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Experimental studies of the NaRb ground-state potential up to thev9Ä76 level
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E. A. Pazyuk and A. V. Stolyarov
Department of Chemistry, Moscow State University, Moscow 119899, Russia

~Received 13 June 2002; published 22 November 2002!

Laser induced fluorescence spectra of theC 1S1 –X 1S1 system of23Na85Rb and 23Na87Rb have allowed
vibrational levels of the electronic ground state up tov9576, spanning 99.85% of the potential well to be
observed. The ground-state term values have been fitted to a Dunham polynomial expansion, and also to a
direct modified Lennard-Jones~MLJ! potential. The analytical MLJ construction allowed us to match previous
measured term values forv9<30 with long-range behavior of the potential through the intermediate internu-
clear distance region covered by the present investigation.
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I. INTRODUCTION

In last decades alkali diatomics have proved to be a fo
of intensive experimental studies andab initio calculations
of adiabatic potential curves for both excited and grou
electronic states. Special attention has been put on the d
mination of highly accurate ground-state potential in a w
internuclear separation range and, in particular, on the op
tunity of including larger internuclear distances into cons
eration to adequately model the photoassociation spec
copy of cold atoms@1# and other laser cooling experiment
Moreover, the accurate ground-state potential is necessa
refine the excited-state potentials constructed by
‘‘difference-based’’ method@2,3#.

The ground-state potential of the NaK dimer was stud
systematically by the Fourier-transform laser induced fl
rescence~FT LIF! spectroscopy of theC1S1→X1S1 tran-
sition @4#. The obtained high accuracy term values up to n
dissociation limit were analyzed from the perspective of th
long-range behavior to construct the hybridX1S1 state po-
tential @5#. For the KRb molecule Dunham molecular co
stants have been recently determined@6# from the A1S1

→X1S1 fluorescence for the first 88 vibrational levels of t
X1S1 state, and the relevantX1S1 potential has been con
structed up to internuclear distance of 10.4 Å~99.3% of the
potential well depth!. The LIF spectra of theB1P→X1S1

system, recorded by the FT interferometer, have been
cently applied to observe the first 47 vibrational levels of
39K7Li ground state@7#. The obtained term values were r
duced to Dunham molecular constants@8# as well as directly
to a numerical inverted perturbation approach~IPA! potential
curve @9#. The FT LIF A1Su

1→X1Sg
1 spectra were used t

measure the term values of all three Rb2 isotopomers, which
allowed involving ground-state levels up tov95113, cover-
ing 99.8% of the ground-state potential well@10#. The
isotope-substituted data set was applied to a Dunham-
analysis as well as to a direct fit to the analytical ‘‘modifi
Lennard-Jones’’~MLJ! potential curve@11#.

As distinct from the above species, direct experimen
information on the ground state of the NaRb molecule is s
rather limited. Indeed, highly accurate term values of
1050-2947/2002/66~5!/052508~8!/$20.00 66 0525
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X1S1 state obtained@12# by the Doppler-free laser polariza
tion spectroscopy of theB1P2X1S1 transition, are avail-
able for the vibrational levelsv9P@0,30# which cover only
57% of the well depth. Moreover, only for the two lowe
vibrational levelsv950,1, the term values were measur
@13# in a wide range of rotational quantum numbersJ9
P@0,80# while those forv9P@2,6# andv9P@5,30# were lim-
ited by J9P@1,42# @13# and J9510,12 @12#, respectively. A
rather accurate value of the dissociation energyDe
55030.7560.10 cm21 for theX1S1 state has been recentl
determined@14# based on~i! the improved Rydberg-Klein-
Rees ~RKR! curve for thea3S1 state Ua

