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Multiple plasmons and anharmonic effects in small metallic clusters
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Processes leading to possible anharmonic dipole-plasmon oscillations in alkali-metal clusters are investi-
gated. The electronic excitation spectrum of sodium clusters including highly excited states with more than one
plasmon is calculated with an approach based on the separation of center of mass and intrinsic motion of
delocalized electrons. The spectrum is analyzed in terms of collective plasmon oscillations, intrinsic electron
motion, and their interaction. The latter is of primary importance. It is responsible for the anharmonicity of
giant dipole oscillations. The predicted nonlinear blueshift of the dipole resonance is comparable with its
spreading width, and therefore ought to be observed in photoabsorption experiments.
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I. INTRODUCTION

The giant dipole resonance is one of the most import
collective excitations in finite fermionic systems@1,2#. In the
case of alkali-metal clusters@3,4#, for which valence elec-
trons are delocalized throughout the whole volume, this c
lective mode, usually named surface plasmon, correspond
a coherent oscillation of the electron cloud against the p
tively charged ionic background. This means a vibration
the electronic center of mass~c.m.!. As a dipole external
electromagnetic field couples directly with the electron
c.m., the dipole surface plasmon dominates the cluster
sponse to a laser field, as reported in numerous experime
works on cluster spectroscopy@3–9#.

For relatively low laser intensities the optical response
adequately described within the linear response~LR! theory
using either the time-dependent local-density approxima
~TDLDA ! @10–12# or the random-phase approximation wi
exchange~RPAE! @13–15#. However the LR theory can de
scribe only weakly excited electronic systems and the qu
tion whether the dipole surface plasmon in metallic clust
is harmonic enough to allow multiple-plasmon excitatio
still remains open. Note that a similar question is of curr
interest in nuclear physics@16–19#. In cluster physics severa
approaches to the problem have been considered. In TDL
numerical simulations~see, e.g., Refs.@20,21#! the oscilla-
tions of the electron cloud after an initial displacement ha
been analyzed, giving evidence for plasmon resonan
Moreover, it was found that the dipole power spectrum
large displacements differs from that in the linear regi
@21#. In particular a blueshift of the resonance frequency
been observed. These numerical results indicate anharm
effects.

Other theoretical methods to build the excitation ene
spectrum of jellium clusters and to search for anharmo
plasmon oscillations have also been put forward@22,23# and
contradictory results have been obtained. On one hand
ara et al. @22# reported a large anharmonic effect. They d
not observe any two-plasmon state in the excitation spect
of the sodium cluster Na20 calculated within the boson ex
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pansion method. On the other hand Hagino reported a ne
gibly small anharmonicity of plasmon oscillations@23#. His
calculations for Na92 based on the time-dependent variation
principle @16# gave a frequency shift for the two-plasmo
state of about 1 meV. Note that the nonlinear frequency s
predicted by Hagino is negative, at variance with the res
of numerical simulations@21#.

The aim of the present study is to clarify the nature
anharmonicity of dipole plasmon oscillations in metal
clusters. Similarly to Refs.@22,23# we analyze the dipole
excitation spectrum and investigate whether multiple pl
mon states can be excited. Our interest to this problem
stimulated by recent experimental@24# and theoretical@25#
works devoted to the interaction of small metallic cluste
with strong femtosecond laser pulses. Being irradiated by
intense laser field, the electronic system of a metallic clus
is no longer in a regime of small oscillations, and collecti
electronic excitations can exhibit anharmonic features. Fr
the standpoint of theory, the linear-response theory canno
applied any more, and we need to go beyond it.

In the present paper we develop a method of descrip
of highly excited states including multiple-plasmon excit
tions. Our method is based on the separation of c.m.
intrinsic motions of delocalized electrons. The zeroth a
proximation where the intrinsic electron motion does n
couple with the c.m. motion, is equivalent to the model
collective oscillations employed by Hagino@23#. Within this
zeroth approximation the anharmonic effects are neglig
as long as the cluster is not too small. Indeed the anhar
nicity arises from the coupling of the c.m. and intrinsic ele
tron motions. The latter is also important in the linear regim
of plasmon oscillations, where, in addition to the spill o
effect @2,4#, it shifts the plasmon resonance frequency.

