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Decoherence slowing down in a symmetry-broken environment
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We show how to characterize the temporal evolution of a single qubit interacting with a thermal bath by
correlation functions of the bath under quite general hypotheses. The aim is to show how the qubit decoherence
time depends on the degree of correlation of the bath. We explicitly study some spin-bath models where every
spin of the environment interacts with the qubit either directly or by the mediation of a harmonic oscillator. In
both cases we find an increase of the decoherence time as soon as a symmetry breaking occurs in the
environment. In the latter case a possible experimental setup is discussed.
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[. INTRODUCTION An ensemble of such identical pure states can be statistically
described by the density operator

Decoherence is one of the problems we have to face in the
hypothetical process of quantum computafitr?]. Here the 1
minimal information unit is called the quantum Hgubit). ps=IS)(S|=5+n-S, )
The state of a qubit is a generic coherent superposition of the
only two possible logical values that the classical bit can . . . . _
assume. Computation can be realized by a sequence of uti€re n=(singcos¢,sindsin¢,cose) is a vector that lies
tary transformations that affects simultaneously each eleme@®" the surface of the Bloch sphere. In the basis of $he
of the superposition, the result being parallel data processingigenvalues the density matrix is
(quantum parallelism Taking a register oN qubits the cal-
culus speed increases exponentially, as we can perfotrm 2
operations simultaneously instead of ddense coding[3].

When a qubit interacts with an environment, the resulting

entanglement destroys the coherence of the initial state, Sfhe giagonal terms of Eq3) represent the probabilities of
the gain of information we wished to obtain, in comparisony, o o possible values “up” and “down” and are usually
to that a classical bit can store, quickly disappears. Th'?eferred to as the “occupation” or “population.” The off-

':?aer?shifilglnslt?orlﬁ :alllfrgjZﬁzztzﬁlnecg?ndualltntzrr:?%?tsigogtmtig?ur diagonal terms are associated, with their absolute value, with
. P i quant. G’Ehe amplitude of the interference patterns and quantify the
of classical onef4 —8]; the states of this mixture are selected coherence of the pure state. As a consequence of thé-Schro

by the form of the interaction and are usually calfemnter : . . . .
states We underline that the time scale of decoherence isdmger equation, the temporal evolution of the isolated qubit

usually much smaller than that of the expected loss of energI unitary ar_1d_ S0 an iniial pure state _evolves Into amthef
: ; . ne, maintaining its coherence. Likewise, the evolution of
of the qubit due to its relaxatiof®].

the density matrix allows the vectorto move only on the

Two different strategies has been adopted to fight decoéurface of the sphere.

herence. The first, in analqu with Fhe F:Iassica! computation, Introducing an external environment, we have to enlarge
is to resort to redundancy in encoding information, by mean%he Hilbert space and consider the evolution of the overall

of a so-callederror-correcting code[10-13. The second, . . . .
introduced by Zanardi and R%se[ﬂ.ﬂ][ cons:?ders qubits that system including the bath. If the density matrix of the com-
i posed system is initiallp(0) = ps® pg, it will not generally

are symmetrically coupled with the same environment to de olve into a broduct because of the entanalement between
sign states that are hardly corrupted by the decoherence. Thie O P 9
ubit and environment.

approach, however, reduces drastically the number OT qua In this paper we consider only a thermal bath even though
tum states that can be used for the quantum computation. V\{ﬁis is not the most general situatifis]

suggest a strategy that consists in making system- . ; : .
environment entanglement difficult because the environment The single-qubit dynamics, relative to the entangled total

ensemble is close to a macroscopic state in the direction o%yStem’ can be chgracterized by the reduced density operator
the pointer basis obtained by a partial trace @f(t) on the states of the bath:

A generic qubit is represented by a state vector in an

I 1 -
Ps:§+COSHSZ+ ESIna(e_'¢S++H- c). ©)

— — —iHt i Ht
abstract two-dimensional Hilbert space, and, without loss of ps(t)=Tra{p(t)}=Tra{e""""p(0)e"™}. (4)
of generality, it can be formally associated with apin state o o .
in the form Here the Hamiltoniar#{ is given by the unperturbed contri-

bution of qubit and bath and by their mutual interaction:

0 . 0
= — I¢ in=
[S)=cos5|1)+e’sinZ[]). (o H=Hg+ Hs+H, . 5
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The reduced matrix evolution is no longer unitary and it canwhere the Hamiltonian is given by the general fo{Bn.
determine a suppression of the off-diagonal elemétyisi- Here we compute Ed6) under the following hypotheses
cally much faster than the evolution of the diagonal ¢nes on the model.
Likewise, the vecton leaves the surface of the Bloch sphere (1) The Hamiltonian of the bath is separable into the
and evolves into its internal vectors, so the initial pure statdeHamiltonans of each single element,
of the qubit collapses into a statistical mixture of classical
bits, losing its coherence. 3 .

The decoherence time depends both on the thermal prop- HB_; Hg @)
erties of the bath and on the quantum fluctuatigt. The
latter are a characteristic of the delocalization of the environ- KooK . N o
ment particles and they appear, for example, in the com@nd[*g,Hg ]=0. This condition can be exactly satisfied
monly studied boson baths of harmonic oscillatdr@—21. (for example, in a set of noninteracting spins in an external

Usually a master equation formalism, together with amagnetic field, or a mean field approximation can be intro-
Markovian approximatiofi22—24, is used to obtain a first- duced, as we will see later.
order differential equation for the reduced density operator. (2) H, andHs are linear with respect to the qubit opera-
The approximation amounts to considering the evolutiorfors so the temporal evolution has the form
“local” in time, that is, pg(t+dt) is assumed completely
determined bypg(t), so the evolution become intrinsically
irreversible. In this work we do not use this approximation
and, even though a perturbative expansion is adopted, the

evolution obtained remains formally reversible. In our ap'wheref\(t) is a 3x3 matrix whose elements can include
proach decoherence is the relaxation occurring in the tempq- K

ral range between the characteristic time of interaction an me-dependent Hermitian operators that act only orkhe

the Poincareecurrence time. This temporal range increasese'ement of the environment. . . . .
as the environment gains more degrees of freedom. (3) The temp‘.’“’%' range considered is small in comparison

In the next section we obtain a general equation for thé0 the characteristic time~1/g, ,
evolution (4) involving only the temperature-dependent cor-
relation functions of the bath. This result can be applied to a
wide variety of situations and it provides a useful tool to
show how the qubit dynamics, and in particular its decoher!f the coupling between qubit and environment is weghs
ence time, is influenced by a progressive ordering of thémall too, and this range becomes larger. In particular, we
environment. will study the case in whicly,x1/\/N, whereN is the num-

In the second and third sections we use this result to and€r of environment elements, typically very large, so that in
lyze two particular models where phase transitions can occuhis case the hypothesis is not restrictive. Note that the pre-
in a spin-bath environment. Treating each spin as a localizedious assumption prevents us from observing any periodic
particle, we show that only thermal effects produce the derecoherence phenomenon, intrinsic in the Sdhger evolu-
coherence, which can be reduced increasing the order paraiien, but it occurs after a time longer than the effectiveness of
eter at low temperatures. the model.

Spontaneous symmetry breaking in a system modifies its (4) The interaction with the qubit does not affect the evo-
correlation properties. This effect has been widely studied, inution of the bath, or its contribution is negligible. If a bath
the context of quantum opticB24] or of atomic Bose- operatorOf is given we have
Einstein condensatiof25], by means ofn-order coherence
functions. Here we do not investigate a bosonic environment [H,0K]=[Hg,0L]. (10
but a spinlike one. Furthermore, by making use of the envi-

ronment properties, we want to study the temporal evolutioms a consequence, for a statistical bath in thermal equilib-

'v<t>=i§ g A(t)v(1), (8)

grt<1. 9)

of a two-level system inside the environment. rium described by the Boltzmann distributiopg(0)
=7 'e A8, the mean value odDg can be considered time
Il. EVOLUTION OF THE REDUCED DENSITY MATRIX independent. From a physical point of view, small excitations