RKR(R); ~ii ! the
long-range Coulomb energy contributionDUC(R)5
2C6 /R62C8 /R82C10/R10, with dispersion coefficients
C6 , C8, andC10 calculated in Ref.@15#; ~iii ! the exchange
potential DUE(R) approximated by the Smirnov-Chibiso
@16# asymptotic formDUE(R)52CRae2bR, where param-
eter C was obtained from a differenceab initio X1S1 and
a3S1 potential @17#, i.e., DUE

ab(R)51/2@UX
ab(R)

2Ua
ab(R)#. Then, the complete hybrid potential-energ

curve for theX1S1 ground state was constructed@14# by
using ~i! the RKR curve forv9P@0,30# from Ref. @12#; ~ii !
the long-range potential UX

LR(R)5De1DUC(R)
1DUE(R); ~iii ! the difference-based potential for the attra
tive wall of the curve corresponding to intermediate intern
clear distance, i.e.,UX

att(R)5Ua
RKR(R)12DUE

ab(R); ~iv! the
repulsive wall extrapolated above thev9530 level of the
RKR potential by an exponentialUX

rep(R)5Ae2bR. The ab-
solute accuracy of the derived hybrid potential in thev9
.30 region is apparently limited by the accuracy ofUX

att(R)
and UX

rep(R) functions since their error is expected to i
crease asR decreases. Therefore, the authors of Ref.@14#
have concluded that further experimental studies for hig
v9.30 values are required to refine the NaRbX1S1-state
potential curve in the intermediate energy region.

The usual way of extending the range of ground-state
brational levelsv9 observed in emission for alkali dimers
to use, instead of theB2X, either theA2X or C2X sys-
tem. In the present study we made use of the opportunit
excite the high vibrational levels of theC1S1 electronic
©2002 The American Physical Society08-1
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state in a directC1S1←X1S1 transition and to exploit the
subsequent visible emission. As follows from theab initio
potential curves@2# depicted in Fig. 1, there is enough reas
to predict thatC1S1→X1S1 fluorescence can be excited b
visible Ar1-laser lines and it should stretch up to sufficien
high v9 levels of theX1S1 state due to considerable shiftin
between the respective potentials~similarly the case of the
NaK molecules, see Ref.@4#!. In the early paper on the NaR
LIF studies@18# it was reported that the Ar1-laser 514.5-nm
line induced fluorescence spectrum was observed up
14 000 cm21 ~710 nm!. This spectrum was later@13# recog-
nized as the transitions ending on highv9 levels of theX1S1

state. The simplicity of the excitation scheme and the con
nient visible range of LIF encouraged us to undertake furt
investigations of theC→X emission in order to reach a
many as possiblev9.30 rovibronic levels and, thus, to fil
the gap between the accurate lowv9 experimental data
@12,13# and calculated long-range data@14#. To consistently

FIG. 1. Potential-energy curves@2# for the low-lying singlet
states of NaRb and LIF excitation and observation scheme.
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process different sets of experimental and theoretical d
we have adopted as the most appropriate direct potentia
analysis based on the MLJ potential, which has been rece
developed@11# and successfully exploited for an extreme
accurate Rb2 ground-state potential study@10#.

The paper is structured as follows. Section II describ
experimental details aimed in obtaining transition freque
cies, as well as raw data processing yielding the Na
ground-state term valuesTv9J9

expt covering vibrational levels up
to v9576, or 99.85% of the potential well depth. Section
contains a description of a conventional Dunham-type an
sis of the aboveTv9J9

expt values, as well as of their direct fit to
MLJ potential followed by concluding remarks in Sec. IV.

II. EXPERIMENT

A. Experimental details

NaRb molecules were formed from a 4:1 mixture of na
ral Rb ~containing 72% of85Rb and 28% of87Rb) and Na
metals in an alkali-resistant glass thermal cell at the temp
ture ca. 550 K. LIF was excited by an Ar1-laser ~Spectra
Physics 171! operating in a single-mode regime at 514.5 n
wavelength. LIF has been dispersed at right angles b
double monochromator with 1200 lines/mm gratings and 5
/mm inverse dispersion in first diffraction order, providing
reasonable slits 0.2-Å spectral resolution. Fluorescence
gressions have been detected up to 680 nm by a FEU
photomultiplier operating in a photon counting regime. S
multaneously detected Ar and Ne discharge lines have b
used as frequency standards. The average inaccuracy o
LIF line positions was estimated as ca. 0.1 cm21.