For the sake of simplicity we describe the cluster ba
ground within the standard spherical jellium model@26,10#,
which neglects the internal ionic structure. This allows one
use standard methods of many-body theory to describe
electronic motion, such as RPAE@13,14,27,15#. Thus we re-
strict our calculations to alkali-metal clusters with clos
electronic subshells, for which the jellium model has prov
successful@7,12#.

The paper is organized as follows. In Sec. II we outli
the basic expressions for the separation of the c.m. and
©2002 The American Physical Society02-1
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GERCHIKOV, GUET, AND IPATOV PHYSICAL REVIEW A66, 053202 ~2002!
trinsic electronic motions. In this section we also formula
our zeroth approximation that reproduces Hagino’s res
@23#. In Sec. III we analyze the effect of coupling betwe
the c.m. and intrinsic motions on the collective dipole ex
tation both in linear-~single-plasmon! and multiple-plasmon
regimes. In this section we outline our procedure for num
cal calculations. In Sec. IV we discuss the energy spect
of dipole excitations calculated for spherical sodium ions a
we estimate the amplitude of nonlinear effects in the proc
of photoabsorption in a strong laser field. An atomic syst
of units (\5e5me51) is used throughout the paper.

II. SEPARATION OF CENTER OF MASS AND INTRINSIC
ELECTRON MOTION

To distinguish the dipole plasmon mode from other el
tron excitations, it is convenient to separate the intrinsic a
the c.m. electron coordinates. We start with the total elect
Hamiltonian of the cluster, which includes the electron
netic energy, energy of interelectronic Coulomb interacti
and interaction with ionic background,

H5(
a

pa
2

2
1

1

2 (
aÞb

1

ura2rbu
1(

a
Vion~ra!, ~1!

whereVion(ra) is the ionic background potential; the sum
performed over all valence electrons, one per atom. Le
denote the c.m. vector byR and the intrinsic electron coor
dinates byra8 :

R5
1

N (
a

ra , ra85ra2R, ~2!

whereN is the number of electrons. Similarly, the mome
tum of the center of mass motion is equal toP5(apa and
the intrinsic momenta arepa85pa2P/N, respectively. We
separate the intrinsic and c.m. coordinates in Eq.~1! assum-
ing that the amplitude of the displacement ofR is much
smaller than the cluster radiusR0 , R05r sN

1/3, wherer s is
the Wigner-Seitz radius of the bulk material (r s54 a.u. for
sodium! @28#. Expanding the ionic background potenti
Vion(ra81R) in Eq. ~1! in power series with respect toR, the
total Hamiltonian can be written as

H5H81
P2

2N
1U~r 8,R!, ~3!

whereU(r 8,R) is

U~r 8,R![(
a

U~ra8 ,R!5(
a

@Vion~ra!2Vion~ra8!#

5 (
n51

(
a

1

n!
~R•“ !nVion~ra8!, ~4!

andH8 is the Hamiltonian of intrinsic motion. It has the form
of the total Hamiltonian with natural replacement of all ele
tronic coordinates and momenta by corresponding value
the c.m. system.
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We set a zeroth approximation such that the c.m. a
intrinsic electron motions are independent. This choice
based on the following simple fact. Within the standard j
lium model@26,10,12#, the ionic background is described b
a homogeneously distributed positive charge densityr i

53/4pr s
3 . For sufficiently large clusters, neglecting the ele

trons that spill out the surface, the potentialVion is purely
parabolic. Using the condition(ara850, one immediately
finds thatU(r 8,R)5NR2/2r s

3 does not depend upon the in
trinsic electron coordinates. The harmonic frequency
which the c.m. oscillates is the well-known Mie frequen
vMie5A1/r s

3. Now, as we consider finite-size clusters ha
ing some electronic spill out, we write the Hamiltonian
Eq. ~3! as the sum of a model HamiltonianH0 and a residual
interactionVres :

H5H01Vres , ~5!

with

H05H81
P2

2N
1Ue f f~R! ~6!

and

Vres~r 8,R!5U~r 8,R!2Ue f f~R!. ~7!

