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Two-color stabilization of atomic hydrogen in circularly polarized laser fields
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The dynamic stabilization of atomic hydrogen against ionization in high-frequency single- and two-color,
circularly polarized laser pulses is observed by numerically solving the three-dimensional, time-dependent
Schralinger equation. The single-color case is revisited and numerically determined ionization rates are com-
pared with both, the exact and the approximate high-frequency Floquet rates. The positions of the peaks in the
photoelectron spectra can be explained with the help of dressed initial states. In two-color laser fields of
opposite circular polarization, the stabilized probability density may be shaped in various ways. For laser
frequenciesw; andw,=nwq, N=2,3, ..., andsufficiently large excursion amplitudes)<{ 1) distinct prob-
ability density peaks are observed. This may be viewed as the generalization of the well-known “dichotomy”
in linearly polarized laser fields, i.e, as “trichotomy,” “quatrochotomy,” “pentachotomy” etc. All those ob-
served structures and their “hula-hoop”-like dynamics can be understood with the help of high-frequency
Floquet theory and the two-color Kramers-Henneberger transformation. The shaping of the probability density
in the stabilization regime can be realized without additional loss in the survival probability, as compared to the
corresponding single-color results.
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I. INTRODUCTION were obtained numerically by the Floquet theptg] or ap-
proximate, analytical high-frequency Floquet thedg4].

For sufficiently high laser frequency and intensity, theFull numerical ab initio solutions of the time-dependent
ionization probability of an atom decreases by further in-single-electron Schoinger equation were obtained for the
creasing the laser intensity. This, at first sight, counterintuijow-dimensional model systemsee, e.g., Refs14—19)
tive effect is called dynamic or adiabatic stabilization, de-and, after the early work in Ref9] very recently, in three
pending on the pulse lengtfil—8|. So far, it has been gpatial dimensions for linear polarizati¢h0] and circularly
observed in numerical simulations orilsee Ref[9] and, for  polarized laser pulsed1]. Although the Floquet ionization
very recent results, Reff10,11)). Its theoretical explanation rates decrease monotonically for laser intensity-, the
is most elucidating in the framework of high-frequency Flo- jonization probability in full ab initio solutions of the time-
quet theory[4]: the time-averaged Kramers-Henneberger podependent Schdbinger equation(TDSE) for finite laser
tential, as it is seen by a free electron moving in the lasepylses assumes a minimum and increases again thereafter. In
field, provides bound states. The electronic probability denthe |imit of laser intensityl —o but otherwise fixed pulse
sity of these states is spread over the spatial regions witBarameters, the survival probability of an atom will thus ap-
dimensions of the order of the classical excursion amplitudgyroach zero. Moreover, it has been found that the magnetic
which may be tens of atomic units or more. The laser fre<ield of the laser—usually neglected because of the dipole
quencyw, required for dynamic stabilization where the elec- approximation—leads to increased ionizati@0]. This is
tron starts from the field-free ground state with binding en-qdue to the ponderomotive force that pushes the electrons in
ergy &, has to exceed the field-dressed binding eneftgy, the propagation direction. In multielectron atoms, electron
>|&|. Since such high frequencies are not yet accessible teorrelation also hinders stabilizatidgeee Ref[21], and ref-
nowadays intense laser systems, the experimental verificgrences therejnThe two-color interference effects on stabi-
tion of the dynamic stabilization is still to come. However, lization in linear polarization was studied in R¢22,23.
with the intense, short wavelength, and coherent light In this paper, the dynamic stabilization of H in circularly
sources under construction worldwide.g., at DESY in  polarized single- and two-color fields is investigated. The
Hamburg, ground-state stabilization should become experipaper is organized as follows: in Sec. Il, the three-
mentally accessible soon. Signatures of the dynamic stabildimensional time-dependent ScHinger equation to be
zation of Rydberg atoms, wheté&;| is smaller, have been solved numerically is introduced, and the form of the applied
measured12]. two-color fields is explained. In Sec. lll, the results concern-