B. Analysis of theC1S¿\X1S¿ progressions

As is well established@2,18#, the 514.5-nm Ar1-laser line
excitesD1P←X1S1 transition in the NaRb molecule (P,
Q, andR transitions ending onv8P@0,6# have been identi-
fied!, followed by intensiveD1P→X1S1 LIF terminating at
ca. 580 nm and coveringv9P@0,34# region @2#. However it
is possible to observe under the same excitation rather in
sive LIF progressions, see Fig. 2, not connected with theD
FIG. 2. Pieces of theC→X fluorescence
spectrum induced by absorption of the Ar1-laser
514.5 nm line. ~a! C1S1(v8,J8542)
←X1S1(v951,J9543) in 23Na85Rb; ~b!
C1S1(v8,J8526)←X1S1(v954,J9525) in
23Na85Rb and C1S1(v8,J8563)←X1S1(v9
51,J9562) in 23Na87Rb.
8-2
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TABLE I. C1S1(v8,J8)2X1S1(v9,J9) transitions induced by the 514.5 nm
(19 429.826 cm21) Ar1-laser line.Tv8J8

expt
5Tv9J9

calc
1n laser are the respectiveC1S1 term values. Parameter

DTv8J85Tv8J8
expt

2Tv8J8
shi f t account for an uncertainty in the fluorescence series origin,Tv8J8

shi f t denoting the cor-
rected term value.DTv8J8

Dunh and DTv8J8
MLJ values were obtained within the Dunham type and direct M

potential fits, respectively. The numbers in parentheses are equal to two standard deviations. All ener
in cm21.

Isotopomer v9 J9 J8 Tv8J8
expt v9 range DTv8J8

Dunh DTv8J8
MLJ

23Na85Rb 1 12 13 19600.11 @21,70# 0.12(60.04) 0.10(60.05)
23Na85Rb 4 25 26 19947.63 @26,76# 20.01(60.04) 20.01(60.02)
23Na85Rb 1 43 42 19720.75 @15,71# 0.19(60.09) 0.21(60.11)
23Na87Rb 3 61 60 20056.69 @27,71# 0.48(60.25) 0.35(60.22)
23Na87Rb 1 62 63 19858.11 @24,71# 0.37(60.30) 0.18(60.16)
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2X system @2#. These progressions, possessing maxim
intensity in the red spectral range, can be attributed to
C2X system originating from highv8.30 levels. Such as
sumption is proved by tentative evaluation of the respec
Franck-Condon factors using the difference-basedab initio
C1S1 potential@2#. Experimental justification is as follows
First, no singlet red LIF progressions have been obser
only the doublet-type series which correspond to theS2S
transitions. Additionally, we have undertaken a Stark-effe
based test which showed that applying an external elec
field up to 5000 V/cm did not cause any changes in the
LIF spectra. If it were theD1P state, due to the Stark
inducede/ f mixing in the 1P state, see Refs.@2,19#, the
triplet LIF spectra would be observed instead of the doub
spectra. The above considerations allowed us to conc
that LIF progressions observed in the red spectral range u
680 nm originated from theC1S1 state.