The model HamiltonianH0 being separable, one writes it
total-electron eigenfunction as a product of wave function

Cn,n
0 ~ra!5Cn~R!Fn~ra8!. ~8!

The wave functionFn(ra8) is an eigenfunction of the in-
trinsic HamiltonianH8 with corresponding eigenenergy«n ,
(n50 denotes the ground state of intrinsic motion!, and
Cn(R) is one of the effective plasmon Hamiltonian,

H5
P2

2N
1Ue f f~R!. ~9!

The effective potential for c.m. motion,Ue f f(R), is obtained
by averaging the exact potentialU(r 8,R) over the ground-
state electron densityre(r ):

Ue f f~R!5 (
n51

Ue f f
(n)~R!

5 (
n51

1

n! E re~r !~R•“ !nVion~r !d3r . ~10!

All odd terms vanish after averaging whenever t
ground-state density is spherically symmetric. The first n
vanishing term corresponds to the pure oscillator potenti

Ue f f
(2)~R!5N

vsp
2 R2

2
, vsp

2 5
4p

3NE rer id
3r , ~11!

where re and r i are the electronic and ionic densities, r
spectively. Thus within this approximation the electron e
2-2
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MULTIPLE PLASMONS AND ANHARMONIC EFFECTS IN . . . PHYSICAL REVIEW A66, 053202 ~2002!
ergy spectrum is given by the sum of intrinsic energy«n and
energy of harmonic c.m. oscillation:

En,n5«n1vsp~n1 1
2 !, ~12!

where n is the quantum number of the oscillator sta
Cn(R), i.e., the number of excited plasmons.

Within the dipole approximation, an external laser fie
interacts directly with the c.m. coordinate and does not ex
the intrinsic motion, i.e.,n[0. Therefore in the present ap
proximation the dipole excitation spectrum is purely h
monic,En,02E0,05nvsp .

In the special case of spherical clusters with a homo
neous sharp edged ionic background distribution

r i5
3

4pr s
3
u~r 2R0!, ~13!

Eq. ~11! gives

vsp5vMieA12
dN

N
, ~14!

wheredN is the number of spill-out electrons.
In our zeroth approximation the anharmonic correctio

to the plasmon excitations originate from the higher terms
the expansion given by Eq.~10!. The first anharmonic term
in the effective potentialUe f f(R) is of the fourth power ofR,

Ue f f
(4)~R!5bR4, b5

1

4!R4E re~r !~R•“ !4Vion~r !d3r .

~15!

The integral on the right-hand side can be easily evaluate
the case of spherical clusters. The averaging over the sp
cal ground-state density distribution is equivalent to the
eraging over all orientations of vectorR. Using the relation
RiRjRkRl5R4(d i j dkl1d ikd j l 1d i l d jk)/15, one finds that

b5
4p

5! E reDr id
3r 5

pN2/3

10r s

dre

dr U
r 5R0

. ~16!

Note that our result forb differs by a numerical factor 9/5
from that given by Eq.~21! in Ref. @23#. We follow the
prescription of Refs.@23,16# to obtain the multiple-plasmon
frequencies. This requires using the Bohr-Sommerfeld qu
tization condition for orbits in the anharmonic potentia
Ue f f(R)5Nvsp

2 R2/21bR4. We obtain

En,02E0,05nvsp1n2
3b

2N2vsp
2

. ~17!

The anharmonic shift of thenth plasmon defines the anha
monic parameterz0 in terms of the second difference:

z05En11,022En,01En21,05
3b

~Nvsp!
2

, ~18!
05320
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which is independent ofn. One observes that the coefficie
b and therefore the frequency shift of the double-plasmonz0
are negative. Quantitative estimates of anharmonic shift
sodium clusters at the present zeroth approximation will
given in the following section.

III. COUPLING BETWEEN CENTER OF MASS
AND INTRINSIC ELECTRON MOTIONS

Let us go beyond the uncoupled approximation and c
sider intrinsic excitations caused by the plasmon oscillatio
Formally the coupling between the c.m. and intrinsic ele
tron motions originates from the nondiagonal matrix e
ments ofVres(r 8,R). We recall that

Vres~r 8,R!5 (
n51

Vres
(n)~r 8,R!

