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A search is conducted for the determination of expectation value$ loétween Dirac and quasirelativistic
radial wave functions in the quantum-defect approximation. The phenomenological and supersymmetry-
inspired quantum-defect models, which have proven so far to yield accurate results, are used. The recursive
structure of formulas derived on the basis of the hypervirial theorem enables us to develop explicit relations for
arbitrary values ofy. Detailed numerical calculations concerning alkali-metal-like ions of the Li, Na, and Cu
isoelectronic sequences confirm the superiority of supersymmetry-based quantum-defect theory over quantum-
defect orbital and exact orbital quantum number approximations. It is also shown that relativistic rather than
quasirelativistic treatment may be used for consistent inclusion of relativistic effects.
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[. INTRODUCTION be most useful in studies of Rydberg systems where analyti-
cal quantum-defect wave functions accurately describe Ryd-
Expectation values of powers of the radius have deservberg electrons as well as in many other problems with nu-
edly received continued attention since the beginning of thenerous application§8—10], it then becomes obvious that
study of quantum mechanics because they are central toriting these expectation values in terms of quantum-defect
countless problems in this field. It suffices to point out thatparameters may provide an important tool both for theoreti-
many properties of interest, such as, for example, the longeal derivations as well as for the corresponding computa-
range interactions with the ionic core or the behavior in extional calculations. We have thus been working at obtaining
ternal fields of the Rydberg electrorid—4], require the recurrence relations between matrix elementsby using
knowledge of the expectation values of powers of the radiatelativistic and quasirelativistic quantum-defect radial wave
coordinate. Indeed, a power oimay be a well-defined func- functions.
tion, such as in the London or Lennard-Jones potentials, or a The first formulation of the quantum-defect method using
term in the multipolar expansion of the electromagnetic fieldthe Coulomb approximation technique was presented by
Also, other well-known subjects, namely, the nuclear quadBates and Damgaafd1]. During the last three decades, this
rupole coupling in polar molecules] and shielding and theory has been reformulated in the nonrelativistic context
antishielding effects pertaining to the hyperfine structure oby Martin and Simon$§12—-14, Gruzdev and Sherstyyt5—
various ions and atomic specig,7], lead to expansions 17], and Kostelecky and Niet$8,9,18—20 who, respec-
involving matrix elements of powers ofto allow for a clear tively, worked out the quantum-defect orbitdlQDO)
understanding of the asymptotic behavior of the propertymethod, the semiempirical effective orbital quantum number
studied. It should be noted that many derivations are fre(EOQN) method, and the supersymmetry-inspirglJSY-
guently concerned with expectation values épcovering a  inspired quantum-defect theory(SQDT) or the exact
certain range. Hence, it is advantageous to use recurrencgiantum-defect method. These theories have been applied to
relations for the evaluation of these quantities instead ofletermine alkali-metal-like elements’ transition probabilities
closed-form expressions that become cumbersome with iraend oscillator strengths. The above three quantum-defect
creasing magnitude of. Owing to the above highlighted models are related to the QDT developed by Burgess and
importance of expectation valuesdfand making reference Seaton[21-24, and Greene, Fano, and String#5—27.
to the fact that relativistic quantum-defect models proved tdHowever, they essentially differ from QDT since the result-
ing equations are exactly solvable and the wave functions
obtained are valid also in the core region.

*Present address: Laboratoire de Spectroscopie Atomique Mo- Owing to the good accuracy observed in the above cited
léculaire et Applications, Deartement de Physique, Faculies  transition probabilities anélvalues predicted by nonrelativ-
Sciences, Campus Universitaire 1060 Tunis, Tunisia. Email addressstic approaches, especially for low stages of ionization, we
Icowono@yahoo.fr reformulated these works in order to include a major part of

"Email address: mkwato@yahoo.com the relativistic effects of multicharged ioh%0,28), by using
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Dirac wave functions. This led, respectively, in the fully rela- and has recently attracted some renewed attefi@®h Us-
tivistic scheme to the DQDO and DSQDT models, while ining the second-order Dirac equation with a standard Hartree-
the quasirelativisti¢QR) approach, we worked out the qua- Fock-Roothan technique, Barthelat, _Pelissier, and Durand
sirelativistic REOQN and RSQDT models. It should be[54] have determined the expectation values rdf (q
noted that the DEOQN method has been worked out by~ ~1,1,2) for Rn §°p®) atom within the jj-coupling
Gruzdev and Sherstyufe9]. The quasirelativistic RQDO scheme, with satisfactory accuracy. Applying the QR formu-

i lation as derived, respectively, by Cowan and Griffiig],

method has been formy Iatgd by Ma.rtm and co-w ork8s- Wood and Boring 70], and Mott and Masse}j71], using a
32] and has been applied in extensive calculations of transiq o qe| potential introduced by Green, Sellin, and ZadHat
tion probabilities for many isoelectronic sequenf&8-47. 4 simulate a Hartree-Fock potential, Karwowsky and Kobus
Itis important to mention that there are two types of quasire{49] optained good numerical results in the calculation of
lativistic approache$48-51. The first one, presented by expectation values, orbital energies, and electron density.
Cowan and Griffin52], is based on the scalar equation ob- Among other recent developments, we should mention an
tained from that of Dirac by a direct elimination of the small application of the Dirac second-order equation in a very in-
component. In the second approach, resulting from an applieresting generalization of the decoupling procedure of
cation of Martin and Glauber's transformatids3] to a  Biedenharn[73] to account for a general atomic spherical
Dirac radial equation and formulated by Barthelat, Pelissierpotential for the calculation of hydrogenic matrix elements
and Durand54], the scalar wave function is derived from between Dirac and quasirelativistic wave functi¢gb§]. In
the second-order equation obtained by transforming the firs@ddition, Salamin has performed a derivation of diagonal
order Dirac equation. This approach, referred to as the scalanatrix elements of arbitrary powers ofwith Dirac hydro-
second-order Dirac approach, was used to formulate thgenic wave functiong74]. This work has further been ex-
RQDO method. tended to the off-diagonal case by the same aJtisl The

In this paper, we apply the hypervirial theorefidvT)  results of Ref[74] have been rederived in a more suitable
[55-63 to deduce recurrence formulas for expectation valform by Andrae[76] for integer exponents. Formulas of ex-
ues of successive powers ofor relativistic quantum-defect Pectation values were casted in a single recurrence relation,
states. This HVT originates from the work of wdin on the which results in a simple algorithm in terms of generalized

L : : hypergeometriczF, series. Some months ago, Martinez-y-
virial theorem in qguantum mechanifs5] and has been for- P 2 )
mulated by Hirschfelde[56] in the early 1960s. As a first Romero, Niiez-Yepez, and Salas-Byitpr7] reported recur-

application, the theorem has been used successfully in thS|on relations between relativistic atomic matrix elements of

calculation of expectation valugs7] deserving separate radial powers by using relativistic hydrogenic eigenstates.
places in the literaturg58,59. Since then the use of HVT In the nonhydrogenic scheme, there seem to be very few