Figure 2 presents fragments of theC1S1→X1S1 fluores-
cence progressions in the range of high ground-statev9 val-
ues. To assign the transitions in this spectrum, it was ne
sary to go to smallerv9,30 region where accurat
spectroscopic constants of the23Na85Rb ground state from
Refs.@13,14# are applicable. This was the most difficult pa
of the experiment due to smaller intensities of theC2X
transitions in the lowv9 region and the partial overlappin
with D2X transitions. As a result, we have registered a
assigned fiveC1S1→X1S1 fluorescence progressions pr
sented in Table I which were excited by different modes
the 514.5 nm line. For smallJ (J,27) the progressions as
signment was based on Dunham molecular constants@14#,
while for largeJ, as well as for the23Na87Rb isotopomer, a
numerical solution of the radial Schro¨dinger equation was
exploited with the RKR potential constructed by molecu
constants from Ref.@14#.

The measuredC1S1(v8;J8)→X1S1(v9;J9) progression
wave numbersnC2X

expt have been transformed into the corr
sponding term values of the ground state asTv9J9

expt
5Tv8J8

expt

2nC2X
expt . Term values of the upperC1S1 stateTv8J8

expt ~where
v8 values remained unknown! have been obtained by addin
the laser frequencyn laser to the energy of the initial absorb
ing ground state, leading toTv8J8

expt
5Tv9J9

calc
1n laser . The uncer-

tainty of the term values thus obtained is determined by
line position accuracy and the additional systematic e
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caused by the uncertainty of the laser frequency within
generation contour; this uncertainty is the same for all lin
belonging to the same progression.

III. ANALYSIS OF TERM VALUES

The total data set included in the current analysis of
X1S1 state term values was constructed of three parts.
first part contains the present measured 302 term va
Tv9J9

expt assigned to both23Na85Rb and 23Na87Rb isotopomers
corresponding tov9P@24,76#; J9P@12,64# levels~see Table
I!. The second part contains 44 highly accurate~with a line
position uncertaintysv9J9

expt'0.003 cm21) experimental term
values forv9P@5,30#; J9510,12 levels of23Na85Rb given
in Table I of Ref. @12#. The third part contains eightv9
P@0,3#; J9510,12 term values restored using the releva
Gv , Bv , Dv , andHv molecular constants of the23Na85Rb
isotopomer given in Table I of Ref.@13#; it is assumed that
the uncertainty of these datasv9J9

expt does not exceed
0.003 cm21.

Altogether 354 term values of the NaRbX1S1 state were
treated simultaneously by the combined-isotopom
weighted least-squares~WLS! fit,

s̄ f5minF 1

N2M (
v9J9

N S Tv9J9
expt

2Tv9J9
calc

sv9J9
expt D 2G 1/2

, ~1!

where N is the total number of the experimental energie
andM is the number of the fitting parameters obtained bel
by both Dunham-type and direct potential fit analysis.

A. Dunham-type fit

Term values for the isotope-substituted NaRb molec
can be represented as a linear combination@20#

Tv9J9
a

5 (
( l ,m)Þ(0,0)

Yl ,mXl ,m
a 1~12«a

2 ! (
( l ,m)>(0,0)

d l ,m
RbXl ,m

a

~2!

of the basis functionsXl ,m
a ,

Xl ,m
a 5ra

2m1 l~v911/2! l@J9~J911!#m,
8-3
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whereYl ,m are the required Dunham coefficients@8# while
d l ,m

Rb are the modified in Ref.@20# Born-Oppenheimer~BO!
and JWKB breakdown parameters@21–23#. The reduced
mass ratio parameters for the23Na87Rb pattern arera

5Am23Na85Rb/m23Na87Rb and «a5AM85Rb/M87Rb, while ra
5«a51 for the most abundant23Na85Rb isotopomer,m is
the reduced molecular mass andM is the respective atomic
mass of the Rb isotope.