The dynamic stabilization has been studied extensivelyng the single-color circular polarization case are presented.
during the last decade. The ionization rates and energy shifBesides snapshots of the probability density and the photo-

electron spectra, particular emphasis is put on the compari-
son of ionization rates and energy shifts with results from
*Email address: dieter.bauer@physik.tu-darmstadt.de Floguet theory. In Sec. IV, the main two-color results are
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presented. The probability density structures are observechn be treated classically. Since the laser wavelength is large
which display well-separated maxima, the number of whichcompared to all other relevant length scales and the electron
is related to the frequency ratio of the two fields. The struc-dynamics is nonrelativistic for our laser parameters, the di-
ture moves as a whole in the laser field and can be explaingable approximation can be applied so that the vector poten-
with the help of the two-color time-averaged Kramers-tial A(t) does not depend on the spatial coordinates. Hence,
Henneberger potentials. The survival probabilities after thehe magnetic component of the laser field is neglected. If we
two-color pulses are presented as a function of the two larestrict ourselves to study thmplanartwo-color fields(of,

ser’'s peak field strengths. The two-color survival probabili-however, arbitrary ellipticity, we may choose the coordinate
ties and above-threshold ionization spectra are comparesystem in such a way that ttecomponent of the electric
with the corresponding single-color results where the seconfield E(t) = — d,A(t) vanishes:

field was absent. It is good news that adding a second color

is possible without a drastic inhibition of stabilization even if E(t)=ED(t)+E@(t) =[EX (1) +E@(1)]e,
the second laser’s intensity lies in the “Death Valley” of high X X
ionization. Finally, we conclude in Sec. V. +[EP() +EP(1)]ey . 2
Il. THEORY The wave function¥ (r,t) is expanded in spherical har-

The TDSE for the electron of atomic hydrogen in the MONICS,

electric field of a laser, .

> 2 O )Y (9,9,
(=0 m=—¢

S|

W(r,9,¢,t)=

0 3 1 ) 1
|E\P(r,t)— E[—|V+A(t)] -7 W(r,t), (0]

is solved numerically in three spatial dimensiofaomic  which leads to a set of coupled TDSEs for the radial wave
units are used unless noted othenyiSehe intense laser field functions® ,(r,t),

2
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wherev}?ﬁ(r): — (1) +£(€+1)/2r?% is the effective atomic  implementation may be found in Re®4] and is similar to
potential including the centrifugal barrierf,&(t)=AX(t) what has been described in REZ5] for the simpler case of

; £ _ = linear polarization.
+iAy(t), Ngp=V({F¥m)(£=m+1)/2, and the purely The radius of our numerical grid, including the region

H 2
time-dependentA” term has been transformed away. yhere the nonvanishing imaginary potential damps away the

The matrix elements (¢m|LM[€'m")  probability density approaching the grid boundary, was be-
:=[ d(cosd) de Y;(9,0) Y m(9,¢)Yerm (9,¢) may be ex- tween 240 a.u. and 450 a.u. The maximérguantum num-
pressed in terms of Clebsch-Gordan coefficients. ber was typically¢ ,,,=30. For testing the convergence of

It is worth noticing the coupling of differenf and m  our results, runs up t6,,,,=50 were also performed—with
quantum numbers in the TDSB) due to the laser field: no significant changes in the observables of interest. For ob-
there is alm—+¢+1m=1 coupling as well as &m—¢ taining the results presented in this paper, the run times of
F1m=1 coupling (where compatible with the condition OUr Schralinger solver were always less than 18 h on 1-GHz
—{=m=Y{). From the knowledge of these couplings, onePCs.
can immediately deduce nonperturbative selection rules, e.g., We focus on the two-color fields where the both fields are
if the initial wave function is the & ground state, the states circularly polarized. We assume a $shaped up and down
with £=1, m=0: with =2, m=+1: with £=3, m=  ramp of theith field, i=1,2 overN{’=N$J cycles and a
+2 etc., are “unreachable” and thus remain unoccupied. constant part oN{) cycles duration. In the following, we

In the actual implementation, the radial coordinateas  will refer to such a pulse as aN{” ,N{),N%J) pulse. For the
discretized directly in position space. The details of theith electric field in, sayx direction
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ramping time as well as the duration of the constant part of
the laser pulse are chosen the same for both colors so that th£
times T1=277N(1')/wi, To,=T+ ZWN(l'Z)/wi, etc., are inde-
pendent ofi. Since we are interested ioppositecircular
polarizations,
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are taken as thg components of the two colors. The corre-
sponding vector potential can be calculated frét)=
—JLdt’ E(t"). In such two-color pulses, as long &§"
=N%, N{J are integer numbers, feee electron(initially at
resh returns to its starting point at the end of the laser
pulse—without residual drift momentum.

