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Two-color stabilization of atomic hydrogen in circularly polarized laser fields
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The dynamic stabilization of atomic hydrogen against ionization in high-frequency single- and two-color,
circularly polarized laser pulses is observed by numerically solving the three-dimensional, time-dependent
Schrödinger equation. The single-color case is revisited and numerically determined ionization rates are com-
pared with both, the exact and the approximate high-frequency Floquet rates. The positions of the peaks in the
photoelectron spectra can be explained with the help of dressed initial states. In two-color laser fields of
opposite circular polarization, the stabilized probability density may be shaped in various ways. For laser
frequenciesv1 andv25nv1 , n52,3, . . . , andsufficiently large excursion amplitudes, (n11) distinct prob-
ability density peaks are observed. This may be viewed as the generalization of the well-known ‘‘dichotomy’’
in linearly polarized laser fields, i.e, as ‘‘trichotomy,’’ ‘‘quatrochotomy,’’ ‘‘pentachotomy’’ etc. All those ob-
served structures and their ‘‘hula-hoop’’-like dynamics can be understood with the help of high-frequency
Floquet theory and the two-color Kramers-Henneberger transformation. The shaping of the probability density
in the stabilization regime can be realized without additional loss in the survival probability, as compared to the
corresponding single-color results.

DOI: 10.1103/PhysRevA.66.053411 PACS number~s!: 32.80.Rm, 42.50.Hz, 32.80.Fb
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I. INTRODUCTION

For sufficiently high laser frequency and intensity, t
ionization probability of an atom decreases by further
creasing the laser intensity. This, at first sight, counterin
tive effect is called dynamic or adiabatic stabilization, d
pending on the pulse length@1–8#. So far, it has been
observed in numerical simulations only~see Ref.@9# and, for
very recent results, Refs.@10,11#!. Its theoretical explanation
is most elucidating in the framework of high-frequency F
quet theory@4#: the time-averaged Kramers-Henneberger
tential, as it is seen by a free electron moving in the la
field, provides bound states. The electronic probability d
sity of these states is spread over the spatial regions
dimensions of the order of the classical excursion amplit
which may be tens of atomic units or more. The laser f
quencyv, required for dynamic stabilization where the ele
tron starts from the field-free ground state with binding e
ergy E0, has to exceed the field-dressed binding energy,\v
.uE08u. Since such high frequencies are not yet accessibl
nowadays intense laser systems, the experimental veri
tion of the dynamic stabilization is still to come. Howeve
with the intense, short wavelength, and coherent li
sources under construction worldwide~e.g., at DESY in
Hamburg!, ground-state stabilization should become expe
mentally accessible soon. Signatures of the dynamic sta
zation of Rydberg atoms, whereuE08u is smaller, have been
measured@12#.

The dynamic stabilization has been studied extensiv
during the last decade. The ionization rates and energy s
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were obtained numerically by the Floquet theory@13# or ap-
proximate, analytical high-frequency Floquet theory@2,4#.
Full numerical ab initio solutions of the time-dependen
single-electron Schro¨dinger equation were obtained for th
low-dimensional model systems~see, e.g., Refs.@14–19#!
and, after the early work in Ref.@9# very recently, in three
spatial dimensions for linear polarization@10# and circularly
polarized laser pulses@11#. Although the Floquet ionization
rates decrease monotonically for laser intensityI→`, the
ionizationprobability in full ab initio solutions of the time-
dependent Schro¨dinger equation~TDSE! for finite laser
pulses assumes a minimum and increases again thereaft
the limit of laser intensityI→` but otherwise fixed pulse
parameters, the survival probability of an atom will thus a
proach zero. Moreover, it has been found that the magn
field of the laser—usually neglected because of the dip
approximation—leads to increased ionization@20#. This is
due to the ponderomotive force that pushes the electron
the propagation direction. In multielectron atoms, electr
correlation also hinders stabilization~see Ref.@21#, and ref-
erences therein!. The two-color interference effects on stab
lization in linear polarization was studied in Ref.@22,23#.

In this paper, the dynamic stabilization of H in circular
polarized single- and two-color fields is investigated. T
paper is organized as follows: in Sec. II, the thre
dimensional time-dependent Schro¨dinger equation to be
solved numerically is introduced, and the form of the appl
two-color fields is explained. In Sec. III, the results conce
ing the single-color circular polarization case are presen
Besides snapshots of the probability density and the ph
electron spectra, particular emphasis is put on the comp
son of ionization rates and energy shifts with results fro
Floquet theory. In Sec. IV, the main two-color results a
©2002 The American Physical Society11-1
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presented. The probability density structures are obse
which display well-separated maxima, the number of wh
is related to the frequency ratio of the two fields. The str
ture moves as a whole in the laser field and can be expla
with the help of the two-color time-averaged Krame
Henneberger potentials. The survival probabilities after
two-color pulses are presented as a function of the two
ser’s peak field strengths. The two-color survival probab
ties and above-threshold ionization spectra are comp
with the corresponding single-color results where the sec
field was absent. It is good news that adding a second c
is possible without a drastic inhibition of stabilization even
the second laser’s intensity lies in the ‘‘Death Valley’’ of hig
ionization. Finally, we conclude in Sec. V.