5 (
n51

S 1

n!
~R•“ !n(

a
Vion~ra8!2Ue f f

(n)~R! D .

~19!

In a first step we shall consider the coupling terms as a sm
perturbation and get a rough estimate of the anharmonic
fect; this qualitative approach will help us to discussab initio
calculations presented in a second step.

The first term of the expansion ofVres(r 8,R) yields the
leading contribution to the coupling. We keep only this te
for the perturbation,

W~ra8 ,R!5Vres
(1)~r 8,R!5(

a
~R•“ !Vion~ra8!. ~20!

This potentialW(r 8,R), which is associated with the add
tional time-dependent electromagnetic field arising in
c.m. system due to the plasmon oscillations, has the form
a separable interaction between dipole plasmon and sin
particle excitations. The total HamiltonianH of Eq. ~3! can
then be written as

H5H8~r 8!1H~R!1W~r 8,R!, ~21!

where the operatorW(r 8,R) couples unperturbed statesCn,0
andCn61,n . Let us evaluate the corresponding corrections
the energy spectrum given by Eq.~12!. In the second order
of perturbation theory the energy shift is

DEn,0
(2)5 (

n8Þn,nÞ0

u^n8,nuWun,0&u2

En,02En8,n

, ~22!

whereun,n& denotes the unperturbed stateuCn(R)Fn(ra8)&.
The oscillator part of the matrix element is equal to^n
61uRun&5A(n11/261/2)/2Nvsp. Thus DEn,0

(2) contains
terms proportional ton and leads to a shift of the harmon
frequency:
2-3
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Dvsp
(2)[

dDEn,0
(2)

dn
5

1

2Nvsp
(
nÞ0

2vnU K nU(
a

v~ra8!U0L U2

vsp
2 2vn

2
,

~23!

where vn5«n2«0 is the intrinsic excitation energy, an
v(r ) is the derivative of the background potential along t
direction of plasmon oscillation~let it be thez axis! v(r )
5dVion(r )/dz.

The angular momentum of the operatorv(r ) coincides
with that of the dipole plasmon,L51, as expected from
conservation of angular momentum. So the creation or
annihilation of one dipole plasmon generates a dipole e
tation of the intrinsic motion. In small sodium clusters, esp
cially in positive ions, almost all dipole excitations have e
ergies vv larger thanvsp . Thus the energy shift~23! is
negative. This fact correlates with the experimental data
sodium cluster ions Nan

1 @3,4,8,9#.
According to the existing experimental data for photoa

sorption spectra of closed-shell sodium clusters and als
agreement with the results of LR calculations@12,11,13–15#,
the position of the giant dipole resonance is about 2.8
which is essentially lower than the Mie frequency for sodiu
vMie53.4 eV. The spill-out effect that we discussed in t
preceding section cannot alone explain such a signific
redshift of the plasmon energy. In Table I, we compare
plasmon frequencies calculated within the RPAE with tho
from Eq. ~14!. The spill-out correction vMie2vsp
.vMiedN/2N provides only a small fraction of the total red

TABLE I. Spill-out parameterdN/N, plasmon frequencyvsp

accounting only for spill-out effect Eq.~14!, plasmon resonance
energy in the RPAE spectrum, and anharmonicity parametersz and
z0 calculated for spherical sodium cluster ions of different sizes

Na9
1 Na21

1 Na41
1 Na59

1 Na93
1

dN/N 0.14 0.13 0.12 0.096 0.084
vsp ~eV! 3.15 3.17 3.20 3.24 3.26
vRPAE ~eV! 2.98 2.88 2.76 2.88 2.84
z ~eV! 0.055 0.12 0.27 0.22 0.27
z0 ~eV! 20.023 20.0072 20.0029 20.0017 20.0009
lu
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shift for all clusters but the very small ones such as Na9
1
.