Survival Probability

0.100

0.010

Ill. THE CIRCULAR SINGLE-COLOR CASE REVISITED

. 0.001 L
Before turning to the two-color study, let us analyze the 0 20 40 60 80

simpler single-color case. For the latter, results frainitio
solutions of the three-dimensional TDSE were obtained only
recently [10], Where_as two-dlmer.\sm_nall model solutions FIG. 1. The probability density, integrated over a sphere of ra-
were presented earligt6—19. The ionizationratesas well ;s R, =60 for laser pulses of frequeney=1 (a) andw=2 (b) vs
as energy shifts for hydrogen in the stabilization regime;me (4,16,4 and (4,32,4 pulses were chosen fap=1 and w
(with dipole approximationare available for several years =2, respectively. TheéE values are attached to the curves. The

[13], _SO that a_companson W't_h ou_r finite pul_se results Ssurvival probability increases with increasing peak field strengths,
possible and will be presented in this paper. Since all VeClof ¢ not beyond a certain maximum. In some of the cases, an ion-

Time (laser cycles)

potential amplitudeé considered in this work are 10 a.u., ization rate can be determined from ttia the logarithmic plox
the dipole approximation is applicable, as has been shown ifmear slope.
Ref. [20].

_ N _ peak field strength further yields a decreasing survival prob-
A. Survival probability vs time ability (not shown in Fig. 1 The highest survival probability

In order to calculate the probability for the hydrogen atomin Fig. 1(b) amounts to~47%. It should be noted, however,
to “survive” nonionized till the end of the pulse, the prob- that the survival probability is rather sensitive to the laser
ability density is integrated over a spherical volume of radiuspulse shape and duration. This was also found in the case of
R,=60 a.u.. The radiuRy, was chosen several times greaterlinear polarization and is discussed at length in R&6).
than the biggest excursion amplitude= 10 a.u. considered ~ Whenever the slope of the probability curves vs time is
in this paper. Since the free part of the wave function vandinear on the logarithmic scale, an ionizatioate can be
ishes inside that sphere at sufficiently large times after theletermined. While this is straightforward for the curves in
laser pulse has passed by, the amount of probability densithe w=2 panel, it turns out to be more difficult for the
inside the sphere leads then with high accuracy to the same 1 results in Fig. (a). Longer pulses of constant intensity

probability that one would obtain by projecting on all bound are then needed to obtain unambiguous rates.
states. The results are presented in Fig. 1. In Fig), the

results foro=1 are presented, in Fig(l) those foro=2. B. Snapshots of the probability density
All pulses were up and down ramped over four cycles. The R
constant part of the pulse lasted 16 cyclesdor 1 and 32 For sufficiently large excursions and adiabatic turn ons,

cycles foro=2. From Fig. 1, the very existence of dynamic one expects the system to occupy essentially the ground state
stabilization is proven: the survival probability at the end ofin the time-averaged Kramers-Henneberg€H) potential.

the pulse increases with increasing peak field streiigth  This corresponds to lowest-order high-frequency Floquet
tached to the curvesip to a maximum value. Increasing the theory [4]. The KH potential is the ionic potential a free
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20 t=56.841 t=57.80 1 = t = 58.76 -

FIG. 2. Series of contour plots of the probability density in ¥ag plane atz=0 during the ninth cycle of thé2,8,2 laser pulse for
w;=1 andE;=10. The color coding of the probability density is linear. The overlaid black circle of ragius0 indicates the correspond-
ing free-electron trajectory. A clockwise “hula-hoop”-likd1] dynamics of the probability density ring is observed.

electron, just oscillating in the laser field, would “see,” i.e., =10, yielding an excursion radius=10. Although a prob-
Viu(r) =V(r+a(t)), wherea(t) is the trajectory of a free apility density ring, describing the previously explained

electron in the field, “hula-hoop” dynamics, is clearly visible, the probability
. density is not uniformly distributed along that ring but has
a(t):f dt’ A(t'). (6)  rather a sicklelike shape. Hence, the system is obviously not
0 in the KH ground state but in a superposition of states with

different azimuthal qguantum numbers. This leads to Rabi os-
In the case of a single-color circularly polarized laser, thecillations on time scales that are large compared to the laser
KH potential, averaged over one laser cycle, has azimuthgieriod. Note that there is always a probability density maxi-
symmetry with respect to the laser propagation directibe ~ mum at the position of the ion. For lower values @f we
z axis in our caseand, for sufficiently bige, its minimum  observed more complex situations where no clear ring struc-