II. THEORY

The TDSE for the electron of atomic hydrogen in t
electric field of a laser,

i
]

]t
C~r,t !5S 1

2
@2 i“1A~ t !#22

1

r DC~r,t !, ~1!

is solved numerically in three spatial dimensions~atomic
units are used unless noted otherwise!. The intense laser field
y.

:

ne
e.
s

.

h

05341
ed
h
-
ed
-
e
-

-
ed
d

or

can be treated classically. Since the laser wavelength is l
compared to all other relevant length scales and the elec
dynamics is nonrelativistic for our laser parameters, the
pole approximation can be applied so that the vector po
tial A(t) does not depend on the spatial coordinates. Hen
the magnetic component of the laser field is neglected. If
restrict ourselves to study thecoplanar two-color fields~of,
however, arbitrary ellipticity!, we may choose the coordinat
system in such a way that thez component of the electric
field E(t)52] tA(t) vanishes:

E~ t !5E(1)~ t !1E(2)~ t !5@Ex
(1)~ t !1Ex

(2)~ t !#ex

1@Ey
(1)~ t !1Ey

(2)~ t !#ey . ~2!

The wave functionC(r,t) is expanded in spherical har
monics,

C~r ,q,w,t !5
1

r (
,50

`

(
m52,

,

F,m~r ,t !Y,m~q,w!,

which leads to a set of coupled TDSEs for the radial wa
functionsF,m(r ,t),
i
]

]t
F,m~r ,t !5S 2

1

2

]2

]r 2
1V,

eff~r !D F,m~r ,t !1 iA2p

3 (
,8m8

H Ã* ~ t !^,mu11u,8m8&
]

]r
2Ã~ t !^,mu121u,8m8&

]

]r

2
Ã* ~ t !

r
^,mu11u,8m8&~11m8!1

Ã~ t !

r
^,mu121u,8m8&~12m8!2

Ã* ~ t !

r
^,mu10u,8m811&N,8m8

1

1
Ã~ t !

r
^,mu10u,8m821&N,8m8

2 J F,8m8~r ,t !, ~3!
n
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be-

f
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whereV,
eff(r )52(1/r )1,(,11)/2r 2 is the effective atomic

potential including the centrifugal barrier,Ã(t)5Ax(t)
1 iAy(t), N,m

6 5A(,7m)(,6m11)/2, and the purely
time-dependentA2 term has been transformed awa
The matrix elements ^,muLM u,8m8&
ª* d(cosq) dw Y,m* (q,w)YLM(q,w)Y,8m8(q,w) may be ex-
pressed in terms of Clebsch-Gordan coefficients.

It is worth noticing the coupling of different, and m
quantum numbers in the TDSE~3! due to the laser field
there is a,m→,61,m61 coupling as well as a,m→,
71,m61 coupling ~where compatible with the condition
2,<m<,). From the knowledge of these couplings, o
can immediately deduce nonperturbative selection rules,
if the initial wave function is the 1s ground state, the state
with ,51, m50; with ,52, m561; with ,53, m5
62 etc., are ‘‘unreachable’’ and thus remain unoccupied

In the actual implementation, the radial coordinater was
discretized directly in position space. The details of t
g.,

e

implementation may be found in Ref.@24# and is similar to
what has been described in Ref.@25# for the simpler case of
linear polarization.

The radius of our numerical grid, including the regio
where the nonvanishing imaginary potential damps away
probability density approaching the grid boundary, was
tween 240 a.u. and 450 a.u. The maximum, quantum num-
ber was typically,max530. For testing the convergence o
our results, runs up to,max550 were also performed—with
no significant changes in the observables of interest. For
taining the results presented in this paper, the run times
our Schro¨dinger solver were always less than 18 h on 1-G
PCs.

We focus on the two-color fields where the both fields a
circularly polarized. We assume a sin2-shaped up and down
ramp of thei th field, i 51,2 over N1

( i )5N23
( i ) cycles and a

constant part ofN12
( i ) cycles duration. In the following, we

will refer to such a pulse as a (N1
( i ) ,N12

( i ) ,N23
( i )) pulse. For the

i th electric field in, say,x direction
1-2
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Ex
( i )~ t !55

Eud
( i )~ t ! for 0<t,T1,

Ê( i )cosv i t for T1<t,T2,

Eud
( i )~ t2T21T1! for T2<t,T3,

0, otherwise
~4!