. ; . _ studies on the subject in the literature. A recent attempt in
has become a subject of great interest in two main way$is realm was made by Martin and co-worké#s] who

concerning the determination of accurate energy eigenvaluggported recurrence relations for matrix elements in the
and eigenfunctiongsee Refs[60-62 for detailed informa-  RODO approximation. In the present paper, we extend the
tions), and the calculation of radial matrix elements. Ourapove work to derive a set of useful recurrence formulas that
interest in the present work lies within this second aspect. allow the determination of radial expectation values between
The determination of expectation values may be tracegirac and QR effective wave functions. It is obvious from
back to around 192p53]. The hydrogenic radial matrix ele- the QR treatment that the formulas obtained are to be con-
ments for the nonrelativistic case were derived by Gordorsidered as a direct implementation of the Kramers’ relations
soon after he obtained the solutions of the correspondinpr the matrix elements ofY in the eigenstates of the non-
Schralinger equation. After this pioneering work, many au- relativistic hydrogen atom Hamiltonian. In this respect, the
thors tried to overcome the difficulty of evaluating these ma-nonrelativistic formulas obtained earlier by Bockas{&8]
trix elements by a direct integration for all valuescptintii  are easely retrived. We apply the formulas worked out to the
Kramers[64] developed a recurrent relation for the calcula-one electron alkali-metal-like ions of the Li, Na, and Cu
tion of the quantities in question in the hydrogenic contextisoelectronic sequences as an illustrative example to test the
for neutral atoms. In a recent work, Morales, "Remnd inclusion of relativistic effects in our treatment.

Lopez-Bonilla[65], combining the HVT and Kramers' rules _ OUr paper is organized as follows. In Sec. Il, we review
successfully determined expectation values bfvith wave the relevant features related to the Dirac and QR effective

functions of central potential approximation. The procedurél'.adlal wave functions and parameters. In Sec. Ill, we estab-

they used leads to a generalization of the usedl’ diago- _|sh our notations concernir_lg expectation v_alues. Section vV

nal three-dimensional and=0 one-dimensional hypervirial is devoted o the presentation and discussion of our numeri-
. . IR cal results. Our conclusions are presented in Sec. V. Notice

re;latmns of first and second _cIa_ss. Another derivation of Mathat relativistic atomic unit§10] are used throughout this

trix elemen_ts of powers af with improvement to the WKB paper, unless otherwise stated explicitly.

approximation has been performed by Mark&8]. Although

there are several simple nonrelativistic procedures for gener- Il. BACKGROUND

ating expectation valud$7], accurate determination some-

times has to resort to numerical technique using the Hartree-

Fock (HF) equation. A compilation of HF results may be  The wave function for a relativistic state of the Dirac

found in Ref.[68]. electron in the central field approximation may be written as

In the relativistic case, the problem is more complicated 80]

A. Fully relativistic approach
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[ emlljm) o*(n|_a® [(FE-sHTM* +1) o
= ~ (1) =— e
ip(r)|ljm))’ d*(r)] s N z(k*—s*)[(n* +2s*)
wherel =2j—1, [lim) are the spherical harmonics(r) and XL(;istl)(X)
¢(r) are, respectively, the large-and small-component radial LQs*—l)(X) ' (10
wave functions. For the particular case of the Coulomb po- n*
tential —z/r, we introduce the following transformation where
[10,28,81:
v, =P®,, 2 é‘_z K*— st
k*E—s
where M= a(x* —s*) , N =n*—|k*]
THAE_o*
r u(r 1y «E-s
L I S I
Y x=2ar, a=y1—-E?, E=[1+(z/f*)?]"Y2 (11
with
, B. Quasirelativistic approach
Y=g z=Za, k=¢€(j+1/2), j=1—¢€l2, Let us consider the projection operator for positive mass
[53]
o L P*=3[v"(p,—A,)+1-9°U] (12)
e=+1, s=\k°—25, p=2—s. (4) 2 . ’ .

The Dirac second-order bispingris related toW by
The subscript refers to the radial part of the wave function.

The quantitiesy, Z, andj are, respectively, the fine-structure v=P"y, (13
constant, the charge of the ionic core, and the total angular
momentum quantum number of the valence electron. and obeys the following equation in the Coulomb approxi-

From the well-known Dirac-Coulomb equati¢f2—85  mation picture:
we get the following pair of first-order differential equations:

1], , L(L+1) 20
d (s o B kE 2 Pr+1_E+r—2_T¢:O' (14
g | ) = 1= e, )
where
d +(S 0') (r=| 1+ «E " ©)
J— —— — | |v(r)= —(u(r),
dr \r s s Prz—i% (15

whereo=zE andE is the total energy.
Taking now into account nonhydrogenic contributions inis the radial momentum and
connection with the previously mentioned quantum-defect

approaches, the hydrogenic parametgrg, andn are re- B . . r
placed by the effective parametess, «*, andn*. Itis then Y= Vym(P),  F= r (16
easy to deduce from Eq$5) and (6) the Dirac effective
second-order radial equatiofis0], Vim(f) are eigensolutions of the Kramers-Dirac operator
5 [53,54,
Hiv*(r)=2e*v*(r), 7
L=—Ky°—ia,z, a7
H*u*(r)=2e*u*(r), (8)
with
with .
K=—9°=-L+1). (18
-y | & 20 stsrxyn] 0 of
H>=— arZ r + r2 » &= op*2’ ©  esandx are, respectively, the eigenvalues®fand K. The

Dirac second-order radial equation that accounts for effective
Equations7) and(8) present a supersymmetric structure thatParameters is then derived from what precedes,
was studied in detail in Ref81]. 5 .
From Egs.(2), (7), and(8), we get the effective general- d 20 s*(s*+te)

— * —_—— =
ized Dirac radial wave function, dr? +2et r r? ¢(r)=0. (19
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This quasirelativistic or Dirac scalar radial equation is [*=1—g(1,j)+1(1,j), j*=1*—el2=j—o(1,j)+1(,]),
identical to that obtained in Reff10] using the nonrelativis- 2
tic limit. Its solution is then simply inferred, i.e.,

kK*=e(j*+1), st=k*2=2% n*=n-4(),

aF(N+1) A+1,—x/2) (2A+1)
¢(r)= \lﬁ*r(ﬁ*+A+1)X e Ly (x). n*=n*—|k*|, A*=n*+s*. (27

(20)
4(1,j) is the exact quantum-defect, i.e., for a givép),
&(1,j) is exactly constant for ath. Therefore DSQT eigen-
e—1 e+1 functions form a complete and orthogonal st.,j) is a
—

where

A=s*+ — N=n*— 5 (21 phenomenological non-negative integer playing the role of
the supersymmetric shift.
C. Effective parameters Il MATRIX ELEMENTS

The key element in each of the three quantum-defect ap-
proaches involved is the determination of the effective pa-
rameters. Subsequent informations concerning this deriva- Starting from Egs(5) and(6) and taking into account the
tion are found in our previous papgtQ]. To make our text effective parameters, it is easy to obtain the Dirac expecta-
self-contained we recall them below. tion values ofr9 in the following form:

A. General formulation

1. Quantum-defect orbital approach (= ey [ 1% (%[ r O] $* ) + (3 [ [E*))
QDO procedure ensures phenomenological modifications 28" (K —s")
in nonhydrogenic systems through the sequential determina- +22(s*|r9[E*)]. (29)

tion of effective parametes80-32,

The correspondin uantities in the quasirelativistic ap-
Z'(1+ %) P 94 d P

T = , &'=n—T*, &'=58"+s—|«|, proach write
JV—e(2+ a’e)
(22 (rYor=(A[rqA). (29
n*=N—c, s*=|k|- 6 +c, k*=e\|s*?+2 For convenience, we introduce Dirac’s notations wjigh
=rv(r), [8)=ru(r), and|A)=d(r).
a=a\—e(2+a%), (23 Applying the well-known HVT[56] to Eqgs.(9) gives the

following commutation rules:
and

~ d
c=|¢"|, (24) [rq“,Hj]:q(qu1)rq’1+2(q+1)rqa, (30)

i.e., the nearest integer value to the quantum defed¢tl2—
14]. &, the binding energies in a.u. are taken from experi-

~25qA 2+ q(qt Dri-ie
ments. =230 q(a+1r* o

d -
q+1 *
' dr'H+

2. Effective orbital quantum number approach —20(2q+1)r9 1—2(q+ 1)rqﬁi .
For EOQN procedure, the effective parameters Wit (31

~ Z(1+a’e) U whereS=s*(s* +1).
N* = ——————, N*=n,s*=N"*— o .
[“e(2+a’e)’ ' ' From Egs.(5), (6), (30), and (31), it is easy to obtain
recurrence relations from which expectation values‘dbe-
K =S¥ 2 22, (25) tween effective radial wave functions may be derived.
Using Eq.(30), we get
It is then clear that EOQN parameters are identical to QDO'’s
with ¢c=0, i.e., EOQN orbitals retain the hydrogenic nodal d q _

3. Supersymmetry-based quantum-defect approach and

The SUSY-based quantum-defect parameters result in the )
combination of SUSY ideas with the notion of quantum- * 0 Fek\ — _[ook *1 - Lpex
defect[8,9,18—20,87—8P The effective parameters are ob- 2(q+1)(s*|r dr [5%) [28" +a(q+1)(s*|ré7fs).
tained as follows: (33
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If we combine Eqgs(7), (31), and(32), we obtain a recur-
rence relation coupling matrix elements of consecutive pow-

ers ofr,

2(g+1)e* (s*|r9s* )+ (2q+1)o(s*|r9 1 s*)
+g[qz—(ZS*+1)2]<S*|I’q_2|3*>=0. (34
According to Egs(5) and (6)
d o
(8" r9gp|s) +s7(s*Ir ")~ e (s Irls*)
dr S
—&(s*|rv3*)=0, (35

where

(K* 2E2_ S* 2)1/2
R (30

Combining Eqgs(32) and(35) gives
20
(25" —)(s* |9 Hs*) = (¥ [ro|s*) + 2¢(s% [rfs).
(37)

Setting actually the “bra” of Eq(35) to (3*| instead of(s*|
and using Eq(33), we obtain the following equation:

20
q(2s* —q=1)(3*|r7Ys*) = (q+1)(3*[rds*)
—2¢(q+1)(3*|r9[3*) =0, (38)
in which on changing* into —s* results in
20
q(—2s* —q—1)(s*[r9 8" )+ (q+1)(s*[r[3*)
+2&(q+1)(s*|r9s*)=0. (39

Equations(38) and (39) yield

O(s*[r7H s ) = ¢[(s*[rv|s*) — (3*[r9[z*)]. (40

Equation(40) holds for all values ofj only in a quasirela-
tivistic treatment| 78] where the normalization condition is

given by

(s*|s*)=(3*[3*)=1. (42)

We may also obtain a relation coupling different matrix

elements of the same power iofvith Egs. (38) and (40),

g

2
g?(qu 1)(s*|r9[3*)=(2s* —q—1)(s*|r9|s*)

—(2s* +q+1)(3*|r9[3*).

(42

PHYSICAL REVIEW A 66, 052503 (2002

B. Explicit formulas
1. Relativistic case

A direct integration performed with the effective radial
wave functions gives

(s*|s*)=E(k* —s*)(k*E+5s*), (43
(3*[3*)=E(k* —s*)(k*E—s*), (44)
<s*|§*>:—;(K*—s*)(K*ZEZ—s*Z). (45)

To construct some of the terms needed in the determina-
tion of the Dirac expectation values, we sgt0, 1, 2, 3 in
EqQ. (34). This leads to

oE
w2 (K" —s*)(k*E+s¥), (46)

x|l —1lakx\ —
(s*|r sy = =

<S*|T|S*>:%[Bﬁ*Z—S](K*—S*)(K*E+S*), 47

'ﬁ*Z
(s*|r?|s*)y= 2—02—[5ﬁ*2+ 1—3S](«k* —s*)(k*E+s*),
(48)

=x2

n*<E
(s*|r3|s*)= BT [51* 2(7R* 2+ 5) + 3S(S— 10i*2—2)]
X(Kk* —s*)(k* E+5s*). (49

Using the above results, we find f&* ),

oE
I3 ) = (k* —s*)(k*E=s*), (50

E
(B |r[3*)= %[3?1*2—8'](;& —s*)(k*E—s¥),

(51)
'ﬁ*2
(3 |r¥3* )= 57 [5hi*2+1—3S'|(k* —s*)(k*E—s*),
(52)
=k 2
(3 [r¥% )= 53 [57i*%(7h*2+5)+3S'
X(S'—100*2—-2)](k* —s*)(k*E—s*),
(53

whereS’' =s* (s* —1).
Performing an integration with explicit relativistic radial
wave functions gives

2
*|pr—2|a*\ — 20 E(k* —s* *E 4 g*
<S |r |S > (25*+1)ﬁ*3 (K S )(K S )1
(54)
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&k | — 21&%* \ — 20-2 * * * *
<S |I’ |S >_WE(K —S )(K E-s ),
(55)
(s*|r72[5*)=0. (56)

According to Egs(34) and(37) with g= —1, we obtain

g
(I8 = g I 2s™), 67
2s*+1 o
* | —1&*\ — *lr—2lakx\_ _ Jox|r—1llex
(81180 = =g (St )~ g (57l ),
(58)
while using Eq.(40) results in
=k 2
(s*|r[&*)=— 7o (k* —s*)(k*?E%2—s*?), (59
'ﬁ*Z
(8*|r2[8*) = 5 5[ 2= 511"~ 1] (k" —*)
X (k*2E%2—35*?), (60)
If we setq=—2 in Eq.(39) we derive
* | — 3%\ — * | — 2| ok
(SHIr ) = g (I Ash). (6D

With this set of relations, all the remaining terms needed

in the construction of relativistic matrix elements of any
power ofr may easily be obtained from Eq®84) and (42).
2. Quasirelativistic case

Since our quasirelativistic radial wave functions obey the
same recurrence relations for the Hamiltonr&tj , it is ob-

PHYSICAL REVIEW A6, 052503 (2002

From Eq.(65), it is clear that there is a misprint in E(31)
of Ref.[78]. In addition, a direct integration using effective
quasirelativistic radial wave functions leads to

202

<A|r_2|/\>=m-

(66)
Then all the remaining matrix elements of any power &dr

quasirelativistic approach may actually be derived without
any difficulty.