One concludes that the main contribution to the obser
redshift is due to the repulsion interaction between the dip
plasmon and the intrinsic excitations of higher energies
process that is properly accounted for in RPAE. Neverthe
there is a close connection between these two contribut
since both effects arise from the spill-out electrons. Inde
the jellium background potential does not contribute to
coupling in the interior of the cluster since there it is pure
parabolic,Vion(r )5vMie

2 (r 223R0
2)/2. Adding tov(r ) in Eq.

~23! the linear term2z/r s
3 , which inside the cluster is iden

tical to 2dVion(r )/dz, does not change the matrix elemen
since(a8za850. Thusv(r ) is nonzero only outside the clus
ter:

v~r !5NS z

r 3
2

z

R0
3D u~r 2R0!. ~24!

The relation between both contributions to the redsh
can be illustrated by the following simple consideration. L
us put all intrinsic excitation energies equal to some aver
valuevn5v8. Then the sum of the matrix elements in E
~23! can be calculated using the sum rule

(
nÞ0

2vnU K nU(
a

v~ra8!U0L U2

5K 0U(
a

@¹v~ra8!#2U0L .

~25!

Sincev(r ) is nonzero only outside the cluster backgroun
the matrix element on the right-hand side of Eq.~25! is ac-
tually formed in the thin layer of spill-out electrons. Usin
the explicit expression@Eq. ~24!# for v(r ) we obtain a red-
shift,

Dvsp
(2)5

3

2r s
6vsp~vsp

2 2v82!

dN

N
, ~26!

which is also proportional to the number of spill-out ele
trons.

The next order of perturbation theory gives the nonline
correction to the energy spectrum corresponding to the
harmonic frequency shift
DEn,0
(4)52DEn,0

(2) (
n8Þn,nÞ0

u^n8,nuWun,0&u2

~En,02En8,n!2

1 (
n1 ,n2 ,n8Þn,n1 ,n2Þ0

^n,0uWun1 ,n1&^n1 ,n1uWun8,0&^n8,0uWun2 ,n2&^n2 ,n2uWun,0&

~En,02En1 ,n1
!~En,02En8,0!~En,02En2 ,n2

!
. ~27!
Assuming that all excitation energies have the same va
vn5v8, the parameter of anharmonicityz5d2En,0 /dn2 can
be written as
e
z5

~Dvsp
(2)!2~vsp

2 13v82!

v8~v82 2vsp
2 !

. ~28!
2-4
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Since vsp,v8 the nonlinear frequency shift is positive,z
.0 in contrast to the uncoupled contributionz0,0, @see Eq.
~18!#.

Let us estimate the anharmonic parameterz. From RPAE
calculations we find the parameterv8 in Eq. ~26! to be v8
'5 eV for sodium cluster ionsNan

1 , 41<n<93. This leads
to an anharmonic parameterz'0.15–0.2 eV for these clus
ters. Such an estimation ofz is larger by two orders of mag
nitude than the uncoupled anharmonicity parameterz0.

In order to be more quantitative one should take into
count the exact positions of the excitation levels. Howe
the simple perturbation theory is no longer valid beca
some intrinsic levelsEn21,n are localized quite close to th
unperturbed plasmon excitationEn,0 . The strong interaction
between these states should be taken into account exa
Another group of intrinsic levelsEn11,n is separated from the
plasmon excitation levelEn,0 by a large energy gap of abou
2vsp . Therefore the interaction between these states is m
weaker and can be neglected. Thus we write the eigen-w
function of the total cluster Hamiltonian@Eq. ~21!# as a su-
perposition of unperturbed statesun,0& and un21,nÞ0&
coupled by the perturbationW(r 8,R):

Ck5C0
kCn~R!F0~ra8!1 (

nÞ0
Cn

kCn21~R!Fn~ra8!, ~29!

where the coefficientsCn satisfy the following matrix equa
tion:

@«n1vsp~n1d0n2 1
2 !2Ek#Cn

k

1(
n8

^n1d0n21,nuWun1d0n821,n8&Cn8
k

50, ~30!

with Ek being the total energy of the excited statek. The
matrix equation@Eq. ~30!# follows from the Schro¨dinger
equationĤ Ck5EkCk , whereH is given by Eq.~21!.