is set whereEud
( i )(t)5Ê( i )sin2(pt/2T1)cosvit. The absolute

ramping time as well as the duration of the constant par
the laser pulse are chosen the same for both colors so tha
times T152pN1

( i )/v i , T25T112pN12
( i )/v i , etc., are inde-

pendent ofi. Since we are interested inoppositecircular
polarizations,

Ey
(1)~ t !5Ex

(1)~ t23p/2v1!, Ey
(2)~ t !5Ex

(2)~ t2p/2v2!
~5!

are taken as they components of the two colors. The corr
sponding vector potential can be calculated fromA(t)5
2*0

t dt8 E(t8). In such two-color pulses, as long asN1
( i )

5N23
( i ) , N12

( i ) are integer numbers, afree electron~initially at
rest! returns to its starting point at the end of the las
pulse—without residual drift momentum.

III. THE CIRCULAR SINGLE-COLOR CASE REVISITED

Before turning to the two-color study, let us analyze t
simpler single-color case. For the latter, results fromab initio
solutions of the three-dimensional TDSE were obtained o
recently @10#, whereas two-dimensional model solutio
were presented earlier@16–19#. The ionizationratesas well
as energy shifts for hydrogen in the stabilization regi
~with dipole approximation! are available for several year
@13#, so that a comparison with our finite pulse results
possible and will be presented in this paper. Since all ve
potential amplitudesÂ considered in this work are<10 a.u.,
the dipole approximation is applicable, as has been show
Ref. @20#.

A. Survival probability vs time

In order to calculate the probability for the hydrogen ato
to ‘‘survive’’ nonionized till the end of the pulse, the prob
ability density is integrated over a spherical volume of rad
Rb560 a.u.. The radiusRb was chosen several times grea
than the biggest excursion amplitudeâ510 a.u. considered
in this paper. Since the free part of the wave function v
ishes inside that sphere at sufficiently large times after
laser pulse has passed by, the amount of probability den
inside the sphere leads then with high accuracy to the s
probability that one would obtain by projecting on all bou
states. The results are presented in Fig. 1. In Fig. 1~a!, the
results forv51 are presented, in Fig. 1~b! those forv52.
All pulses were up and down ramped over four cycles. T
constant part of the pulse lasted 16 cycles forv51 and 32
cycles forv52. From Fig. 1, the very existence of dynam
stabilization is proven: the survival probability at the end
the pulse increases with increasing peak field strength~at-
tached to the curves! up to a maximum value. Increasing th
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peak field strength further yields a decreasing survival pr
ability ~not shown in Fig. 1!. The highest survival probability
in Fig. 1~b! amounts to'47%. It should be noted, howeve
that the survival probability is rather sensitive to the las
pulse shape and duration. This was also found in the cas
linear polarization and is discussed at length in Ref.@10#.

Whenever the slope of the probability curves vs time
linear on the logarithmic scale, an ionizationrate can be
determined. While this is straightforward for the curves
the v52 panel, it turns out to be more difficult for thev
51 results in Fig. 1~a!. Longer pulses of constant intensit
are then needed to obtain unambiguous rates.

B. Snapshots of the probability density

For sufficiently large excursionsâ and adiabatic turn ons
one expects the system to occupy essentially the ground
in the time-averaged Kramers-Henneberger~KH! potential.
This corresponds to lowest-order high-frequency Floq
theory @4#. The KH potential is the ionic potential a fre

FIG. 1. The probability density, integrated over a sphere of
diusRb560 for laser pulses of frequencyv51 ~a! andv52 ~b! vs
time. ~4,16,4! and ~4,32,4! pulses were chosen forv51 and v

52, respectively. TheÊ values are attached to the curves. T
survival probability increases with increasing peak field streng
but not beyond a certain maximum. In some of the cases, an
ization rate can be determined from the~in the logarithmic plot!
linear slope.
1-3
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FIG. 2. Series of contour plots of the probability density in thex-y plane atz50 during the ninth cycle of the~2,8,2! laser pulse for

v151 andÊ1510. The color coding of the probability density is linear. The overlaid black circle of radiusâ510 indicates the correspond
ing free-electron trajectory. A clockwise ‘‘hula-hoop’’-like@11# dynamics of the probability density ring is observed.
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electron, just oscillating in the laser field, would ‘‘see,’’ i.e
VKH(r)5V„r1a(t)…, wherea(t) is the trajectory of a free
electron in the field,

a~ t !5E
0

t

dt8 A~ t8!. ~6!

In the case of a single-color circularly polarized laser,
KH potential, averaged over one laser cycle, has azimu
symmetry with respect to the laser propagation direction~the
z axis in our case! and, for sufficiently bigâ, its minimum
along a circle of approximate radiusâ in a plane perpendicu
lar to it ~the x-y plane in our case!. Consequently, the KH
ground-state probability density has its maximum along t
circle. By transforming back to the lab frame, where t
ionic potential is assumed centered at the origin, this ri
shaped stabilized probability density orbits with its cen
along the free-electron trajectory which itself is a circle
radiusâ. What results is a ‘‘hula-hoop’’-like dynamics@11#
of a probability density ring about the ion that assumes
role of the ‘‘hula-hoop’’-dancer’s hip.