The Dunham parametersYl ,m of the 23Na85Rb isotopomer
presented in Table II were obtained by the weighted lin
LS fitting procedure~1! accompanied by experimental dete
mination of the optimum power degrees (l max, mmax) for
each vibrational and rotational expansion in Eq.~2!. During
the fit the lowest centrifugal distortion constants~CDCs!
Y0,2, Y1,2, and Y0,3 were held fixed at the values obtaine
from highly accuratev9P@0,6#; J9P@0,80# term energies,
see Table III in Ref.@13#. Five adjustable parametersDTv8J8

Dunh

TABLE II. Dunham parameters~in cm21) for theX1S1 state of
the 23Na85Rb isotopomer, obtained from a simultaneous fit~1, 2! to
the total set of the experimental term values corresponding to
23Na85Rb and 23Na87Rb isotopomers. The numbers in parenthe
are equal to two standard deviations. Five additional fitting para
eters corresponding to origin uncertainties in the presentC→X LIF
series are given in Table I. The value of Y00 is calculated.

Y0,0 20.0225
Y1,0 106.844973 (67.331023)
Y2,0 20.3769493 (62.731023)
Y3,0 21.325357731023 (64.531024)
Y4,0 6.158493831025 (64.131025)
Y5,0 24.706985131026 (62.231026)
Y6,0 1.825626531027 (67.531028)
Y7,0 24.444882531029 (61.631029)
Y8,0 6.4873784310211 (61.9310211)
Y9,0 25.2293387310213 (61.3310213)
Y10,0 1.7866377310215 (63.8310216)
Y0,1 7.011329310202 (64.731025)
Y1,1 22.823823310204 (63.831025)
Y2,1 1.558186310206 (66.231026)
Y3,1 25.705886310207 (64.231027)
Y4,1 3.065820310208 (61.531028)
Y5,1 27.845547310210 (62.8310210)
Y6,1 9.305117310212 (62.7310212)
Y7,1 24.254388310214 (61.0310214)
Y0,2

a 21.210731027 (64.0310211)
Y1,2

a 29.50310210 (62.4310211)
Y2,2 1.78310210 (61.9310210)
Y3,2 21.92310211 (61.1310211)
Y4,2 5.3310213 (62.1310213)
Y5,2 24.6310215 (61.3310216)
Y0,3

a 2.08310213 (61.0310215)
No. of data 354
Total no. of parameters 31
No. of fitting parameters 27

s̄ f
1.18

aValue and uncertainty are taken from Table III of Ref.@13#.
05250
r

presented in Table I were added to the fitting procedure
remove systematic errors caused by an uncertainty of
present experimental series origin, i.e.,Tv8J8

expt . In the frame-
work of the Dunham-type analysis a correctness of the te
values assignment given above was additionally tested b
trial-and-error method, i.e. the isotopic assignment and/or
tational numbering were consequently variated for eachP,R
pair of the particular LIF progression. The sharp global mi
mum of the functional~1! was observed with the assignme
given in Table I. BO breakdown effects have not been o
served since no parameterd l ,m

Rb was found to be required to
approximate the present combined-isotopomer data wi
their experimental uncertainties. The resulting molecu
constants presented in Table II reproduce the high accu
data @12,13# corresponding toJ9510,12 levels with rms
50.002 cm21 while the present experimental term valu
are reproduced with rms50.1 cm21. TheY0,0 value in Table
II was evaluated by the Dunham relation@8#.

th
s
-

FIG. 3. Differences between calculatedTv9J9
calc and experimental

Tv9J9
expt term values for23Na85Rb X1S1(v9.30,J9525). ~a! Tv9J9

Dunh

are calculated by Dunham constants from Table II andTv9J9
RKR by the

present RKR;~b! Tv9J9
MLJ are calculated by the present direct ML

potential fit analysis;~c! Tv9J9
hyb are calculated by the preceding hy

brid potential@14#.
8-4
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The Birge-Sponer~BS! extrapolation of the lastDG(v9)
valuesG(v9)5( l 51

l maxYl ,0(v911/2)l together with extrapola-

tion of the B(v9)5( l 50
l maxYl ,1(v911/2)l function to a disso-

ciation limit predicts the last bound levelvD9 579 and the
dissociation energyDe5503262 cm21. These estimates ar
rather close to their more accurate counterpartsvD9 581 and
De55030.7560.1 cm21 obtained by the hybrid potentia
@14#, as well as toDe5503062 cm21 value obtained by the
BS extrapolation of the a3S1 state molecular
constants@13#.