along a circle of approximate radiasin a plane perpendicu- turé but two or more wave packets swirl about the ion.
lar to it (the x-y plane in our case Consequently, the KH
ground-state probability density has its maximum along that C. lonization rates
_C|rc_le. By tr_an;formlng back to the lab fram_e,_ Whe_re _the For the single-color case, accurate ionization rates were
lonic pOte”"?'. IS assumeq_centereq at th.e ongin, this rlnghumerically obtained many years ago by means of nonper-
shaped stabilized probab|l_|ty densny_ ort_)lts W.'th Its centery hative Floguet theor}13]. Those rates are accurate in the
along the free-electron trajectory which itself is a circle ofsense thaif the system somehow manages to occupy a single
radius a. Wh_at result_s is_a “hula-hoop”_-like dynamidd1] Floquet state, it will decay precisely with the corresponding
of a probability density ring about the ion that assumes the=joquet rate. Usually an adiabatic turn on is needed to trans-
role of the “hula-hoop”-dancer’s hip. N ~fer the system from the field-free ground state to a single
In Fig. 2, we present snaphots of the probability density inFjoquet state. The problem is that an adiabatic ramping of
the x-y plane atz=0 during the ninth laser cycle of the the |aser pulse counteracts stabilization because the system
(2,8,2 pulse with w=1. The peak field strength was has to spend too much time in the so-called “death valley”
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,§ FIG. 4. ATI photoelectron spectra fas=1 (left pane) and w
§ =2 (right pane) after (4,8,4 pulses(for =1) and(8,16,8 pulses

(for ®=2). For clarity, the spectra are shifted vertically with re-
spect to each other. The peak field strengths vilefe panel, from

top to bottom £=0.3,0.5,1,2,5 a.u. angight panel, from top to
bottom) E=O.6,2,10 a.u. For certain laser intensities, excited states
come into play, leading to pronounced modulations of the ATI
peaks. With increasing laser intensity, the ATI peaks move towards
higher energies.

0.010}
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and ours, i.e.I'pc=I'r/\2]. For =2, the Pont-Gavrila
rate comes close to the full Floquet result already &or

FIG. 3. lonization rates vs excursion amplitudefor (a) w=1 =1. By increasing a, the full Floguet result oscillates
and(b) =2 a.u. Our numerical resultst), the full Floquet rates  ground the Gauvrila rate. In the lower frequency casel,
I'r from Ref. [13] (solid), and the analytical result by Pont and the Gavrila rate overestimates ionization. Our numerical
Gavrila[2,4] I'pg (dashed-dottedare shown. rates were obtained from simulations @f 16,4 pulses for

i ) . o w=1 and(4,32,9 pulses foro=2. The results for the high-
of medium laser intensities where the ionization is strong,

and thus nothing would survive to be stabilized. Hence, shor?St.a yalues shov_vp were d'ﬁ'CU|.t to dgtermlne because the
turn-on times are desirable. However, after such rapid turr'lor"z"’m.On probability curves vs time d|§played no clear ex-
ons the system might be “shaken up” into a superposition 01ponent|al decrease. In ordgr to determine unambiguous ion-
many Floquet states. Under such conditions only the fulfZation rates also for higher, a more adiabatic up ramp of

solution of the TDSE vyields reliable ionization probabilities the laser field and a longer pulse duration would be required.
and, if existing, ionization rates. However, since it is not the goal of this paper to determine

In Fig. 3, our ionization rates fop=1 andw=2 (deter-  rates that are probably easier to obtain via Floquet theory, we
mined from plots such as those in Fig.dre compared with d0 not proceed further in this direction. Our numerical re-
Floguet result§13] and the analytical results derived by Pont Sults agree wiall with the full Floquet rates, where available.
and Gavrila[2,4]. The Pont-Gauvrila rate for circular polar- Forw=1 anda=3.5, the Gavrila rate agrees quite well with
ization, our numerical data, whereas fer=2 it underestimates ion-

ization.

Eixcursion amplitude &

0.223 7
Pe HAe?’ @ D. Above-threshold ionization (ATI)

was derived from high-frequency Floquet theory combined In Fig. 4, the photoelectron spectra aft@8,4 pulses

. ' R (for o=1) and(8,16,8 pulses(for w=2) of different peak
with the f"S"OFdeT Born approximation. Ir_' order to meet thefield strength are presented. They were calculated from the
plane-wave criterion of the Born approximation, the excur-