In Fig. 2, we present snaphots of the probability density
the x-y plane atz50 during the ninth laser cycle of th
~2,8,2! pulse with v51. The peak field strength wasÊ
05341
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510, yielding an excursion radiusâ510. Although a prob-
ability density ring, describing the previously explaine
‘‘hula-hoop’’ dynamics, is clearly visible, the probabilit
density is not uniformly distributed along that ring but h
rather a sicklelike shape. Hence, the system is obviously
in the KH ground state but in a superposition of states w
different azimuthal quantum numbers. This leads to Rabi
cillations on time scales that are large compared to the la
period. Note that there is always a probability density ma
mum at the position of the ion. For lower values ofâ, we
observed more complex situations where no clear ring st
ture but two or more wave packets swirl about the ion.

C. Ionization rates

For the single-color case, accurate ionization rates w
numerically obtained many years ago by means of nonp
turbative Floquet theory@13#. Those rates are accurate in th
sense thatif the system somehow manages to occupy a sin
Floquet state, it will decay precisely with the correspondi
Floquet rate. Usually an adiabatic turn on is needed to tra
fer the system from the field-free ground state to a sin
Floquet state. The problem is that an adiabatic ramping
the laser pulse counteracts stabilization because the sy
has to spend too much time in the so-called ‘‘death valle
1-4



ng
o

ur
o

fu
s

nt
r-

e
he
ur
es
ul
-

cal

the
x-
ion-
f
ed.
ine
, we
e-
le.

th
-

the
w-

ity.

d

e-

tes
TI
rds

TWO-COLOR STABILIZATION OF ATOMIC HYDROGEN . . . PHYSICAL REVIEW A66, 053411 ~2002!
of medium laser intensities where the ionization is stro
and thus nothing would survive to be stabilized. Hence, sh
turn-on times are desirable. However, after such rapid t
ons the system might be ‘‘shaken up’’ into a superposition
many Floquet states. Under such conditions only the
solution of the TDSE yields reliable ionization probabilitie
and, if existing, ionization rates.

In Fig. 3, our ionization rates forv51 andv52 ~deter-
mined from plots such as those in Fig. 1! are compared with
Floquet results@13# and the analytical results derived by Po
and Gavrila@2,4#. The Pont-Gavrila rate for circular pola
ization,

GPG'
0.223

â4v2
, ~7!

was derived from high-frequency Floquet theory combin
with the first-order Born approximation. In order to meet t
plane-wave criterion of the Born approximation, the exc
sion amplitudeâ must not be too small. For high frequenci
and â@1, the Pont-Gavrila rate should merge with the f
Floquet result. However, in Ref.@13# Floquet rates were cal
culated only for moderate values ofâ @note, that, by defini-
tion, the excursion amplitudeâ for circular polarization in
Ref. @13# differs by a factor ofA2 with Pont and Gavrila’s,

FIG. 3. Ionization rates vs excursion amplitudeâ for ~a! v51
and~b! v52 a.u. Our numerical results (1), the full Floquet rates
GFl from Ref. @13# ~solid!, and the analytical result by Pont an
Gavrila @2,4# GPG ~dashed-dotted! are shown.
05341
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and ours, i.e.,GPG5GFl /A2]. For v52, the Pont-Gavrila
rate comes close to the full Floquet result already forâ

51. By increasingâ, the full Floquet result oscillates
around the Gavrila rate. In the lower frequency casev51,
the Gavrila rate overestimates ionization. Our numeri
rates were obtained from simulations of~4,16,4! pulses for
v51 and~4,32,4! pulses forv52. The results for the high-
est â values shown were difficult to determine because
ionization probability curves vs time displayed no clear e
ponential decrease. In order to determine unambiguous
ization rates also for higherâ, a more adiabatic up ramp o
the laser field and a longer pulse duration would be requir
However, since it is not the goal of this paper to determ
rates that are probably easier to obtain via Floquet theory
do not proceed further in this direction. Our numerical r
sults agree well with the full Floquet rates, where availab
For v51 andâ>3.5, the Gavrila rate agrees quite well wi
our numerical data, whereas forv52 it underestimates ion
ization.