. . , . . of the bath degrees of freedom, due to the interaction with
Equation(4) can be directly associated with the evolution e qupit, are expected to relax very quickly and therefore to
of the qubit operators which define the reduced density mape jrrelevant for the reduced matrix evolution. In our ap-
trix. As we can see in Ed2), the number of operators we .yimation these excitations are completely neglected.
have to take is three and they can be chosen from evenyiihin this assumption the evolution is still reversible be-
independent linear combination ofS*(t),S"(1),S™(1)}.  cayse it is associated with unitary operators.
These operators can be considered as elements of a vectortpese assumptions are not very restrictive and require
v(t) evolving with a system of differential Heisenberg equa-qn|y 5 macroscopic spinlike bath or a bosonic one linearly
tions: and weakly interacting with an external two-level system.
_ _ _ Equation(6) can be formally integrated using the chrono-
v(t)=ie "M v(t),H]e™, (6) logical T product:
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t
v(t)=T ei; gkfodtlAk(tl) v(0)

t
eigkf dtyAy(ta)
0

=]

k

v(0). (11)
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Hamiltonian of the qubit, we have the following Hamil-
tonian:

J

J 0
=—= SS— & v, 16
H N IE] ] \/N Ek XkSk (16)

Here, for factorizing thél' product, we used the approxima- wherey, can assume randomly the values 1-ot.

tion =, gy A (t) =e~"8'S, g, A e8! arising from the condi-

To obtain the condition7) we introduce a mean field

tion (8), and the well known properties of the exponential approximation for the environment,

noncommuting operators.
Defining the quantity

(17

R3]0

t
Q=InTrg{ [] T|e'% f dtlAk“l)} (12) _ ]
k 0 where the order parameten is the S, mean value, to be
determinated self-consistently. Expanding E46) and re-
we have placing it in Hg we obtain a new Hamiltoniari §"=
73
v(t)=ev(0), (13) —2Jm2, Si+ m?JIN.

The order parameter can be evaluated by minimizing the

free energyf=—(1/NB)In Trie A&} and its value is
given by the Curie-Weiss equation

so we can use the third conditiai®) to expand first the
exponential given by Eq11) and then the logarithm, up to
second order in the powers gf. We obtain

1
2
m= —tanh(BJm). 18
0=> (igkmkt— %tz[ck(t)—mﬁ] : (14 2 AnfAIm 19
K
h When the phase transition occurs, under the critical tempera-
where ture T,=J/2K, the magnetization is different from zero and
1 ) every spin is under the influence of the self-consistent mag-
me= = Trg{e PeA (D)}, (15) netic field.
z Consider the vector
2 (t[t 1 R N +
cu= 5 [ "dtudt 3 Trale iRt Aty o
t2JoJo v(t)y=| S (1) (19
are the mean value and the first-order temporal correlation S
function of the matrixA (t). .
This approximation does not affect the trace invariance o#ts evolution has the forn(g)
the density matrix because it transforms E2). into pg(t)
1, . 1 0 O
=5+n'(Q)-S, whose trace is always 1. ) Jo
Now the evolution of the reduced density operator de- v(t)=i2 — xS 0 —1 0 w1). (20
pends only on the statistical properties of the bath and it is K \/N 0O 0 O

described by Eq). In the last part of this work we use this

result to analyze two particular models where phase transiye see thatS? component, relative to the population, re-
tions can occur in asplr_l-bath environment. By treating eachnains unaltered: instead, the spin-flip operators evolve as
spin as a localized particlg26] we show that only thermal S*(t)=r(t)S*. Here|r(t)| is the so-called correlation am-

effects produce the decoherence, which can be reduced yityde and it quantifies the coherence of the qubit. Using Eq.
increasing the order parameter at low temperatures. (14) and observing thaC,(t)= %, we obtain

Ill. RANDOM INTERACTION WITH A SPIN BATH |r(t)|22e73c2)t2(1/47m2). (21)

As a first example we consider a simple generalization of

one of the first models introduced by Zurg4]. Here the
bath is described by a simple long-range Ising mddgk
—(JIN)Z; ;SS, and the coupling is scaled witk to allow