. . - ) "~ wave function immediately after the pulse with the window-
sion amplitudex must not be too small. For high frequencies gperator method proposed in RéR6]. The three lowest-

and a>1, the Pont-Gavrila rate should merge with the full order ATI peakan=1,2,3, separated byw, are clearly vis-
Floquet result. However, in Reff13] Floquet rates were cal- ible although they broaden with increasing laser intensity.
culated only for moderate values af[note, that, by defini- From lowest-order perturbation theoflyOPT), an exponen-
tion, the excursion amplitude for circular polarization in tial decrease of the peak heights=2" with increasingn is
Ref. [13] differs by a factor ofy/2 with Pont and Gavrila’s, expected. Within high-frequency Floquet theory, fer 1,
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FIG. 5; ThAe energ) ™ of ATI peak n=1 vs the excursion FIG. 6. Time-averaged KH potentials in they plane atz=0
amplitudea=E/w? for w=1 (left plot) andw=2 (right plot). The f

o . : for =1, 0=2. The peak field strengtts™, E? are chosen in
symbols are our numerical results. The curves give the expecte h th th field is absentE@=6- (b) the two |
position of ATl peakn= 1 according to Eq(9) with &, from the full TSUC ellyvay ata) ef‘)lz el le absentE ; (b) the two as?r
Floquet calculation13] (solid ling), with £, as the ground state of 'Ntensities are equal;‘ )=E! )AZG? (c) the two vector potential
the time-averaged KH potentif2] (dashed and with&,=—(Ina ~ @MmPplitudes are equa!i(l)/wleE(z)/wa; (d) the two excursion
1+2.654 283/(2 ) [1] (dashed-dotted amplitudes are equaE™/w?=E®/w5=4. In the two-color cases
(b)—(d), the threefold symmetry leads to three minima in the poten-
~ tial. The corresponding KH ground-state probability densities will
(&+nw)a>1, the contributions of higher ordersdo not  therefore display “trichotomy,” i.e., three spatially separated
vanish exponentially but only-n~2 [2]. By virtue of the  maxima of the probability density.
first two peaks in the highe&t-spectra of Fig. 4, this trend of
increasing importance of higher-order peaks is confirmedhe ground state, the ATl peaks move towards lower energies
[note that in the numerically obtained wave function after thewith increasing laser intensities. The “drowning” of a certain
pulse the ATI peakn=3 might be slightly suppressed be- peak numben below £=0 is the celebrated “channel clos-
cause of the absorbing boundatied/ith increasing popula- ing” in ATl physics.
tion of the excited states, the left shoulder of the ATl peaks We shall see that in the stabilization regime, where
becomes more pronounced. For certain laser intensities &|&y| must hold, the shift of ATI peaks is dominated by the
substructure of smaller peaks appears. Since these peaks greund-state up shifA so that
separated by the energy differencencf 2 andn=3 states,
that isAE=(4"1—971)/2~0.07, this substructure is likely =gt no. 9
connected to the population of these states. However, we did
not perform yet a detailed study of this substructure. Here wé\ccurate values of the field-dressed enerdig the stabi-
want to focus on the ATI peakositions As can be easily lization regime can be obtained from Floquet thept].
inferred from Fig. 4, the ATl peaks move with increasing Solving the set of coupled Floquet equations yields complex
laser intensity to higher photoelectron energies. This is conenergies the real part of which is the field-dressed energy.
trary to what happens for low frequencies and high intensiThe complex part is half the ionization raté&,r=2¢,
ties. In general, the positions of the ATl peaks follow —iI'g/2. From the high-frequency Floquet theory point-of-
view, & is the ground-state energy of the time-averaged KH
potential. In Ref[2], Pont and Gavrila gave KH ground-state
) . i energies for H in a circularly polarized laser field. Because
.Here,80=80+'A is the field-dressed ground-state energy thaq56|<|50| the ATI peaks move to higher energies with in-
is ac Stark shifted bjA compared to the unperturbed ground- ¢reasing laser intensity—contrary to the high-intensity low-
state energy, (=—0.5 for H), and A, is the energy up frequency cas¢s).
shift of the continuum thresholtm.ls the number of absorped In Fig. 5, our numerically determined positions for the
photons=n.,;,, wheren;, is the smallest integer that gives —1 a7 peak are compared with E¢9), where the value for
5|(§\,rv”'”)>0- For low frequencies, one has\cn=U, & has been determing@) by the full Floquet solutiofi13],
=f(E2/20?), whereU, is the ponderomotive potential, i.e., (i) as the time-averaged KH potential ground-state energy
the time-averaged quiver energy of a free electron in th¢2], and (iii) through Pont's approximate formul&;=
laser pulse of peak field strength The prefactoff is (for — (Ina+2.654 283/ (27 a) [1]. The agreement may be con-
our definition ofE) 1 for circular and 1/2 for linear polar- Sidered acceptable although not excellent. The differences

ization. Since in the case of long wavelengths the up shift oftre likely due to the population of more than a single Floquet
the continuum threshold by, is bigger than the shif of  state. Our numerical result fes=1 ande=5 lies above the