D. Above-threshold ionization „ATI …

In Fig. 4, the photoelectron spectra after~4,8,4! pulses
~for v51) and~8,16,8! pulses~for v52) of different peak
field strength are presented. They were calculated from
wave function immediately after the pulse with the windo
operator method proposed in Ref.@26#. The three lowest-
order ATI peaksn51,2,3, separated by\v, are clearly vis-
ible although they broaden with increasing laser intens
From lowest-order perturbation theory~LOPT!, an exponen-
tial decrease of the peak heights;Ê2n with increasingn is
expected. Within high-frequency Floquet theory, forâ@1,

FIG. 4. ATI photoelectron spectra forv51 ~left panel! andv
52 ~right panel! after ~4,8,4! pulses~for v51) and~8,16,8! pulses
~for v52). For clarity, the spectra are shifted vertically with r
spect to each other. The peak field strengths were~left panel, from

top to bottom! Ê50.3,0.5,1,2,5 a.u. and~right panel, from top to

bottom! Ê50.6,2,10 a.u. For certain laser intensities, excited sta
come into play, leading to pronounced modulations of the A
peaks. With increasing laser intensity, the ATI peaks move towa
higher energies.
1-5
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(E081nv)â@1, the contributions of higher ordersn do not
vanish exponentially but only;n22 @2#. By virtue of the
first two peaks in the highest-Ê spectra of Fig. 4, this trend o
increasing importance of higher-order peaks is confirm
@note that in the numerically obtained wave function after
pulse the ATI peakn53 might be slightly suppressed be
cause of the absorbing boundaries#. With increasing popula-
tion of the excited states, the left shoulder of the ATI pea
becomes more pronounced. For certain laser intensitie
substructure of smaller peaks appears. Since these peak
separated by the energy difference ofn52 andn53 states,
that is DE5(4212921)/2'0.07, this substructure is likely
connected to the population of these states. However, we
not perform yet a detailed study of this substructure. Here
want to focus on the ATI peakpositions. As can be easily
inferred from Fig. 4, the ATI peaks move with increasin
laser intensity to higher photoelectron energies. This is c
trary to what happens for low frequencies and high inten
ties. In general, the positions of the ATI peaks follow

Elow
(n) 5E082Dcont1nv. ~8!

Here,E085E01D is the field-dressed ground-state energy t
is ac Stark shifted byD compared to the unperturbed groun
state energyE0 (520.5 for H!, andDcont is the energy up
shift of the continuum threshold.n is the number of absorbe
photons>nmin , wherenmin is the smallest integer that give
Elow

(nmin)
.0. For low frequencies, one hasDcont5Up

5 f (Ê2/2v2), whereUp is the ponderomotive potential, i.e
the time-averaged quiver energy of a free electron in
laser pulse of peak field strengthÊ. The prefactorf is ~for
our definition ofÊ) 1 for circular and 1/2 for linear polar
ization. Since in the case of long wavelengths the up shif
the continuum threshold byUp is bigger than the shiftD of

FIG. 5. The energyE (1) of ATI peak n51 vs the excursion

amplitudeâ5Ê/v2 for v51 ~left plot! andv52 ~right plot!. The
1 symbols are our numerical results. The curves give the expe
position of ATI peakn51 according to Eq.~9! with E08 from the full
Floquet calculation@13# ~solid line!, with E08 as the ground state o

the time-averaged KH potential@2# ~dashed!, and withE0852(lnâ

12.654 284)/(2pâ) @1# ~dashed-dotted!.
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the ground state, the ATI peaks move towards lower ener
with increasing laser intensities. The ‘‘drowning’’ of a certa
peak numbern below E50 is the celebrated ‘‘channel clos
ing’’ in ATI physics.

We shall see that in the stabilization regime, wherev
.uE08u must hold, the shift of ATI peaks is dominated by th
ground-state up shiftD so that

Ehigh
(n) 'E081nv. ~9!

Accurate values of the field-dressed energiesE08 in the stabi-
lization regime can be obtained from Floquet theory@13#.
Solving the set of coupled Floquet equations yields comp
energies the real part of which is the field-dressed ene
The complex part is half the ionization rate,E0,Fl5E08
2 iGFl/2. From the high-frequency Floquet theory point-o
view, E08 is the ground-state energy of the time-averaged
potential. In Ref.@2#, Pont and Gavrila gave KH ground-sta
energies for H in a circularly polarized laser field. Becau
uE08u,uE0u the ATI peaks move to higher energies with i
creasing laser intensity—contrary to the high-intensity lo
frequency case~8!.

In Fig. 5, our numerically determined positions for then
51 ATI peak are compared with Eq.~9!, where the value for
E08 has been determined~i! by the full Floquet solution@13#,
~ii ! as the time-averaged KH potential ground-state ene
@2#, and ~iii ! through Pont’s approximate formulaE085

