive one-photon transitions be-
tween hydrogenic energy levels in regiri¢), it can effi-
ciently do so between the low-angular-momentum states

FIG. 5. (8 Numerical ionization thresholdr g, of lithium
Rydberg statesny,f,=my=0) (diamond$, as a function of the
principal quantum numbenmg, on a double-logarithmic scale. The
numerical data are compared to laboratory thresHdl@ikof atomic
hydrogen(starg and of lithium(circles [22]. The numerical and the

hydrogen experiment were performed at precisely the same labor with nonvanlshl_ng quantum defegtsf the alka.l“ atom.
tory parameters(frequency w/2m=36 GHz, interaction timet ence, the functionah, dependence of the alkali threshold

=327% 27l w, principal quantum numbers,= 28, . . . ,80), vhile remains unaffected when proceeding from regiiheto re-

the lithium results from the laboratory were obtained at lower fre-gime (Il) for lithium atoms, as observed in the plot.

quencies /2w=15 GHz) and longer interaction timest ( In regime (lll), however, also the alkali-metal spectrum
=15000% 2’77/(0). Alkali-metal and hydrogen thresholds differ doeS no more Offel’ any near-resonant One-photon transitions
qualitatively and quantitatively in regime#l) and (Il), while the ~ to the external field. Starting from,=41 (and progressively
numerical alkali-metal thresholds mimic the hydrogenic ones forso for lower principal quantum numbgrsthe transition
high principal quantum numbefsegime(l)], and match the alkali- |ng,€q=0)—|ng,¢,=1) demands more energy than offered
metal thresholds from the laboratory in the loy+egime.(b) Hy- by one single photon of the drive. In this regime our numeri-
drogen and numerical lithium data as (@, now in scaled vari- cal ionization threshold tends to the same algebraic depen-
ables, F100=F100g and wo=wnj (inherited from the scale dence om, as observed in the low-frequency experiment on
invariance of the classical, periodically driven two-body Kepler |ithium, which was attributed to a series of Landau-Zener
problem). Since both data sets were obtained for the same values qfansitions connecting the atomic initial state to the atomic
, t, andng, a comparison in scaled units does not imply any continuum in Ref[22]. Since the lithium experimerf22]
additional hypothesis on the scaling laws for nonhydrogenic alkaliyyg5 performed with rather low principal quantum numbers,
metal Rydberg states. Clearly, lithium exhibits dynamical Iocaliza—at a low frequency of the drive, the transition from regime
tion in regimeg(l) and(ll), and unexpectedly, the same threshold as(m) to regime(ll) could not be observed in this experiment.
hydrogen in the high-frequency domah). All laboratory data on 4\ ah4ve analysis of the numerical results leads to the pre-
nonhydrogenic Rydberg stat¢,12,20,23 have so far been pro- diction that this transition will occur only aty=54, where

duced in regimesll) and(lll), and this explains the experimentally - _ e
observed enhanced ionization as compared to atomic hydrogen. the driving frequencyo/2m =15 GH.Z matches the tra_nsmon
Ing=54£,=0)—|ny=54,,=1). Since these experiments

o _ _ additionally employed longer atom-field interaction times,
the laboratory lithium data have been obtained with a lowekhe transition will furthermore be observed at lower field

driving field frequencyw/27=15 GHz and at longer atom- amplitudes as compared to our numerical experiment. This,

field interaction timeg= 15000 27/ w. however, leaves the functional dependenceFgfy, on ng
Inspection of Fig. 5 leads to the following observations: unaffected, consistent with our discussion of Fig. 4.
(1) For low principal quantum numberg<42 [regime Let us finally interpret our results in the context of

(111)], the numerical thresholds show approximately the samelassical-quantum correspondence discussed in the Introduc-
algebraic dependence og as the experimental lithium data. tion above. For this purpose, we have plotted the laboratory
(2) All three curves exhibit algebraic dec&y;gy,~ng 7, hydrogen data and the numerical lithium data of Fi@)
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classically scaled variables,=Fng and wo=wn3 (which V. SUMMARY
are inherited from the scale invariance of the classical equa-
tions of motion describing the driven two-body Coulomb
problem[74]) in Fig. 5b). Here this is perfectly legitimate,

since both these datasets were obtained for precisely t
same values al, », andt—and the use of scaled variables ability of laser sources to excite the initial Rydberg level

does therefore not imply any additional hypothesis. Hencef,rom the atomic ground stat20]) which mostly lead the