C. Nonrelativistic limit

Settinga— 0, we achieve the nonrelativistic lin{i®0] in
the above expressions by the following substitutions:
—Z, i*—=n*=n—35p, s*—I*, A—=I*, I"=1-5,+i(l)
[i(D=c(l) orl(l)], where &, is the nonrelativistic quantum
defect. We then retrieve the nonrelativistic formulas given by
Bockaster{ 79] and modified accordingly to account for the
quantum defect. We report hereafter some of these formulas,

- 272
(r 2>:n—*m, (67)
z
(rH=re2 (68)
(r)=%[3n*2—l*(l*+1)], (69)
(r2>=12[5n*2+1—3l*(l*+1)] (70)
27° '

The explicit relativistic corrections in the expectation val-
ues may be obtained as coefficients of the expansion of the

corresponding formulas as

(r' Qr=(rHnrT a?A g+ a4Zq+O(a6), (71

vious that matrix elements in this case may derive from wha{yhere the subscript®, QR, and NR stand, respectively, for

precedes under the substitution $¥f by A, thus givingS
=A(A+1), in all recurrence formulas where onllg* ) is
available. Thus Eq921)—(27) of Ref.[78] are straightfor-
ward. It is important to mention that while performing these

relativistic, quasirelativistic, and nonrelativistic approaches.

The results we present below for some term]sanqu are
obtained making use ofAPLE.

equations, their authors assumed normalization condition tag|E |. Quantum-defect numbe®andé’ and integers and

given in Eq.(41), which copes with a quasirelativistic treat- | ysed in the computation afsradial expectation values for neutral
ment. The following explicit formulas are then easily worked gjkali-metal atoms.

out:
QDO sSQDT
-~ g
(Alr=YA)= 72 (62 z Element  Level & c 8 I
1 3 Li 2s 0.404 173 0 0.419824 0
<A|I’|A>= —[3ﬁ*2—5], (63) 11 Na > 1.344 037 1 1.352 339 1
20 19 K 4s 2162127 2 2.099634 2
2 29 Cu S 2570756 3 2.655832 2
n
<A|r2|A> — [5’ﬁ~k2+ 1— 38], (64) 37 Rb 5 3.110 459 3 3.090318 3
20’2 47 Ag 5s 3.547971 4  3.534622 3
2 55 Cs & 4.025 407 4  4.015407 4
n
<A|r3|A>: 3[5ﬁ*2(7ﬁ*2+ 5)+3S(S— 1@1*2_2)], 87 Fr 7s 5.058 967 5 5.045 967 5
8o 119 E-119 8 7.865 041 8 6.166 705 6

(65
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1. Relativistic treatment

~ ZM[(n—80)*+NZZ][3(N— 8p) (1A%~ 1)+ N (4N*— 1) ]}

Az 32 (2 +1)%(2M—1)2(n—5p)*° ’ (72
_— Z[(n—d)*+AZ?% 2 2 2
,2—512}\(2)\_1)3(2)\+1)3(n_d)15[11)\(n—d)(1—16)\ +48\%) +18(n—d)?(1—122%+96\%)
+1\3(1-8N\2+160Y)], (73
_1[6(n—80)%  ZA[Z°N—2(n—60)°]
=gz (n—g)" } (74)
.z Z2\[Z2\—2(n— 80)?]
AlTG[” (n=50)° } 79
1
Az= = g7a{4(n=80)*(\[A = 3(n— &) ]~ 1+10(n— 8)?) ~AZ[4(n— 8)*~ N Z°]}, (76)
~  [(n=8)? 5 1 \Z2
Ay,=— W{)\[4)\—17(n—50)]—4+29(n—50) 1=\ 8 32n-5y7) | 7
A=1%.
2. Quasirelativistic treatment
_Z[6(n—8p) + 2\ +1]
AT a7 79
Z[72(n— 59)%+22n— o) (2N + 1) + 4N (A +1) ]
2T 64(n—8y)T(2n+1)° ' (79
23
ERTEPALE (80
-~ A
A= gy (&
B 3z AN(N+1)
Al——m 2(n—50)—Z(2)\+1)+3(n—_50) , (82
. z3 32 (N+1)
R1= = Sagn=gg? | 42N 80~ (24-52)2A+ 1)+ ==, (83
Ap,=—3(n—650)2—1+3N(A+1)+9(n— ) (N—So—N—3)], (84)
~ z? ) 1)
AZ——W 8(n—6&y) —8+24)\()\+1)+102(n—50)(n—50—)\—E . (85)
[
IV. NUMERICAL ILLUSTRATION Also, the need for such expressions in the study of Rydberg

derlined in th ducti tical .__problems has been established quite a long time ago. Given
As underlined in the Introduction, analytical expressionsg,,c, importance, matrix elements of and particularly

of matrix elements of powers afare very useful in prob-  {hose expressed in terms of relativistic quantum-defect radial
lems in which one is interested in obtaining explicit formulas\yayve functions then become a meaningful tool. It is, there-
of physical quantities expanded as polynomials(of).  fore, natural to test our formulas on ions of the Li, Na, and
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TABLE II. Phenomenological and SUSY-based quantum-defect radial expectation valuesléoels of neutral alkali-metal atonisee
Table ) compared with HF and DF calculations. Results are given in a.u.