The resultingG(v9) and B(v9) expansions were furthe
applied to a conventional first-order RKR potential constr
tion @24# up to the last observed vibrational levelv9576. A
nonphysical bend~a ‘‘turning over’’! had appeared in the
inner wall of the RKR curve forv9>55 levels. This means
that the obtained vibrational and rotational constants are
self-consistent for upper vibrational levels due to strong c
relation between the rotational and CDC parameters.
bend problem was solved by the exponential extrapola
Uin(R)[G(v9554)3e2b„R2R_(v9554)…, where parameterb
was obtained by matching smoothly the slope of the R
potential at the left-turning pointR2(v9554). The corrected
left-turning points for the upper levels were then found by
solution of the equationUin(R2

shi f t)5G(v9>55), while the
associated right-turning points were determined
R1

shi f t(v9)5R2
shi f t(v9)1DR(v9). The required DR(v9)

5R1(v9)2R2(v9) values were estimated using the RK
f (v9) integrals, which are dependent on vibrational consta
only @24#.

The derived RKR potential as well as the existing hyb
potential @14# were used to evaluate the term valuesTv9J9

RKR

andTv9J9
hyb by a numerical solution of the radial Schro¨dinger

equation, see below. The obtainedTv9J9
RKR values agree bette

with both preceding@12,13# (rmsRKR50.007 cm21) and
present (rmsRKR50.3 cm21) experimental data than the
Tv9J9

hyb counterparts (rmshyb50.018 and 6.4 cm21, respec-
tively!. The quality of Dunham, RKR, and hybrid approach
is illustrated by Figs. 3~a! and 3~c!. In contrast toTv9J9

Dunh and

FIG. 4. Smooth polynomial plus cubic spline approximation
the exponent parameterb(z) for the MLJ potential~4! of the NaRb
ground state.
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Tv9J9
RKR term values, theTv9J9

hyb ones systematically deviate from
the experimental data forv9.35, the difference reaching it
maximum atv9.58. At the same time, the pronounced sy
tematic errors of theTv9J9

RKR values corresponding to highe
vibrational terms still remain, see Fig. 3~a!. The situation
could probably be improved by employing an iterative se
consistent procedure@25–27# based on constrained Dunham
fit with the improved CDC values calculated by the initi
RKR potential@28#. However, such procedure seems to
not feasible due to limited accuracy and volume of pres
experimental data related to high rotational levels.

B. Direct modified Lennard-Jones potential fit

Recently the DPF analysis has proved@10,11# to be a
more compact and more physically justified method to
proximate high vibrational and rotational term values
adiabatic diatomic states corresponding to different iso
pomers than the conventional Dunham fit accompanied
the relevant RKR potential construction. In the framework
the DPF approach the required adiabatic potentialsUa(R)
are obtained by the weighted nonlinear least-squa
~WNLS! fitting procedure~1!, where the calculated rovi
bronic term valuesTv9J9

calc[Tv9J9
a are the eigenvalues of th

uncoupled radial Schro¨dinger equation~in atomic units!:

TABLE III. MLJ potential ~4! parameters for theX1S1 state of
NaRb obtained from a direct fit to total bulk of the experimen
term values corresponding to both23Na85Rb and23Na87Rb isoto-
pomers. The numbers in parentheses are equal to two standar
viations. Five additional fitting parameters corresponding to
origin uncertainties in the presentC→X LIF series are given in
Table I.