5%312 56 —Acontt Nw. (8)
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FIG. 7. Series of contour plots of the probability density inxkg plane aiz=0 during the ninti{low frequency cycle of the laser pulse
for w,=11[(2,8,2 pulséd, w,=2 [(4,16,4 pulsd, andE,=E,=10. “Trichotomy” and “hula-hoop” dynamics are observed, i.e., three peaks
of probability density, located in the corners of an equilateral triangle whose center moves along the black triangle, representing the orbit of
a free electron in the same laser field. The color coding of the probability density is linear.

analytical curves because the substructure in the ATI Speging ma>|&|=2&0. The time-averaged KH potentials look ac-
trum (cf. Fig. .4) also aIte_rs t_he absolute maXimum of an ATI cordingly. They are presented in Fig. 6. In the two-color
peak so that its determination becomes ambiguous. cases[Figs. 6b)—6(d)], the threefold symmetry leads to
three potential minima near the turning points. If the stabi-
IV. TWO-COLOR CASE WITH OPPOSITE lized electron occupies the KH ground state, the probability
CIRCULAR POLARIZATIONS density will show “trichotomy” instead of the well-known
“dichotomy” in the case of a single-color linearly polarized

laser where two probability peaks, separated hy, vere

¢ It.l'.s usil‘#ltg]or fthe aTal¥S'S ct)f qurttvv_o-cplor rers],L:c!tsldto ge(tjobservec[g]. In general, whem,=nw, the trajectories dis-
tﬁml |arrrW| nd?n ret?r;qe t_ecvrorn raée‘cé:)'rlesi[ I?]tisulc Ir:eths S/\r/] play (n+1)-fold symmetry. Provided the peak field

€ correspo g ime-average potentials. € 0strengths are properly chosen, for=3,4,..., then+1
color case, the KH potentials were averaged over the low:

f | iod 2 Let ider the two | minima of the time-averaged KH potentials will lead to
requency laser periodszi ;. LEt US consider the two laser “quatrochotomy,” “pentachotomy,” etc. The electron dy-
frequenciesw;=1 andw,=2. If the second field is absent

. . . . '’ namics in the laboratory frame should then resemble “hula-
the free-electron trajectorg(t) describes a circle in the-y hoop” with a triangle, a square, a pentagon, and so forth. We

plane of radiuseo=E™/w}. If the second field amplitude would like to remark that the discrete symmetry of the tra-
E@ equalsE™), i.e., both laser fields have the same inten-jectory and the time-averaged KH potential is closely related
sity, the trajectory resembles an equilateral triangle withto the selection rules for harmonic generation in two-color
rounded edges, and mak=5ay/4. If, instead, the vector fields(see Ref[27], and references thergirif the two fields

otential amplitudes of both fields are equai®)/ with frequenciesn; and w,=nw, are equally polarized in-
EIAE(Z)/ h P | foll : ql . hw; stead of oppositely, the KH potentials have-1)-fold sym-
=B/ w,, the electron follows a convex triangle with sharp ey Hence, to obtain “trichotomy’w,=4w, has to be

edges, and max|=3ag/2. Finally, equal excursion ampli- chosen in this case. If the two frequencies are not commen-
tudes, i.e. EM/w?2=E@/ w3, yields a rosettelike trajectory, surable, the free-electron trajectories are not closed, and the

A. Time-averaged KH potentials
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FIG. 8. Probability densities in the-y plane atz=0 andt=56.84 during the constant part 0f(2,8,2 pulse (with respect tow,
=1). The second frequenay, was (from left to right 2, 3, and 4. The laser intensities were chosen such(gha#)=a?=5, (b)

EM=E®@=10, and(c) A)=AR=10. The overlaid black curves are the corresponding free-electron trajectories along which the center of
the stabilized structure moves.

two-color time-average KH potential is ill defined. However, the field that would lead to highest ionization, if applied
we observed stabilization also in this case although no disalone, it dominates two-color dynamic stabilization. In Fig.

tinct probability density peaks were obtained. 9, the temporal evolution of the survival probability in the
two-color case is compared with the two corresponding
B. Snapshots of the probability density single-color results. From Fig.(8, it is clearly seen that if

In Fig. 7, snapshots of the trichotomous “hula-hoop” dy- the two laser intensities are tuned to yield equal excursion

namics forw;=1, w,=2 during one laser cycléwith re- ampli'Fudes&, the tyvo-color survival proba_bility is ploser to
spect to thaw, =1 field) is presented. The two laser intensi- the single-color high-frequency result with relatively low
ties were chosen equal so that the free-electron trajectory isignization probability. The low-frequency field alone has a
triangle with rounded edges. This triangle is drawn in blackhigher ionization probability. In the equal intensity pl6tg.