RQDO RSQDT DQDO DSQDT HF? DP°
z q (r) % (r) % (r % (r) % (r) (r
3 Li -1 0.392679 13.7 0.400506 159 0.392699 13.7 0.400527 159 0.345392 0.345437
1 3.940318 1.7 3.867046 0.4 3.940419 1.7 3.867157 0.1 3.873674 3.873326
2 18.406 22 3.8 17.74619 0.0 18.40673 3.8 17.74675 0.0 17.73839 17.73556
4 602.9645 6.6 563.0782 0.4 602.9835 6.6 563.0978 0.4 565.8824 565.7127
11 Na -1 0.364677 20.8 0.368 368 22.0 0.364691 20.8 0.368 382 22.0 0.301397 0.301910
1 4.226070 0.5 4.186123 0.4 4.226138 0.5 4.186194 0.4 4.208760 4.203 247
2 21.09787 2.1 20.71032 0.3 21.09825 2.1 20.71072 0.3 20.68503 20.63311
4 779.2158 4.5 752.4970 1.0 779.2323 45 752.5139 1.0 748.7983 745.3314
19 K —1 0.295948 245 0.285201 20.0 0.296 064 245 0.285215 20.0 0.236688 0.237719
1 5.134425 1.7 5.176 246 0.9 5.134480 1.7 5.176287 0.9 5.243751 5.224035
2 30.89875 1.3 31.00670 1.0 30.89943 1.3 31.006 92 1.0 31.54503 31.31728
4 1603.796 0.3 1604.879 0.3 1603.830 0.3 1604.969 0.3 1631.287 1609.314
29 Cu —1 0.489551 25.0 0.486189 241 0.489551 25.0 0.486189 241 0.382210 0.391723
1 2757305 154 2.773394 149 2.757 305 154 2.773894 149 3.331147 3.261527
2 9.573150 23.7 9.683605 22.8 9.573150 23.7 9.683605 22.8 13.08439 1255212
4 196.4305 31.4 200.6958 29.9 196.4305 31.4 200.6958 29.9 310.3446 286.3643
37 Rb —1 0.280093 26.2 0.269680 21.5 0.280094 26.2 0.269681 215 0.217757 0.221905
1 5.404560 2.5 5.451283 1.7 5.404562 2.5 5.451286 1.7 5.631897 5.544997
2 34.17886 2.6 34.49901 1.7 34.17886 2.6 34.49902 1.7 36.17602  35.10993
4 1943.217 2.2 1954.872 1.6 1943.217 2.2 1954.873 1.6 2103.154 1987.670
47 Ag -1 0.474307 28.9 0.474328 28.9 0.474308 28.9 0.474376 28.9 0.344253 0.367 966
1 2.834347 179 3.286212 4.8 2.834346 17.9 3.286455 4.8 3.656488 3.451177
2 10.09128 27.4 1294916 6.8 10.09128 27.4 1295016 6.8 1558667 13.90035
4 216.8101 36.0 312.9301 7.6 216.8101 36.0 312.9558 7.6 4243125 338.8263
55 GCs —1 0.256480 27.9 0.253902 26.6 0.256484 27.9 0.253905 26.6 1192167 0.200579
1 5.860801 3.7 5.915390 2.8 5.860793 3.7 5.915381 2.8 6.305878 6.084542
2 40.09875 4.5 40.83906 2.7 40.09873 4.5 40.83903 2.7 4498939 41.98365
4 2635.814 4.9 2729.642 1.5 2635.817 4.9 2729.645 1.5 3159.881 2772.448
87 Fr —1 0.265426 28.0 0.261906 26.3 0.265430 28.0 0.261910 26.3 0.181544  0.207 325
1 5.679051 4.1 5749179 2.9 5.679047 4.1 5.749173 2.9 6.629696 5.922042
2 37.68320 5.3 38.606 26 3.0 37.68320 5.3 38.606 25 3.0 49.55319 39.79419
4 2340.806 6.1 2451.523 1.6 2340.811 6.1 2451.527 1.6 3785468 2492 920
119 E-119 -1 0.317692 32.2 0.297541 23.8 0.317700 32.2 0.297 547 23.8 0.240 269
1 4.808963 7.6 5.110784 1.8 4.808989 7.6 5.110797 18 5.202 889
2 27.16934 11.5 30.61962 0.3 27.16953 11.5 30.61973 0.3 30.71454
4 1256.381 15.2 1576.335 6.3 1256.393 15.2 1576.344 6.3 1482.349

8Data from Ref[68].
bData from Ref[91].

Cu isoelectronic sequences to enable a comparison of tHike atoms the energies obtained earlier by Desclgl(.
level of achievement in accounting for relativistic effects in These energies were derived by solving a multiconfiguration
the fully relativistic and quasirelativistic procedures. But be-Dirac-Fock equation which includes the classical Coulomb
fore presenting below our numerical results, we start with gepulsion and the Breit interaction in theS coupling

few introductory statements relative to our database. SCET!me- The corresponding paramet&randc are listed in
Table I.

Concerning SQDT parameters of the above ciexntbit-
als of neutral alkali-metal-like atoms, the search was con-
The computation of expectation values requires prior deducted in the DSQDT approach. This concerns precisaly K
termination of precise input data. This concerns energy valRbi, Agl, Csi, Fri, and E-199. Values of and| obtained
ues for QDO and EOQN methods while for SQDT, the freeare also reported in Table I. In the same table, parameters for
parameterss and | are of interest. For the first two ap- Lil, Nal, and Cu [10] for QDO and SQDT procedures are
proaches, we have used ®orbitals of neutral alkali-metal- also listed. Expectation values derived for thesebitals are

A. Database
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TABLE lll. Radial expectation values fors2 2p4,,, and 23, levels for ions of Li isoelectronic sequence. Results are given in a.u. >rg
T
(251) (2p1) (2p3p) A
z lon q RQDO RSQDT DQDO DSQDT RQDO RSQDT DQDO DSQDT RQDO RSQDT DQDO DSQDT g
4 Be't -1 0.66926 0.67145 0.669 33 0.67152 0.52378 0.526 23 0.52381 0.526 26 0.52375 0.526 20 0.52375 0.52620
1 2.29071 2.28371 2.29070 2.28370 2.39773 2.387 69 2.397 67 2.38763 2.397 86 2.38781 2.397 86 2.387EB1
2 6.176 62 6.13971 6.176 63 6.13971 6.92048 6.864 78 6.920 20 6.864 50 6.92117 6.865 48 6.92117 6.865%8
4 65.59918 64.86006 65.60003 64.86091 90.22811 88.86416 90.22316 88.85925 90.24500 88.88125 90.24500 88.8%¥1 25
10 Né&* -1 219718 2.20075 2.19944 2.20303 2.05114 2.057 25 2.05298 2.05910 2.049 26 2.05540 2.049 26 2.055%0
1 0.687 93 0.686 90 0.687 86 0.686 83 0.61099 0.609 36 0.61075 0.609 12 0.61150 0.609 86 0.611 50 0.609 86
2 0.55347 0.55184 0.55344 0.55181 0.448 75 0.446 44 0.448 47 0.446 16 0.449 46 0.447 14 0.449 46 0.447104
4 0.507 89 0.505 04 0.507 93 0.505 08 0.37781 0.37416 0.377 49 0.37384 0.37894 0.37526 0.37894 0.37536
24 cPt -1 5.75996 5.759 38 5.800 69 5.800 10 5.61139 5.61160 5.64903 5.649 25 5.57360 5.574 34 5.57360 5.574/84
1 0.26148 0.261 50 0.261 27 0.261 29 0.22328 0.22328 0.222 62 0.22261 0.22464 0.224 62 0.224 64 0.224%2
2 0.07987 0.07988 0.07983 0.07985 0.059 92 0.059 92 0.059 64 0.059 64 0.060 63 0.06061 0.060 63 0.063%1
4 0.01050 0.01050 0.01050 0.01051 0.006 73 0.006 73 0.006 69 0.006 69 0.006 88 0.006 88 0.006 88 0.006@8
36 Kr®t -1 8.91884 8.911 38 9.07008 9.062 23 8.763 60 8.756 21 8.907 01 8.899 26 8.62212 8.616 59 8.62212 8.61659
1 0.168 96 0.169 09 0.168 63 0.168 76 0.14319 0.14330 0.14216 0.142 27 0.145 30 0.14538 0.14530 0.14558
2 0.03335 0.03340 0.03332 0.03337 0.024 57 0.024 70 0.024 39 0.024 43 0.025 37 0.02540 0.02537 0.025:40
4 0.00183 0.001 84 0.00183 0.001 84 0.00114 0.00115 0.00113 0.00113 0.00121 0.00121 0.00121 0.00121
42 Mc®" -1 1055766 10.56063 10.80860 10.81178 10.39767 10.40023 10.63726 10.64001 10.16388 10.16852 10.16388 10.16852
1 0.142 84 0.142 80 0.142 46 0.142 42 0.12083 0.120 80 0.11961 0.11958 0.12332 0.12327 0.12332 0.12327
2 0.023 84 0.02383 0.02381 0.02380 0.017 58 0.01757 0.017 30 0.017 80 0.018 28 0.018 27 0.018 28 0.018 27
4 0.00094 0.00094 0.00094 0.000 94 0.00058 0.000 58 0.00057 0.00057 0.000 63 0.000 63 0.00063 0.00063
74 W' 1 2052284 2054621 22.37875 22.40867 20.31733 20.33314 22.11626 22.13641 18.72395 18.69553 18.72395 18.69553
1 0.07408 0.07400 0.07343 0.07336 0.062 55 0.062 51 0.060 29 0.060 24 0.067 27 0.067 36 0.067 27 0.067 36
2 0.006 43 0.006 42 0.006 41 0.006 40 0.004 75 0.004 74 0.004 48 0.004 48 0.005 46 0.005 47 0.005 46 0.005 47
4 0.000 07 0.000 07 0.000 07 0.000 07 0.000 04 0.00004 0.00004 0.000 04 0.000 06 0.000 06 0.000 06 0.000 06
92 U -1 2777784 27.79784 32.44654 32.47725 27.49599 2753518 32.01563 32.07532 23.86224 23.83169 23.86224 23.88169
1 0.05514 0.05510 0.054 40 0.054 37 0.046 76 0.046 70 0.04384 0.04378 0.05301 0.05307 0.05301 0.05357
2 0.003 58 0.00357 0.003 56 0.003 56 0.002 67 0.002 67 0.002 42 0.00241 0.003 40 0.00341 0.003 40 0.003%1
4 0.000 02 0.000 02 0.000 02 0.000 02 0.00001 0.00001 0.00001 0.00001 0.000 02 0.000 02 0.000 02 0.000%®2
Py}
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TABLE IV. Radial expectation values for@,, and 3p3, levels for ions of Na isoelectronic sequence. Results are given in a.u.