The wave functions of intrinsic excitations will be give
by the RPAE@13,15# as a linear combination of electron-ho
excitationsce(r )ch* (r ). The basis single-particle function
ce,h(r ) are obtained as solutions of the Hartree-Fock~HF!
equations. However, for our present purpose, the stan
RPAE scheme should be modified. Indeed the basis
electron-hole excitationsce(r )ch* (r ) contain both the plas
mon and the intrinsic excitations since the dipole matrix
ement,zeh5^chuzuce&Þ0. In order to extract the intrinsic
components from the electron-hole excitations we use
projectorP defined as

Pce~r !ch* ~r !5 (
e8h8 S dee8dhh82

zehzh8e8

(
eh

uzehu2D ce8~r !ch8
* ~r !.

~31!

The dipole matrix element for the resulting intrinsic excit
tion Pce(r )ch* (r ) identically equals to zero, as desired. T
05320
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set of intrinsic electron-hole excitations is now used as
basis to construct the stationary intrinsic RPAE excit
states:

uFn.5(
eh

~Xeh
n Pae

†ah1Yeh
n Pah

†ae!uF0&, ~32!

whereuF0& denotes the HF ground state,ae
† andah are cre-

ation and annihilation operators of single-particle HF stat
Xeh

n and Yeh
n are the forward-going and backward-goin

RPAE amplitudes that measure the contribution of a parti
lar single-particle electron-hole excitation to the collecti
electron stateuFn&. Indexh spreads over all occupied~hole!
HF states while indexe spreads over all vacant~electron! HF
states. TheXeh

n andYeh
n amplitudes satisfy the matrix equa

tion

S P 0

0 PD S A B

B* A* D S P 0

0 PD S Xy

YyD 5vyS Xy

2YyD , ~33!

which differs from the standard RPAE equation only by pr
jection operatorsP. MatricesA andB are defined as follows

Ae8h8,eh5~«e82«h8!dh8hde8e1^e8huV̂uh8e&, ~34!

Be8h8,eh5^e8euV̂uh8h&,

and the matrix element of residual interelectronic interact
V is equal to

^ce8chuV̂ucech8&5E ce8
* ~r !ce~r 8!ch* ~r 8!ch8~r !

ur2r 8u
drdr 8

2E ce8
* ~r !ce~r !ch* ~r 8!ch8~r 8!

ur2r 8u
drdr 8.

~35!

IV. RESULTS AND DISCUSSION

We consider spherical sodium cluster ions Nan
1 of sizes

n59,21,41,59,93. In a first step we calculate the energiesvn

and wave functionsFn of intrinsic excitations@Eq. ~33!#. For
all these jellium clusters the energy spectra exhibit sim
features. In Table II~for Na9

1 and Na93
1 ) we compare these

intrinsic excitation energies with the standard RPAE dip
excitation energiesv i @13,15#. In the RPAE spectrum one
can distinguish a main line with maximum strength just b
low 3 eV. As this line is absent in the spectrum of intrins
excitationsvn it is associated with the dipole-plasmon exc
tation, indeed. All other lines of the RPAE spectrum lie clo
to the corresponding lines of intrinsic excitations, bei
slightly shifted due to the repulsion interaction with the pla
mon.

In a next step, according to Eqs.~29!–~35!, we calculate
the spectrum of excitations formed by one dipole plasm
stateu1,0&, and a group of intrinsic excitationsu0,nÞ0&. In
Table II we present the corresponding excitation energ
2-5
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vk[Ek , together with oscillator strengthsf k . Since the ini-
tial plasmon excitationu1,0& alone collects the whole
strength, the oscillator strength of the resulting excited s
uCk& is determined by the fraction of plasmon stateu1,0& in
uCk&, f k5uC0

ku2. For the sake of illustration, the positions
these excitation levels with a small fraction of pure plasm
excitation are shown in Fig. 1 together with plasmon exc
tions. Table II and Fig. 1 demonstrate a good agreement
tween the RPAE spectrum and the spectrum calculated by

TABLE II. Excitation energiesv i and oscillation strengthsf i ~in
% of the dipole sum rule! calculated within the RPAE for Na9