in each of the plots of Fig. 7. As expected, the center of thé(0)], it is the other way round: the two-color result follows
trichotomous probability densityaligned along the time- closely the low-frequency curve whereas the high-frequency
averaged KH potentiamoves clockwise along the black tri- field alone yields higher ionization becaus®) is still close
angle. Note that the stabilized structure moves as a wholto the “Death Valley.” Since in Fig. @) all curves cross
and does not rotate about its center. In the comoving framegach other, it is apparent that the final survival probability is
i.e., the KH frame, the ion swirls along the triangle, forming sensitive to the pulse length. However, it should be stressed
another probability density maximum. In Fig. 8, three otherthat, fortunately, the two-color survival probability et de-
examples for stabilized probability density are presented. Iiermined by the frequency which yields highest ionization.
Fig. 8@), where the excursion amplitudes for both fields This means that the two-color “probability density shaping,”
were chosen equal, no three distinct peaks are visible beas discussed in the proceding section, can be performed
causea=5 is too small. without drastic reduction of the survival probability.

In Fig. 8b), a clear example of equal intensity quatro- N Fig. 10, the survival probabilities at the end @(8,2
chotomy (i.e., w,=3) is shown, and in Fig.(®), a case of and(4,16,4 pulses foro;=1 andw,=2, respectively, are
pentachotomy &,=4) where both fields had equal vector plotted vs the field amplitudes™) andE®®. Because of the
potential amplitudes. The density of timer 1 peaks varies probability density representing free but slow electrons, it
during the course of the laser pulse. This implies that severdbkes a long time until the probability density integrated over

Floquet states are involved. the sphere of radiuk,=60 assumes a constant value.
Hence, to obtain Fig. 10 we have chosen to measure the
C. Survival probability vs time survival probability as the maximum probability to find the

. . electron in a smaller sphere of radiRg= 7.5 within a time

So far the two-color surYlvaI probability was not ad- period of 85 a.u. after the pulse. The maximum probability
dressed at all. If, for instanc&() is chosen so that the,  has to be taken because of the oscillations due to excitation
=2 field alone yields optimal stabilization, andva=1 field  of the 25 and the 3 state. Note that this method for measur-
with E® in the “Death Valley” is added—what is the sur- ing the survival probability slightly overestimates ionization
vival probability? In the worst case, ionization would be because the probability density, which represents slow re-
dominated by the “Death Valley” field, making the two- combining electrons, slowly spirals back to the ion and does
color stabilization not very attractive. Fortunately, it is not not enter the small sphere within the observation time. How-
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0.6 C pulse of frequencw;=1 andw,=2, respectively, vs the peak field
: strengthsE™ and E@. The data points indicated by vertical lines
0.4 were calculated, the shaded surface is an interpolation between
i them. Increasing survival probability fde(®),E(?—0 was sup-
r pressed for the sake of better visibility of the results in the stabili-
0.21 . zation regime. See text for discussion.
equal A
0.0l . . e beneficial, provided thaE(?) is not too strong so that shake
0 5 10 15 20 25 off dominates. If, on the other hand, we choose a ceff&th

Time (cycles) and add aw, field, the survival probability may be enhanced

. N o or diminished, depending on whethigf? lies in its single-
FIG. 9. The survival probability vs time in laser cycles of the color stabilization regime or near its single-color “Death
lower-frequency field witho, =1. The full curves are the two-color \/5jjey.” The case of a rosettelike stabilized probability den-

results forw,=2, the dotted curves are the results for the low- it h th . litude | lead |
frequency field alone, the dashed curves are the results fapthe Sity, w ere € excursion Qmpl u asare.equa, ea..s On.y
to a relatively small reduction in the survival probability with

=2 T'eld alone. In.pa.ne([a) the equal _excurs_'on a"lpl'IUd_e case respect to the optimally stabilize@d, field alone (around
=2 is shown, while in(b) the equal intensity caseE=6 is pre-

sented.(2,8,2 and (4,164 pulses were used for the, and w, E(2)=_12 in Fig. 10. In contrast, the equal intensity result
field, respectively. remains close to the low-frequency single-color result where