2(lnâ12.654 284)/(2pâ) @1#. The agreement may be con
sidered acceptable although not excellent. The differen
are likely due to the population of more than a single Floq
state. Our numerical result forv51 andâ55 lies above the

ed

FIG. 6. Time-averaged KH potentials in thex-y plane atz50

for v151, v252. The peak field strengthsÊ(1), Ê(2) are chosen in

such a way that~a! thev2 field is absent,Ê(1)56; ~b! the two laser

intensities are equal,Ê(1)5Ê(2)56; ~c! the two vector potential

amplitudes are equal,Ê(1)/v15Ê(2)/v256; ~d! the two excursion

amplitudes are equal,Ê(1)/v1
25Ê(2)/v2

254. In the two-color cases
~b!–~d!, the threefold symmetry leads to three minima in the pot
tial. The corresponding KH ground-state probability densities w
therefore display ‘‘trichotomy,’’ i.e., three spatially separat
maxima of the probability density.
1-6
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FIG. 7. Series of contour plots of the probability density in thex-y plane atz50 during the ninth~low frequency! cycle of the laser pulse

for v151 @~2,8,2! pulse#, v252 @~4,16,4! pulse#, andÊ15Ê2510. ‘‘Trichotomy’’ and ‘‘hula-hoop’’ dynamics are observed, i.e., three pea
of probability density, located in the corners of an equilateral triangle whose center moves along the black triangle, representing th
a free electron in the same laser field. The color coding of the probability density is linear.
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analytical curves because the substructure in the ATI sp
trum ~cf. Fig. 4! also alters the absolute maximum of an A
peak so that its determination becomes ambiguous.

IV. TWO-COLOR CASE WITH OPPOSITE
CIRCULAR POLARIZATIONS

A. Time-averaged KH potentials

It is useful for the analysis of our two-color results to g
familiar with the free-electron trajectories in such fields a
the corresponding time-averaged KH potentials. In the tw
color case, the KH potentials were averaged over the l
frequency laser period 2p/v1. Let us consider the two lase
frequenciesv151 andv252. If the second field is absen
the free-electron trajectorya(t) describes a circle in thex-y
plane of radiusâ05Ê(1)/v1

2. If the second field amplitude

Ê(2) equalsÊ(1), i.e., both laser fields have the same inte
sity, the trajectory resembles an equilateral triangle w
rounded edges, and maxuâu55â0/4. If, instead, the vector
potential amplitudes of both fields are equal,Ê(1)/v1

5Ê(2)/v2, the electron follows a convex triangle with sha
edges, and maxuâu53â0/2. Finally, equal excursion ampli
tudes, i.e.,Ê(1)/v1

25Ê(2)/v2
2, yields a rosettelike trajectory
05341
c-

t

-
-

-
h

and maxuâu52â0. The time-averaged KH potentials look a
cordingly. They are presented in Fig. 6. In the two-co
cases@Figs. 6~b!–6~d!#, the threefold symmetry leads t
three potential minima near the turning points. If the sta
lized electron occupies the KH ground state, the probabi
density will show ‘‘trichotomy’’ instead of the well-known
‘‘dichotomy’’ in the case of a single-color linearly polarize
laser where two probability peaks, separated by 2â, were
observed@9#. In general, whenv25nv1 the trajectories dis-
play (n11)-fold symmetry. Provided the peak fiel
strengths are properly chosen, forn53,4, . . . , then11
minima of the time-averaged KH potentials will lead
‘‘quatrochotomy,’’ ‘‘pentachotomy,’’ etc. The electron dy
namics in the laboratory frame should then resemble ‘‘hu
hoop’’ with a triangle, a square, a pentagon, and so forth.
would like to remark that the discrete symmetry of the t
jectory and the time-averaged KH potential is closely rela
to the selection rules for harmonic generation in two-co
fields ~see Ref.@27#, and references therein!. If the two fields
with frequenciesv1 andv25nv1 are equally polarized in-
stead of oppositely, the KH potentials have (n21)-fold sym-
metry. Hence, to obtain ‘‘trichotomy’’v254v1 has to be
chosen in this case. If the two frequencies are not comm
surable, the free-electron trajectories are not closed, and
1-7
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FIG. 8. Probability densities in thex-y plane atz50 and t556.84 during the constant part of a~2,8,2! pulse ~with respect tov1

51). The second frequencyv2 was ~from left to right! 2, 3, and 4. The laser intensities were chosen such that~a! â (1)5â (2)55, ~b!

Ê(1)5Ê(2)510, and~c! Â(1)5Â(2)510. The overlaid black curves are the corresponding free-electron trajectories along which the ce
the stabilized structure moves.
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two-color time-average KH potential is ill defined. Howeve
we observed stabilization also in this case although no
tinct probability density peaks were obtained.

B. Snapshots of the probability density

In Fig. 7, snapshots of the trichotomous ‘‘hula-hoop’’ d
namics forv151, v252 during one laser cycle~with re-
spect to thev151 field! is presented. The two laser intens
ties were chosen equal so that the free-electron trajectory
triangle with rounded edges. This triangle is drawn in bla
in each of the plots of Fig. 7. As expected, the center of
trichotomous probability density~aligned along the time-
averaged KH potential! moves clockwise along the black tr
angle. Note that the stabilized structure moves as a wh
and does not rotate about its center. In the comoving fra
i.e., the KH frame, the ion swirls along the triangle, formin
another probability density maximum. In Fig. 8, three oth
examples for stabilized probability density are presented
Fig. 8~a!, where the excursion amplitudes for both fiel
were chosen equal, no three distinct peaks are visible
causeâ55 is too small.