De (cm21) 5030.75a (60.10) a

Re ~Å! 3.64421 (61.131023)

b0 26.312091 (64.431024)
b1 9.665262 (67.131024)
b2 12.70902 (61.231023)
b3 65.58015 (62.331023)
b4 215.30441 (64.331023)
b5 2643.6652 (63.131022)
b6 2488.876 (60.30)
b7 210772.84 (60.78)
b8 22720.46 (60.74)
b9 216240.38 (60.46)
RM ~Å! 11.0
b` 0.638804
b2 20.986641
b3 21.525996
No. of data 354
Total No. of parameters 21
No. of fitting parameters 16

s̄ f
1.27

aValue and uncertainty are borrowed from Ref.@14#.
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TABLE IV. Experimental term valuesTexpt of the 23Na87Rb quasibound levels and their theoretic
counterpartsTcalc obtained from the present MLJ potential.TBS

calc were evaluated by the Bohr-Sommerfe
rule @33#, while TST

calc with the respective widthsGST
calc were estimated using the ‘‘stabilization’’ method@32#.

All values are in cm21. Numbers in parentheses are equal to two standard deviations.Texpt are corrected for
the origin shift according to the last column of Table I.

v9 J9 Texpt TBS
calc TST

calc GST
calc

70 59 5038.44 (6 0.24! 5038.62 5038.62 ,0.01
71 a 59 5045.29 (60.24) 5045.42 5045.41 ,0.01
72 b 59 5048.06 5048.61 0.92
69 61 5033.61 (60.26) 5033.67 5033.67 ,0.01
70 61 5042.61 (60.28) 5042.70 5042.67 ,0.01
71 b 61 5048.71 5048.66 ,0.01
69 62 5036.12 (60.18) 5036.04 5036.04 ,0.01
70 62 5044.58 (60.18) 5044.74 5044.73 ,0.01
71 a 62 5050.14 (60.16) 5050.28 5050.19 0.08
69 64 5040.75 (60.18) 5040.78 5040.77 ,0.01
70 64 5048.70 (60.18) 5048.76 5048.75 ,0.01
71 a 64 5052.84 (60.24) 5053.06 5052.72 0.71

aLevels are omitted from the MLJ fitting procedure.
bLevels correspond to overlapped lines.
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2madR2
1Ua~R!1

J9~J911!

2maR2
2Tv9J9

a D xv9J9
a

~R!50.

~3!

Herexv9J9
a are the adiabatic rovibronic eigenfunctions. Sin

the reduced massesma of the 23Na85Rb and23Na87Rb isoto-
pomers are very close to each other, the difference in
respective adiabatic correction to the relevant Bo
Oppenheimer potential can be neglected. Hence, the a
batic potentials for both isotopomers can be represented
single mass-independent curveUa5U855U87. In the
present work the analytical ‘‘modified Lennard-Jones’’ p
tential @11# was applied,

UMLJ~R!5De@12~Re /R!ne2b(z)z#2, ~4!

where De is the dissociation energy,Re is the equilibrium
bond length andz(R;p51)5(Rp2Re

p)/(Rp1Re
p) is the di-

mensionless generalized variable@29#. The powern56 pre-
dicts correct long-range behavior of the NaRb ground-s
potential U(R);De2C6 /R6 dissociated into two1S state
atoms@15#.

In the z region covered by the experimental term valu
the exponent parameterb(z) is approximated by the ordi
nary polynomial expansion(m50

M bmzm. To extrapolate the
b(z) function to the ‘‘dark’’ interval between the region cov
ered by experimental data and the dissociation limit, the
dinary cubic splinebE(z)5(n50

3 bn(z21)n was adopted,
see Fig. 4. Respective coefficientsb05b` , b150, b2

5@3(bM2b0)2bM8 (zM21)#/(zM21)2, and b35@bM8 22b2(zM

21)#/3(zM21)2 are determined by matching smoothly th
b(z) polynomial expansion at the meeting pointzM5(RM

2Re)/(RM1Re) (bM[bE(zM)5b(zM); bM8
05250
e
-
ia-
a

te

s

r-

[]bE(zM)/]z5]b(zM)/]z) and the boundary conditions atR
→`, i.e. bE(1)5b` and]bE(1)/]z50.