E(®=0. Note that maximum stabilization is achieved for

ever, here we are not interested in absolute numivehich ~ Modest values ofr=E/w?, where the probability density
depend sensitively on the pulse duration and shape ar)ywaf'p“tt'ng’ i.e., trichotomy, quatrochotomy, etc., is not yet de-
From Fig. 10, one infers that the highest survival probabilityvebped'

is obtained, as expected, in the single-color high-frequency

case wherE™)=0. In general, the overall behavior is an
increasing stabilization probability up to a maximum value, ~Finally, let us briefly discuss the two-color photoelectron
followed by increasing ionization if the laser intensities arespectra. The single-color case has been analyzed in Section
increased further. This is different from high-frequency Flo-11l D.

quet theory where the ionization rate monotonically de- In Fig. 11, the two-color spectra are compared with the
creases with increasing intensity because the “shake off’corresponding single-color results, where either éhe=1
during the pulse turn ons and turns offs is not taken intdield or the w,=2 field was present. The laser intensities
account. In our results, the field strength regime wherevere chosen not deep in the stabilization regime because at
EW/w,,E@/w,<1 in Fig. 10 may be identified as the such high laser intensities the clear ATI structure gets cor-

“Death Valley” of high ionization probability. Of course, the rUp_It_E‘; %_Fiigséoﬁld?Qé”?wingoﬂ?dgéaeté?ﬁf zg- ILct)(.:ated a
i ility i ity &0 E@ -

SUBV'VSI Vsr?/b?bt'my hlncrgasr;s towrards c?ri]r:t)t/hEé | ’tEb higher energies than those of the corresponding single-color

— 4. HOWEVer, his has been suppresse € plot becausgy its. This is due to the fact that the ground state in the

it blocked the visibility of the results in the stabilization re- time-averaged KH potential experiences a stronger up shift

gime in which we are interested. Given a certaff?, adding  as compared to the single-color KH potentials. It would be

E® is, from a stabilization point of view, almost always interesting to analyze the ATI peak positions in the two-color

D. ATl in circular two-color stabilization
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1071 1107 : : V. CONCLUSION
102 102 | We have studied the dynamic stabilization of atomic the
hydrogen against the ionization in single- and two-color, cir-
%1073 103 cularly polarized laser pulses by solving numerically the
El three-dimensional time-dependent Schinger equation. In
S 1074} 104l the single-color case, we confirmed the “hula-hoop”-like dy-
::’/ i namics for sufficiently high excursions. The ionization
< 107 10" i e rates were compared with those frdimgh-frequency Flo-
> ; quet theory, and good agreement was found. The positions of
10 108} R l ATI peaks in our numerical photoelectron spectra were ana-
7 7 I:'. B lyzed. It was found that the ATl peaks move with increasing
10 1077 oo laser intensity towards higher energies, in contrast to what
8 " e happens in intense low-frequency fields. This behavior can
10 1070 Laidl e TR,

> 3 0 1 2 3 be explained by the laser-field-induced up shift of the ini-
Electron Energy £ (a.u.) tially populated field-free ground state.
For two-color laser fields of opposite circular polarization,

FIG. 11. Comparison of two-color photoelectron specfral we presented stabilized probability density structures. For
curve with the corresponding single-color results, where only thelaser frequencie®; and w,=nw;, N=2,3, ..., andsuffi-
w,=1 field (dotted and only the w,=2 field (broker) were ciently large excursion amplitudesy{ 1) distinct probabil-
present, respectively. The same pulse shapes as in Fig. 4 were us@g. density peaks were observed, in accordance to what one
The two-color result in the left panel has been obtained With expects by virtue of the two-color time-averaged Kramers-
=EW/w,=E@/w,=2. In the right panel, the excursion ampli- Henneberger potentials. As the generalization of the well-
known “dichotomy” in linearly polarized laser fields, we
called this multiple probability density peak-splitting tri-

case in the same way as it was done in Sec. Il D for singlechotomy, quatrochotomy, pentachotomy etc.
color fields. However, to our knowledge, the two-color Flo- The survival probability after two-color pulses of frequen-

quet energies for high-frequency circular polarization are nof'€S @1=1 and w,=2 was calculated as a function of the
yet published. two peak field strengths. As expected, highest stabilization is

As far as the peak strengths are concerned the two-colcﬁcmeved with the high-frequency field alone for a certain

spectrum is, of course, not simply the sum of the two single-omImal laser intensity. However, adding the second low-

color spectra: the first ATI peak in the single-coleg spec- frequency field, even if its intensity falls into the “Death
trum is stronger than both the second peak of the two-col Valley,” fortunately doesot drastically reduce stabilization,

O%s one might expect from a naive superposition point of
and the single-colo, field. This is compatible with Fig. 10 ght &xp Perp P

view.
from which one infers that adding to the, field (whose
intensity lies close to the “Death Valley”the lower fre- ACKNOWLEDGMENTS
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