In Fig. 8~b!, a clear example of equal intensity quatr
chotomy~i.e., v253) is shown, and in Fig. 8~c!, a case of
pentachotomy (v254) where both fields had equal vect
potential amplitudes. The density of then11 peaks varies
during the course of the laser pulse. This implies that sev
Floquet states are involved.

C. Survival probability vs time

So far the two-color survival probability was not a
dressed at all. If, for instance,Ê(2) is chosen so that thev2
52 field alone yields optimal stabilization, and av151 field
with Ê(1) in the ‘‘Death Valley’’ is added—what is the sur
vival probability? In the worst case, ionization would b
dominated by the ‘‘Death Valley’’ field, making the two
color stabilization not very attractive. Fortunately, it is n
05341
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the field that would lead to highest ionization, if applie
alone, it dominates two-color dynamic stabilization. In F
9, the temporal evolution of the survival probability in th
two-color case is compared with the two correspond
single-color results. From Fig. 9~a!, it is clearly seen that if
the two laser intensities are tuned to yield equal excurs
amplitudesâ, the two-color survival probability is closer to
the single-color high-frequency result with relatively lo
ionization probability. The low-frequency field alone has
higher ionization probability. In the equal intensity plot@Fig.
9~b!#, it is the other way round: the two-color result follow
closely the low-frequency curve whereas the high-freque
field alone yields higher ionization becauseÊ(2) is still close
to the ‘‘Death Valley.’’ Since in Fig. 9~a! all curves cross
each other, it is apparent that the final survival probability
sensitive to the pulse length. However, it should be stres
that, fortunately, the two-color survival probability isnot de-
termined by the frequency which yields highest ionizatio
This means that the two-color ‘‘probability density shaping
as discussed in the proceding section, can be perfor
without drastic reduction of the survival probability.

In Fig. 10, the survival probabilities at the end of~2,8,2!
and ~4,16,4! pulses forv151 andv252, respectively, are
plotted vs the field amplitudesÊ(1) andÊ(2). Because of the
probability density representing free but slow electrons
takes a long time until the probability density integrated ov
the sphere of radiusRb560 assumes a constant valu
Hence, to obtain Fig. 10 we have chosen to measure
survival probability as the maximum probability to find th
electron in a smaller sphere of radiusRs57.5 within a time
period of 85 a.u. after the pulse. The maximum probabi
has to be taken because of the oscillations due to excita
of the 2s and the 3s state. Note that this method for measu
ing the survival probability slightly overestimates ionizatio
because the probability density, which represents slow
combining electrons, slowly spirals back to the ion and do
not enter the small sphere within the observation time. Ho
1-8
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TWO-COLOR STABILIZATION OF ATOMIC HYDROGEN . . . PHYSICAL REVIEW A66, 053411 ~2002!
ever, here we are not interested in absolute numbers~which
depend sensitively on the pulse duration and shape anyw!.
From Fig. 10, one infers that the highest survival probabi
is obtained, as expected, in the single-color high-freque

case whereÊ(1)50. In general, the overall behavior is a
increasing stabilization probability up to a maximum valu
followed by increasing ionization if the laser intensities a
increased further. This is different from high-frequency F
quet theory where the ionization rate monotonically d
creases with increasing intensity because the ‘‘shake
during the pulse turn ons and turns offs is not taken i
account. In our results, the field strength regime wh
Ê(1)/v1 ,Ê(2)/v2,1 in Fig. 10 may be identified as th
‘‘Death Valley’’ of high ionization probability. Of course, the
survival probability increases towards unity asÊ(1),Ê(2)

→0. However, this has been suppressed in the plot bec
it blocked the visibility of the results in the stabilization r
gime in which we are interested. Given a certainÊ(1), adding
Ê(2) is, from a stabilization point of view, almost alway

FIG. 9. The survival probability vs time in laser cycles of th
lower-frequency field withv151. The full curves are the two-colo
results forv252, the dotted curves are the results for the lo
frequency field alone, the dashed curves are the results for thv2

52 field alone. In panel~a! the equal excursion amplitude caseâ

52 is shown, while in~b! the equal intensity caseÊ56 is pre-
sented.~2,8,2! and ~4,16,4! pulses were used for thev1 and v2

field, respectively.
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beneficial, provided thatÊ(2) is not too strong so that shak
off dominates. If, on the other hand, we choose a certainÊ(2)

and add av1 field, the survival probability may be enhance
or diminished, depending on whetherÊ(2) lies in its single-
color stabilization regime or near its single-color ‘‘Dea
Valley.’’ The case of a rosettelike stabilized probability de
sity, where the excursion amplitudesâ are equal, leads only
to a relatively small reduction in the survival probability wit
respect to the optimally stabilizedv2 field alone ~around
Ê(2)512 in Fig. 10!. In contrast, the equal intensity resu
remains close to the low-frequency single-color result wh
Ê(2)50. Note that maximum stabilization is achieved f
modest values ofâ5Ê/v2, where the probability density
splitting, i.e., trichotomy, quatrochotomy, etc., is not yet d
veloped.