1 and
Na93

1 clusters. Energiesvn of intrinsic excitations are calculate
according to Eq.~33!. Excitation energiesvk and oscillation
strengthsf k are calculated according to Eq.~30!.

v i ~eV! f I vn ~eV! vk ~eV! f k

Na9
1

1 2.438 3.3 2.482 2.453 5.2
2 2.978 89.4 2.963 84.4
3 4.536 3.4 4.485 4.567 3.6
4 4.771 2.3 4.743 4.802 4.0
5 5.515 0.6 5.503 5.526 0.9

Na93
1

1 1.020 431022 1.038 1.036 831022

2 1.193 431023 1.194 1.194 831023

3 1.876 831023 1.877 1.877 131022

4 1.964 131023 1.964 1.964 231023

5 2.841 40.6 2.798 44.6
6 3.036 11.8 2.972 3.033 8.5
7 3.175 20.1 3.021 3.178 15.3
8 3.390 7.1 3.105 3.397 6.1
9 3.439 0.5 3.353 3.440 0.6
10 3.553 1.6 3.525 3.549 2.6

FIG. 1. Dipole excitation levels for Na9
1 ~a! and Na93

1 ~b! clus-
ters in the jellium model. Plasmon excitations with the larg
strengths are indicated by thick lines, while the thin lines cor
spond to the levels with a small fraction of pure plasmon excitati
Left column: lowest unperturbed excitation levels, Eq.~12!. Middle
column: excited levels calculated according to Eq.~30!. Right col-
umn: RPAE levels.
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method developed here. Thus with reasonable accuracy
can describe the photoabsorption spectrum in terms
dipole-plasmon oscillations, intrinsic excitations, and th
interaction. This interaction leads to the redshift of the pl
mon line and a redistribution of the oscillator strength fro
the plasmon mode to intrinsic excitations.

The RPAE spectra correspond to the linear regime of p
toabsorption where only one electron-hole pair can be
cited at a time. Whereas RPAE is restricted to linear regim
our proposed method allows us to go beyond the linear
sponse. Indeed, Eqs.~29! and~30! describe a possible simul
taneous excitation ofn plasmons. As an example, in Fig.
we present the excitation spectrum,Ek , of Na93

1 calculated
using Eq.~30!. The strength of the lines corresponds to t
fraction of pure plasmon excitationun,0& in the considered
state, uC0

ku2. As shown by Fig. 2 the excited states a
grouped according to the maximum number of plasmonsn in
the excitation. Each group of excited states with a giv
value ofn is formed by the superposition of basis statesun,0&
and un21,nÞ0&. In each group we can distinguish the sta
with the largest fraction of pure plasmon excitation. The b
havior of these collective states differs from the behavior
other excited levels. Excited states with a small contribut
of pure plasmon excitation lie close to the initial uncoupl
basis levelsun,n&. On the contrary, in the case of the excite
state with the largest value ofuC0

ku2 the coupling interaction
is much stronger. The energy shift between the position
this level and that of the corresponding unperturbed plasm
vspn is larger than 0.4 eV. The wave function of this state
a superposition of pure plasmon oscillations with a lar

t
-
.

FIG. 2. Excitation energy spectrum including one- (n51), two-
(n52), and three- (n53) plasmon states for Na93

1 cluster. The
height of any line measures its strength as the fraction of p
plasmon excitation,uC0

ku2.
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number of intrinsic excitations.
The most important optical dipole transitions that occ

within the sequence of multi-plasmon states are shown
Fig. 2 by arrows. The corresponding transition energ
DEn5Ep(n)2Ep(n21), i.e., the plasmon frequencies, a
also indicated. Anharmonic effects are readily evidenced
the discrepancies we observe,DEn52.798 eV, 3.067 eV,
3.256eV, . . . for n51, 2, 3, . . . plasmons, respectively
The plasmon frequency increases with the number of p
mons, in agreement with the blueshift predicted in the qu
tative analysis of the preceding section@see Eq.~28!#. This
anharmonic behavior is connected with the dependenc
the coupling term W upon the number of plasmons
W}An.