The b`50.638 value was estimated according tob`

5 ln@2De(Re)
6/C6# @11#, where the dispersion coefficientC6

was taken from Ref.@15#. The matching pointRM511 Å
was fixed at near the right-turning point of the last-observ
vibrational levelv9576. The equilibrium distanceRe , poly-
nomial coefficientsbm (mP@0,9#), as well as the origins of
the present five LIF series were considered as adjustable
ting parameters during the WNLS fit. The required initial s
of the Re andbm values was estimated by a transformati
of the present RKR potential to its MLJ counterpart. T
De55030.75 cm21 value @14# was fixed during the fit as
considering dissociation energy as a free parameter in
MLJ approach has often been found to yield aDe value
underestimated by a number of wave numbers@10#. The
minimum of the functional~1! was searched by a modifie
Levenberg-Marquardt algorithm combined with a finit
difference approximation of the corresponding Jacobian m
trix @30#. The resulting MLJ potential given in Table III re
produces lowJ-term values from Refs.@12,13# with rms
50.004 cm21 while the present experimental term valu
with rms50.1 cm21.

Since quasibound rovibronic levels seem to be very s
sitive to the behavior of the rotationless potentialUa(R) near
dissociation limit, the experimental term values belongi
to the 23Na87Rb isotopomer and lying aboveDe

55030.75 cm21 ~except the last vibrational levels which a
strongly predissociated! were also incorporated into the ML
potential fit. To confirm the reliability of the derived poten
tial, the resonance energies and widths of the last quasibo
levelsv9571 and 72 were predicted and compared with
available experimental results, see Table IV.
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C. Computational details

For all bound and quasibound rovibronic levels und
consideration the radial equation~3! was solved numerically
by a finite difference~FD! method@31#. The rovibronic wave
functions, as well as adiabatic and centrifugal distort
potentials were tabulated atN equally spaced intervalsh
5Ri2Ri 21, while the second derivatived2/dR2 was re-
placed by the five-point central difference at each tabula
position. A solution of the derivedN simultaneous FD equa
tions was then reduced to the eigenvalues search of the
symmetric five-bands matrice@30#. To improve the accuracy
of derived eigenvalues, the FD equations were solved
two stepsizesh1 , h252h1, and the eigenvalues were e
trapolated toh→0 assumingh4 dependence of the discret
zation error, i.e.Tv9J9

calc
5Th1

calc1dcalc, where dcalc5@Th2

calc

2Th1

calc#/15. Satisfactory convergence (dcalc,sexp) of the

integration was achieved withh150.001 Å for the internu-
clear distanceRP@2.4,RM# Å , where the right boundary
point RM was variated in the intervalRMP@15,25# Å. Both
resonance energies and widths of the quasibound levels
calculated by a stabilization method@32# from the change in
the Tv9J9

calc(RM) function as theRM value increases. The
simple Bohr-Sommerfeld quantization rule@33# was also ap-
plied to evaluate both bound and quasibound term values
was expected, the semiclassical estimates were remark
close~within 0.02 cm21 value corresponding to the secon
order JWKB correction given by the Dunham parame
uY0,0u50.023 cm21) to their quantum counterparts, see Tab
O.
-
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IV, with the exception of the last quasibound levels lyin
near the top of the centrifugal distortion barrier.

IV. CONCLUDING REMARKS

The analytical MLJ construction allowed us to match ge
tly the previous highly accurate experimental term valu
available for the bottom of the potential with its long-ran
behavior through the intermediatev9 region completely cov-
ered by present measurements. In spite of the moderate
curacy of the current measurements the derived adiab
MLJ potential for the NaRbX1S1 ground state in thev9
*35 region, appears to be more accurate than the prece
hybrid potential@14#. However, highly accurate experiment
term values for the extended range of rotational levels wo
be desirable for significant improvement of the ground-st
potential.
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