In the temporal range given by conditiai®), we see a
Gaussian suppression of the interference terms. The decoher-

ence time is given byry..=1/Jo\ —m?. As the order pa-

the free energy to be extensive. We assume that the quhbitmeter tends to saturate to its maximum valo@
interacts randomly with each spin of the environment and the=%, 7,4, becomes larger and larger. This is a very simple
coupling constant is taken proportional to the standard devisexample of how a symmetry-breaking phenomenon in the
tion 1/JN of a Poissonian distribution. Neglecting the self- environment reduces the effect of the decoherence even if no
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external field is applied. Now we improve the model by re-\here we substituted™ (@)@ =2) with its mean value in the
moving the very unrealistic assumption of long-range interggcillator vacuum state. The transformation allows us to

action between spins. separate the contribution of the oscillator from that of the

We underline that in this model the approximatith®)  spins; as a result we obtain a new Ising-like model for the
has not been used because the only bath operator involved gpins:

the reduced density evolution & that exactly commutes

2
That model can also be solved exactly, the result for the H=— i(z SZ() —WD S poS”
correlation amplitude being N % K
N J
Jt _ _O ZE Z 26
rt)?=| 1—(1-m?)sifr——=| , 22 Sk (26)
Ir()] (A-mPysin? o (22 N4

which is a periodic function of period=2/N/J and whereJ=Ng% w, Jo/yN=2go9/ o, andw=,ue*92’2“’2.
shows explicitly the reversible nature of the evolution. Nev-  The mean field approximatiofl7) can be introduced
ertheless, such eecoherencephenomenon requires a time again, obtaining the Curie-Weiss equation®/J
proportional to\/N that is of no physical interest as soon as =tanh(@0®/2) for the quantity® = yw?+4m?J?. Although
the environment has a macroscopic number of degrees @he critical temperaturel,.=J/2K remains the same, the
freedom. We see that in the limi9) the two equation$22)  added transverse compon&jthampers the transition, so the
and(21) coincide. additional conditionw/J<tanh(3w/2) is required.
In the symmetry-broken phase, the resulting Hamiltonian
IV. INTERACTION BETWEEN SPINS
AND A HARMONIC OSCILLATOR

—_ Z X X
Consider, as a model for the environment, a se\Xl divo- Hem=—2d mzk Sk Wzk Sc— moS

level systemgTLSs) coupled, in the dipole approximation,

with a unidimensional harmonic oscillator, with frequency Jo , ,

w. If the wavelength is larger than the spatial range where - \/_NS z Sk (27)
the TLSs are confined, the interaction does not depend on the

position of the TLS inside the cavity. The level separation is

n and each TLS can be described by a spin formalism. Oneatisfies all the conditions previously required for ELB) to
of these spins is selected to play the qubit rule, its levebe valid.

separation beingy. The Hamiltonian is It is convenient to choose, for the qubit, the vector
H=wa'a-p2 S—g(a+ah S S
K K ~
vih)=| S7(1) |, (28)
— oS —go(atah)s. (23 St

The model describes, roughly speaking, an array of Rydberg

atoms interacting with a mode of the radiation field. Here theyhere's, (t)=(1/1/2)S. (). Its evolution is given by
coupling constant has the forge: u/\JwV, whereV is the B B

coherence volume of the mode and, assuming a constant

density for the atoms, is proportional kb v(t)
The effect of the delocalized oscillator is to induce an
effective long-range interaction between spins and, to make J—Osﬁ(t) 0 Mo
it clear, we operate a displacement transformation by the JN N2
unitary operatorD =e(@®)@ - |f a phase transition ] u
occurs the oscillator becomes strongly polarized and we can =i> 0 _ —Osi(t) aLE RVTS
assume that K IN N+/2
g g Mo Mo 0
T + T —a+ T+ ~ Z__ > Z. - = - =
Df(a+a’)D=a+a za);sk szkSK (24) N\2 N\2
(29)
The spin-flip operators change in
feo (Peed) o Here Si(t) can be computed by introducing a vectg(t),
D'S D=e 9IS, (25 analogous to Eq(29), that satisfies
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(1) =iMuy(t)