The anharmonic shift of the second plasmon defined
z5Ep(2)1Ep(0)22Ep(1) is given in Table I for our series
of sodium clusters. The numerical values are in agreem
with the rough estimate ofz given in the preceding sectio
by Eq. ~28!. We also show in Table I the uncoupled cont
bution z0 to the anharmonicity parameter, Eq.~18!. HF cal-
culations yield a derivative of the electron density on t
jellium edge,dre /drur 5R0

.2831024 a.u. for all clusters

considered here. One sees thatz exceedsz0 for all cases.
Note thatz0 decreases rapidly with increasing cluster size
N24/3. However it turns out to be only two times small
thanz in the case of the small Na9

1 cluster. In contrast, the
coupled anharmonicityz decreases with size in the case
very small clusters, as the coupling between the collec
state and particle-hole excitations is weak. Already for Na21

1 ,
the parameterz0 is smaller thanz by an order of magnitude
and the ratioz0 /z rapidly decreases with cluster size. In th
case of a very large cluster,z should go to zero asN21/3

according to Eq.~28!, but this takes place for clusters co
taining more than hundred atoms.

Though the anharmonicity parameterz is smaller by an
order of magnitude than the plasmon frequencyvsp , one can
expect the nonlinear effects in photoabsorption to be s
able. The anharmonic signal would appear both as an
creasing blueshift and a decreasing strength of the gian
pole resonance with increasing electric-field intens
whereas the double-plasmon state gets more and more
cited. The blueshift is of the order ofz when the probability
of exciting the double-plasmon state is large. Thus a poss
anharmonicity would be detectable for laser intensities la
enough, and for clusters having a plasmon width smalle
comparable withz. The last requirement is actually fulfille
for the sodium clusters considered here, for which exp
mental plasmon widths are aboutG;0.2–0.3 eV@9#.

Let us estimate the intensityI of the laser field for which
the probability of exciting the second plasmon is large.
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low intensity clusters initially in their ground state underg
only one excitation if any. With increasing intensity a su
stantial set of these clusters having already experience
single-plasmon excitation can undergo a further optical tr
sition to the excited state with plasmon numbern52. We
can estimate the probability of excitation, i.e., the avera
number of excited plasmonsn̄, by assuming the equality o
plasmon excitation and relaxation rates@s(v)I /v and Gn̄,
respectively#, wheres(v) is the photoabsorption cross se
tion which is given in Ref.@9#. The resulting intensitiesI
necessary for observation of nonlinear effects vary fr
about 231010 W/cm2 for Na93

1 to about 331010 W/cm2 for
Na41

1 . Note that since the photoabsorption cross section
roughly proportional to the number of valence electrons,
threshold intensity decreases with increasing size. In the c
of the Na9

1 cluster we haven̄;1 whenI;631010 W/cm2.
The present theoretical scheme can be easily extende

order to calculate the decay width of the collective moti
arising from its coupling to intrinsic excitations. This will no
be done in the present paper. However a qualitative estim
can be done. As the coupling matrixW scales withAn, one
expects the width to increase with the numbern of plasmons
if taking account only the first term of the expansion@Eq.
~4!#. A minimal value for the width of then-plasmon state
will thus beGn5nG. For states with a large number of pla
mons, contributions of higher-order terms in the expans
@Eq. ~4!# will be significant since they scale asn2, n3, . . . .
Thus the observation of multiple plasmons would be limit
to just a few of them.

V. CONCLUSION

In the present paper we investigated the excitation sp
trum of sodium clusters and analyze the anharmonicity
dipole-plasmon excitations. A description of the excitati
spectrum based on the separation of center of mass an
trinsic electronic motion has been developed. Within the p
posed method, highly excited states containing more t
one-plasmon excitation can be considered. The formatio
the excitation spectrum is analyzed in terms of collect
plasmon oscillations, intrinsic electron excitations, and th
interaction. The latter is of the primary importance for t
photoabsorption spectrum since together with the spill-
effect it determines the position of the plasmon resonan
We demonstrate that this coupling provides the main con
bution to the anharmonicity of plasmon oscillations. Thou
the predicted nonlinear blueshift of the plasmon resonanc
much smaller than the plasmon frequency, it can be obse
in a photoabsorption study since the shift is comparable w
the plasmon resonance width.
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