D. ATI in circular two-color stabilization

Finally, let us briefly discuss the two-color photoelectr
spectra. The single-color case has been analyzed in Se
III D.

In Fig. 11, the two-color spectra are compared with t
corresponding single-color results, where either thev151
field or the v252 field was present. The laser intensiti
were chosen not deep in the stabilization regime becaus
such high laser intensities the clear ATI structure gets c
rupted by peak broadening and modulations~cf. Fig. 4!.

The ATI peaks in the two-color spectra are located
higher energies than those of the corresponding single-c
results. This is due to the fact that the ground state in
time-averaged KH potential experiences a stronger up s
as compared to the single-color KH potentials. It would
interesting to analyze the ATI peak positions in the two-co

FIG. 10. The survival probability after a~2,8,2! and ~4,16,4!
pulse of frequencyv151 andv252, respectively, vs the peak fiel

strengthsÊ(1) and Ê(2). The data points indicated by vertical line
were calculated, the shaded surface is an interpolation betw

them. Increasing survival probability forÊ(1),Ê(2)→0 was sup-
pressed for the sake of better visibility of the results in the stab
zation regime. See text for discussion.
1-9
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D. BAUER AND F. CECCHERINI PHYSICAL REVIEW A66, 053411 ~2002!
case in the same way as it was done in Sec. III D for sing
color fields. However, to our knowledge, the two-color Fl
quet energies for high-frequency circular polarization are
yet published.

As far as the peak strengths are concerned the two-c
spectrum is, of course, not simply the sum of the two sing
color spectra: the first ATI peak in the single-colorv2 spec-
trum is stronger than both the second peak of the two-c
and the single-colorv1 field. This is compatible with Fig. 10
from which one infers that adding to thev2 field ~whose
intensity lies close to the ‘‘Death Valley’’! the lower fre-
quencyv1 field suppresses ionization. In the equal-Â result,
the two-color spectrum is close to the single-color lo
frequency spectrum. Instead, the two-color spectrum
equalâ is qualitatively different from both two single-colo
spectra. Not only modulations appear in the two-color res
which are absent in thev1 spectrum, but also the height o
the peaks differ significantly from each other.

FIG. 11. Comparison of two-color photoelectron spectra~full
curve! with the corresponding single-color results, where only
v151 field ~dotted! and only the v252 field ~broken! were
present, respectively. The same pulse shapes as in Fig. 4 were

The two-color result in the left panel has been obtained withÂ

5Ê(1)/v15Ê(2)/v252. In the right panel, the excursion ampl

tudes were equal:â5Ê(1)/v1
25Ê(2)/v2

251.
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V. CONCLUSION

We have studied the dynamic stabilization of atomic t
hydrogen against the ionization in single- and two-color, c
cularly polarized laser pulses by solving numerically t
three-dimensional time-dependent Schro¨dinger equation. In
the single-color case, we confirmed the ‘‘hula-hoop’’-like d
namics for sufficiently high excursionsâ. The ionization
rates were compared with those from~high-frequency! Flo-
quet theory, and good agreement was found. The position
ATI peaks in our numerical photoelectron spectra were a
lyzed. It was found that the ATI peaks move with increasi
laser intensity towards higher energies, in contrast to w
happens in intense low-frequency fields. This behavior
be explained by the laser-field-induced up shift of the i
tially populated field-free ground state.

For two-color laser fields of opposite circular polarizatio
we presented stabilized probability density structures.
laser frequenciesv1 and v25nv1 , n52,3, . . . , andsuffi-
ciently large excursion amplitudes, (n11) distinct probabil-
ity density peaks were observed, in accordance to what
expects by virtue of the two-color time-averaged Krame
Henneberger potentials. As the generalization of the w
known ‘‘dichotomy’’ in linearly polarized laser fields, we
called this multiple probability density peak-splitting tr
chotomy, quatrochotomy, pentachotomy etc.

The survival probability after two-color pulses of freque
cies v151 andv252 was calculated as a function of th
two peak field strengths. As expected, highest stabilizatio
achieved with the high-frequency field alone for a certa
optimal laser intensity. However, adding the second lo
frequency field, even if its intensity falls into the ‘‘Deat
Valley,’’ fortunately doesnot drastically reduce stabilization
as one might expect from a naive superposition point
view.
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