(3p12) (3p3r)
Z lon Q RQDO RSQDT DQDO DSQDT RQDO RSQDT DQDO DSQDT
12 MglJr -1 0.389 60 0.45978 0.38961 0.459 80 0.38960 0.45976 0.389 60 0.459 76
1 3.13316 2.696 36 3.13311 2.696 30 3.13316 2.696 47 3.13316 2.696 47
2 11.591 42 8.676 29 11.591 12 8.676 00 11.591 42 8.676 97 11.591 42 8.676 97
4 238.961 98 138.224 02 238.95331 138.217 72 238.961 98 138.244 52 238.961 98 138.244 52
17 CP* -1 1.03907 0.967 17 1.04042 0.968 18 1.036 61 0.966 37 1.036 86 0.966 57
1 1.37575 1.467 60 1.37543 1.467 30 1.37870 1.468 70 1.37862 1.468 62
2 2.188 39 2.488 04 2.187 63 2.487 29 2.19772 2.49174 2.197 60 2.49161
4 7.31710 9.39051 7.31340 9.386 46 7.37777 9.417 68 7.377 62 9.417 47
24 Ccre* -1 1.859 46 1.71394 1.866 39 1.71905 1.850 46 1.706 46 1.85192 1.707 63
1 0.76041 0.818 29 0.759 83 0.81775 0.76373 0.82152 0.763 58 0.821 36
2 0.667 60 0.772 32 0.666 86 0.77158 0.67342 0.778 38 0.67328 0.778 23
4 0.67357 0.894 74 0.67251 0.89352 0.68505 0.908 49 0.684 98 0.908 40
29 Co8* -1 2.437 64 2.287 63 2.452 84 2.299 65 2.42017 2.27153 2.423 45 2.274 29
1 0.578 08 0.61209 0.577 32 0.611 38 0.581 84 0.616 00 0.581 62 0.61578
2 0.38567 0.43205 0.384 93 0.43131 0.390 66 0.43753 0.39052 0.437 38
4 0.224 08 0.27960 0.22347 0.27893 0.22977 0.286 57 0.22973 0.286 52
34 sedt -1 3.01817 2.83002 3.046 61 2.852 48 2.988 02 2.80397 2.994 24 2.80919
1 0.46599 0.49379 0.465 05 0.492 90 0.47022 0.49791 0.469 95 0.497 64
2 0.25055 0.28110 0.24981 0.280 36 0.25509 0.28578 0.254 94 0.28563
4 0.094 40 0.118 15 0.094 01 0.11771 0.097 77 0.12202 0.097 74 0.121 99
45 RR* -1 431584 4,191 81 4,397 97 4.265 62 4.23794 411913 4.25578 4.13563
1 0.32531 0.33396 0.32397 0.33265 0.33069 0.33926 0.33029 0.338 86
2 0.12208 0.12861 0.121 34 0.127 87 0.126 12 0.13269 0.12596 0.13253
4 0.022 38 0.024 77 0.022 19 0.024 57 0.02384 0.026 33 0.023 83 0.026 31
51 Syot -1 5.047 16 4.87133 5.178 50 4.986 69 492813 476071 4.956 23 4,786 26
1 0.278 17 0.287 18 0.276 61 0.28567 0.284 20 0.29318 0.28375 0.29272
2 0.089 26 0.09510 0.08853 0.094 36 0.09315 0.09908 0.092 99 0.098 92
4 0.011 96 0.01354 0.011 82 0.01339 0.01300 0.014 66 0.012 99 0.014 65
74 WPST -1 8.064 07 7.844 09 8.61202 8.338 29 7.618 83 7.43177 7.72273 7.52878
1 0.174 65 0.17905 0.172 20 0.176 65 0.183 80 0.187 95 0.183 09 0.187 24
2 0.03520 0.036 98 0.034 48 0.036 26 0.038 96 0.04072 0.038 80 0.04057
4 0.001 87 0.002 05 0.00181 0.002 00 0.002 27 0.002 48 0.002 27 0.002 47
92 U -1 10.83760 10.594 42 12.23217 11.871 37 9.887 82 9.641 47 10.113 80 9.852 24
1 0.13070 0.13339 0.127 50 0.13025 0.14192 0.14518 0.141 02 0.144 27
2 0.01973 0.02054 0.01903 0.01984 0.02323 0.024 80 0.023 08 0.024 15
4 0.00059 0.000 64 0.00056 0.00061 0.00081 0.000 88 0.000 81 0.000 88

summarized in Table Il which contains, when available, HFthe reader that EOQN procedure coincides with QDO when
[68] and Dirac-Fock(DF) [91] results for comparative pur- c¢=0 and their results in this case are identic]. In other

poses.

cases, the EOQN outputs are in error compared to QDO and

For the various ions of the Li, Na, and Cu isoelectronicEQDT. For these reasons, we have not included them in the

sequences, the data input are those presented exhaustivelytiibles. Before discussing the results of ions of the Li, Na,
Ref.[10] (see references thergiThe radial matrix elements gnd cu isoelectronic sequences, we present hereafter some

computed with these data are given in Tables Ill, IV, and V.jmportant features related to radial matrix elements for neu-
Additional results concerning a particular ion of the isoelec-a| aikali-metal atoms.

tronic sequences covered are available upon request from the |, tapie 1

authors.