Idn ]E.h's dplc:t, aI_I h?/d[]ogen data ca;n bte 'de?t'f'gdthw'th a v(;/ell- experimentalists to perform experiments on different atomic
efined classical phase-space structure, fixed thréigin species in slightly different parameter regimes, we are now

wg [21,74. We see t_hat the smaller s_Iope_ of the _threshold ir‘able to compare the ionization dynamics of Li Rydberg states
the largen, part of Fig. §a) translates into increasing thresh-

ds in Fi b ; . led . b to the one of atomic hydrogen, in precisely the same param-
olds In Fig. b), for Increasing scale _frequencies, abovegar regime, with the nonvanishing quantum defect of the
wo=0.4 (for Li) andw,=0.85(for H). This is a clear signa- 5 ,.aji-metal initial state as the only essential difference. Our
ture of dynamical localizatiorf10,12,75, which stabilizes

) oot ) numerical experiment followed the laboratory experiment
the atom against chaotic ionization through quantum mterfer-step by step:
ence effect§13-15,78, and is here unambiguously repro-
duced also by the lithium data—in the absence of a well- . o : - .
defined classical analog. Obviously, however, a sequence of ('). measurement Of_ t_he lonization yield vs dr_lvmg f'?ld
near-resonant one-photon transitions—with quasirandom d rmplltude, a.t fixed driving field frequency .a.nd mterlactlon
tunings from exact resonance, leading to strong fluctuation me, fora given quantgm_numbe5 of the |n|t|ql state,_
in the corresponding transition matrix elemefis,63— (i) deduction qf the ionization threshold frof), for dif-
connecting the atomic initial state to the continuum is easil)fere.?t values O.ho’ and . .
established for the lithium atom, even down to lower valuesI (i) comparison to the cla_ssmal, dnven. two-body Cou-
of ng, due to the core-induced energy shift of the low- omb dynamics, in scaled variablég and wo;
angular-momentum states. Consequently, efficient ionization ) )
of lithium remains possible in regim@), where the hydro- and allowed us to identify the cause of the apparently en-
genic thresholds increase with decreasing leading to an hanced ionization of_nonhydrogenlc alkali-metal Rydpe_rg
increasing gap between the alkali-metal and the hydrogeftates. Furthermo_re, it led us to the unexpected prediction
thresholds forw,<0.8. It is precisely in these parameter that nonhydrogenic and alkali-metal Rydberg states should
regimes(Il) and(ll) that all experimental data on nonhydro- exh_lblt guantitatively comparable t_hresholds in the frequency
genic Rydberg states have been obtained sdZar2,23, regime wy>1—so far unexplored in the laboratory.
thus explaining the apparently enhanced ionization of non-
hydrogenic alkali-metal Rydberg statgz8]. Alkali Rydberg
states therefore provide a perfect scene for quantum chaos,
which, much as quantum mechanics compared to classical The CPU time was provided by the RZG of the Max-
mechanics, has to host a larger class of systems than classiélhnck-Gesellschaft, on a CRAY T3E, and by the LRZ of the
chaos: sequences of near-resonant one-photon transitioBayerische Akademie der Wissenschaften, on a HITACHI
(with quasirandom detuninggan be induced by classical SR8000-F1. We acknowledge ever entertaining and fruitful
chaos(as they are in periodically driven atomic hydrogen discussions with D. Delande on the implementation of the
but equally so by quantum phase shifts due to core scatteR-matrix method in Ref[41], and partial financial support
ing, unavailable in the classical dynamics of a point particleby the DAAD (through PROCOPE

We have given a detailed description of #ieinitio treat-
ment of microwave driven alkali-metal Rydberg states in the
arameter regime of state of the art laboratory experiments.
naffected by pragmatic consideratiofsich as the avail-
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