B. Results and discussions

we compare our predicted quantum-defect

values for neutral atoms to those obtained with highly refined
numerical technigues by Fischig8] and Desclaux91]. As
one can see from this table, quasirelativistic results are

Radial expectation values have been computed withouwithin at least three to five digits practically identical to the

any difficulty from the above formulas and data. We remindcorresponding relativistic values. This has already been no-
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TABLE V. Radial expectation values forpd,, and 4p5, levels for ions of Cu isoelectronic sequence. Results are given in a.u.

(4p12) (4pa)
Z lon Q RQDO RSQDT DQDO DSQDT RQDO RSQDT DQDO DSQDT
30 zZn* -1 0.43929 0.34878 0.43931 0.348 79 0.43531 0.344 43 0.43531 0.344 43

1 2.809 85 3.465 82 2.80979 3.46577 2.83311 3.50578 2.83311 3.50578
2 9.39412 14.086 77 9.39383 14.086 45 9.544 69 14.402 52 9.544 69 14.402 52
4 160.61126 345.64185 160.60438 345.63107 16550872 360.46713 165.50872 360.467 13
33 A -1 0.74363 0.58578 0.74413 0.58598 0.736 14 0.57937 0.736 23 0.57942
1 1.922 67 2.38361 1.922 44 2.38342 1.94031 2.407 33 1.940 25 2.407 28
2 4.274 33 6.549 52 4.27357 6.548 78 4.35251 6.679 64 4.352 39 6.67948
4 27.91944 64.095 69 2791221 64.085 45 28.920 07 66.604 68 28.91976 66.603 82
40 zt -1 1.29145 0.81556 1.29349 0.81709 1.274 42 0.806 99 1.27492 0.807 44
1 1.07206 1.77532 1.07165 1.77483 1.084 95 1.792 57 1.084 82 1.792 39
2 1.32349 3.57463 1.32275 3.57322 1.35528 3.644 46 1.35511 3.644 10
4 2.598 81 17.716 90 2.596 75 17.706 83 272222 18.406 80 2.72202 18.40578
48 cCd® -1 1.85768 1.604 07 1.863 42 1.61958 1.82393 157976 1.82546 1.583 17
1 0.734 47 0.914 85 0.73384 0.91385 0.746 69 0.927 83 0.746 48 0.92754
2 0.62003 0.949 31 0.619 26 0.94776 0.640 69 0.976 42 0.640 49 0.976 14
4 0.563 90 1.260 42 0.562 93 1.257 35 0.601 30 1.33226 0.60118 1.33211
53 P4 -1 220601 1.95568 2.21549 1.982 30 2.15754 1.91900 2.16012 1.92509
1 0.61538 0.748 94 0.614 62 0.74774 0.627 82 0.762 12 0.627 56 0.76175
2 0.43498 0.636 20 0.434 20 0.634 69 0.452 60 0.658 77 0.452 39 0.658 47
4 0.276 50 0.565 29 0.27582 0.563 31 0.298 89 0.605 48 0.298 80 0.605 36
70 YRt -1 341013 3.21190 3.564 74 3.32504 3.27761 3.096 67 3.308 05 3.12217
1 0.430 84 0.455 29 0.42874 0.45337 0.446 88 0.47085 0.446 26 0.47022
2 0.21054 0.23510 0.209 02 0.23365 0.226 50 0.251 44 0.226 21 0.25112
4 0.062 05 0.07711 0.061 39 0.076 41 0.07165 0.088 03 0.07162 0.08797
82 PB%* -1 431984 4.143 63 4.62479 4.389 33 4.08072 3.926 44 4.13924 3.978 36
1 0.33978 0.35307 0.337 20 0.35063 0.358 08 0.37099 0.35728 0.37019
2 0.13095 0.14139 0.12948 0.13995 0.14543 0.156 10 0.14512 0.15577
4 0.023 99 0.027 90 0.023 59 0.027 48 0.029 49 0.03391 0.029 46 0.03387
88 Ra&° -1 4.80069 4.553 83 5.220 86 4.87384 4.487 44 4.277 60 4.56518 4.344 64
1 0.30579 0.32102 0.302 94 0.318 36 0.32539 0.34002 0.32450 0.33913
0.106 06 0.116 89 0.104 60 0.11547 0.12008 0.13112 0.11977 0.13079
4 0.01574 0.01906 0.01542 0.01872 0.02010 0.023 90 0.020 07 0.02387
92 U -1 513420 5.002 43 5.65273 5.45412 4.760 02 4.65134 4.85275 4.737 67
1 0.286 01 0.29294 0.28298 0.29001 0.306 64 0.31322 0.30570 0.31227
2 0.09278 0.097 33 0.09133 0.09591 0.106 65 0.111 27 0.106 33 0.11094
4 0.01205 0.013 24 0.011 77 0.01295 0.01585 0.017 23 0.01583 0.017 20

ticed by Karwowski and co-worker9,78. They pointed accounts for SUSY quantum-defect features is more effective
out that for neutral elements, relativistic and quasirelativisticand efficient than the phenomenological DQDO approach
results are practically identical for nodeless orbitals ug to Which, however, remains substantially better than DEOQN.
=90, which stands in their work as an illustrative example. FOcUssing our attention on Fig.(Le,, forq=—1), we see

In order to show how closely our results agree with thosdhat HF results are more close to DF values than the others.

; ; ; In the available domain, the HF results experience at the
obtained by means of DF calculatiofl] and which serve . P
as reference data for our neutral elements, we have plotteriqOSt a 12%. divergence while for I:ZSQI;)T .and DQDO, the
the percent errors agreement lies between 14 and 32 % with increaging

a Switching our attention to Figs. 2—4 which correspond to
~ [r%po—(DF)| q=1, 2, and 4, it is easy to notice that except for Cu and Ag,
d=—"F"—"F"-——X%100 (86) . .

(DF) our results are reasonably in agreement with DF numbers.

The calculated errors lie under 10% in the razgel19 and

of our computations in Figs. 1—4.has also been calculated Z=55. Only two values of E-119 correspondingge 2 and
for HF numbers and inserted in the figures. The followingg=4 in the QDO approximation are slightly above this gap,
clearly arises. It is obvious that DSQDT procedure whichi.e., the differences are, respectively, 11.5 and 15.2 %. Simi-
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FIG. 1. Plot of the percentage differendebetween DQDO, FIG. 3. Plot of the percentage differendebetween DQDO,

DSQDT, HF (Ref. [68]) values, and DRRef. [91]) reference data DSQDT, HF (Ref.[68]) values, and DRRef. [91]) reference data
vs the nuclear charge foislevels of neutral alkali-metal atonsee  vs the nuclear charge foislevels of neutral alkali-metal atonfsee
Table ) for q=—1. Curves are drawn to guide the eye. Table ) for g=2. Curves are drawn to guide the eye.

lar reasonable agreement also occurs for Rb. Returning to Cers of alkali-metal-like isoelectronic sequences. It should be
and Ag, it is important to stress that HF DQDO, and DSQDTnoted that the general trends of our curves are relevant to the
procedures diverge almost strongly but with different scalesfact that relativistic effects increase with the nuclear charge
This may be explained as a manifestion of a large amount df92,93. In this respect, one may easily understand why HF
polarization effects over relativistic ones. Kostelecky, Nieto,results are in fatal error a8 grows larger. Their difference
and Truax 19] pointed out that polarization effects are auto- with DF data ranges up to 80% and above. It then becomes
matically taken into account in the effective parametersworth commenting that an adequate technique has to include
Nevertheless, these effects remain important for some menmelativistic effects in the treatment of atomic characteristics.

T T | T L | T | T T ]
50— —
16 — —
14+ —
40 — _
12— — L i
~ - — 0 -
S S
= - _ = = =
20— -
61— _
- _
10— —
2 —
_\ ! | 1 | | ) | | 1 ] _\ ! | 1 | | ) | | 1 ]
20 40 60 80 100 20 40 60 80 100
Z Z
FIG. 2. Plot of the percentage differendebetween DQDO, FIG. 4. Plot of the percentage differendebetween DQDO,

DSQDT, HF (Ref. [68]) values, and DRRef.[91]) reference data DSQDT, HF (Ref. [68]) values, and DRRef. [91]) reference data
vs the nuclear charge foislevels of neutral alkali-metal atonfsee  vs the nuclear charge foislevels of neutral alkali-metal atonisee
Table ) for g=1. Curves are drawn to guide the eye. Table ) for g=4. Curves are drawn to guide the eye.
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FIG. 5. Plot of the ratio values vs the nuclear charge fer 2 FIG. 6. Plot of the ratio values vs the nuclear charge fpy,2
energy level of the Li isoelectronic sequence. Curves are drawn tenergy level of the Li isoelectronic sequence. Curves are drawn to
guide the eye. guide the eye.

An additional feature that may explain to some extent parfects at the same scale. As already noticed for neutral alkali-
of the above discrepancies is the picture change correctiometal elements this is actually the case, but for ions the two
that arises in the transformation of the original Dirac Hamil-approaches diverge from each other with increasing nuclear
tonian to approximate Hamiltonians, thus affecting the op-charge. As one can see, all our curves start from the value 1
erators to use. This problem has been discussed by mamnd very quickly, they pull apart a&increases. The devia-
authors and detailed informations may be found in the paperson may be upward or downward depending on whethisr
by Baerendst al. [94], Kello and Sadlef95], and Barysz negative or positive. The general trends of our curves are in
[96]. It has been proved from their works that approximatequite good agreement with the ones obtained by Desclaux
relativistic calculations of expectation values may gain in-[91] in the comparison of DF radial expectation values with
sight if picture change is taken into account. But in the caseqF. Since the ratio is not equal to unity along a series, this
of concern, Kelloand Sadlef95] observed that the correc- clearly shows as observed elsewhigh@] that relativistic and
tion would be large for high inverse powers of the radial
distance. Additionally, Barysi®6] mentioned that apart from ' ; ; |
the general improvement provided by the picture change ef-

| | (q=1)QDO

fects on matrix elements of the radial powers, there are som« | [T &p00r
arguments showing that the nonrelativistic form of the || &)r i
electron-nucleus distance operator and its functidhmay a—————a A @)SqOT

o——o——o (g=4)QDO
(g=4) SQDT _

be used in both relativistic and nonrelativistic theories. A 18-
more general discussion of picture change effects in relativ-
istic quantum-defect treatments is under investigation anc %~

will be reported in a forthcoming paper. 2
In Tables IlI, IV, and V are listed the results of the com- & [ N
putation of radial matrix elements for the ions of the Li, Na, = el B
and Cu isoelectronic sequences. In addition to this, Figs.
5-10 display as illustrative examples plots of the ratio 100 |
(r%p 098 | -

R(nlj):m (87)

096 —

of relativistic to quasirelativistic radial expectation values . | | | | | | | |
versus the nuclear charge Such ratios have some insight L A
when comparing two different approaches that attempt to
account for the same effects. Their behavior along a level can FIG. 7. Plot of the ratio values vs the nuclear charge fpg3
help to build confidence on whether or not relativistic andenergy level of the Na isoelectronic sequence. Curves are drawn to
quasirelativistic procedures effectively include relativistic ef-guide the eye.
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FIG. 8. Plot of the ratio values vs the nuclear charge fpg3 FIG. 10. Plot of the ratio values vs the nuclear charge fog 4
energy level of the Na isoelectronic sequence. Curves are drawn &nergy level of the Cu isoelectronic sequence. Curves are drawn to
guide the eye. guide the eye.

quasirelativistic treatments do not account for relativistic ef-tions. A fully relativistic procedure is still needed if one has

fects at the same scale. The quasirelativistic models give #® make a correct treatment of highly ionized and Rydberg
poor description of these effects at highTo illustrate this ~ species where relativistic effects show up strongly. Note,
fact, it is relevant to underline that matrix elementg dfor ~ however, that for a moderate manifestation of these effects,

the samd but differentj, say, for examplenp,, andnps, the QR technique still hold as a good alternative to the Dirac
levels, may significantly differ with increasing as it is formalism. We may then see in our complete relativistic deri-
shown in Ref[91]. This is not the case with our quasirela- vations given above a useful tool to deal with in analytical
tivistic results. Instead, our fully relativistic approaches fol- treatments in which consistent inclusion of relativistic effects
low this trend and are therefore reliable. is in order.

From the above observations, it becomes evident that qua-
sirelativistic approaches are not adequate for the description
of relativistic features related to atomic structure calcula-

V. FINAL REMARKS

T T T I I f
110 -

————— (=1) QDO
(g=-1) SQDT
——— (4=1)QDO
v+ (¢=1)SQDT
s (¢=2)QDO
&——=a—a (¢=2) SQDT
—=—= =5 QDO
S @=HSQDT

108 |-

R{p,p)

102 —

098 —

In the present work, we have used the HVT to obtain
recurrence relations between expectation values of powers of
r in the quantum-defect approximation. Relativistic and qua-
sirelativistic radial wave functions have been employed. The
formulas derived have been applied to the one electron
alkali-metal-like atoms and ions to test the validity of our
formulas. Our results suggest that a complete relativistic
treatment may be used for a better account of relativistic
effects. Also, SUSY-QD numbers indicate that this formal-
ism is superior to the others.

Referring to what precedes we are inclined to believe in
the convenience of combining QDTs and HVT to obtain re-
currence relations betweemn®), which found practical ap-
plications in many interesting derivations in physics.
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