(a)
2Jm 0 - sl
V2
=i 0 -2im — Ug(t). (30) 0.6
V2 o
w W i
_ E E 04

Integrating this equation, we obtaim(t)=e™'u,(0),
whose exponential can be exactly calculated by the recursive
property for the powers dff.
Consider the case whepe,=0, we have the following
expression for the correlation amplitude:
] 1

(31)

1 ot
Ir(t)]?=exp- [ Jot? 2602 ( 4J2m2+wzsincz7) -m?

which tends to the asymptotic functigeee Fig. 1 08 1

[ras(t)] 2= e Jm 0%, (32

06

We can see an oscillatory behavior with peridd. o

=2m/0, caused by the precession induceddpydamped by =

a Gaussian function with decoherence timeye, 04 f

=0/J,my(I%>—0?). Again, at low temperaturé€) saturates
to J and the decoherence time increases.

If wo#0, integrating Eq.(29) becomes more laborious 02 ¢
because the matriX) cannot simply be exponentiated by
analytic methods. Nevertheless, an asymptotic study of the
eigenvalues, for large can be done and the result is identi- 0 : ] :
cal to Eq.(32). t*0/2n)

V. A POSSIBLE EXPERIMENT FIG. 1. Absolute value of the correlation amplitu@®ntinuous
lines) versus the asymptotic functiofdashed linesfor different
The last example suggests a possible experiment. A linearalues of the ratioR= /8. [(8) R=1.25, () R=2.5] at fixed
microcavity[27], i.e., a plane parallel faced FabrysBein-  values ofw/J=0.5 andJ,/J=1.
terferometer, can be used to select one mode of the electro-
magnetic field interacting with an array of Rydberg atomsarray can be oriented both longitudinally and transversely
inside. The interaction is analogous to the superradianceith respect to the cavity. In the last configuration the avail-
model[28,29 but the problem is different because no pump-able volume to be filled by atoms does not depend on the
ing is needed and no spontaneous, collective emission izavity length but only on the transverse spatial coherence of
studied. If the length of the cavity is one-half of the cutoff the mode.
wavelength in the spectral density of the radiation, all the For a visible chaotic light spectrum, for example, a cavity
lower frequencies are cut off. All multiples of the fundamen- of about 150 nm can be used to eliminate all the frequencies
tal frequency are permitted, but their contribution is negli-under the uv, that is, the visible cutoff. For this configuration
gible because of their small contribution to the spectrum and lateral open cavity is needed and the mode is not perfectly
also because the coupling constanbecomes smaller on confined. In addition, the short distance between the mirrors
increasing the frequency. So just one frequefay a thin  prevents us from longitudinally putting a number of atoms
band around Jtis selected. larger than 50—100. Working in the microwave range, and
We consider a given number of atoms put in the center otlosing the cavity in all directions, can also be convenient to
the cavity, i.e., on the wave antinode, in a spatial range shotompletely confine the mode and to increase the number of
in comparison with the selected wavelength, so that the couatoms inside it.
pling constants can be assumed independent of the individual A selected atom, with a different energy separation, rep-
position. At the same time, the atoms must be far enoughesents the qubit and its state can be modified by a resonant
apart to neglect the Coulomb interaction between them. Th&ser pulse.

052317-5



PAGANELLI, de PASQUALE, AND GIAMPAOLO PHYSICAL REVIEW A66, 052317 (2002

VI. CONCLUSION with a Markovian master equation. As a consequence, deco-
herence is associated with a well defined temporal range.

Spontaneous symmetry breaking of the environment implies

trzzjahcég](? Vr\::;r:r&n gcglllrft)igr:etr;t’ tt;aes 2§Sir:os:rl:$ﬁ?’gg:?eu&%cfggn enhancement of coherence. This prediction can be verified
by a suitable experiment.

functions. This situation can be found in models of quantum
computers to be realized by NMR, quantum dots, or atoms in
an optical cavity. This approach, even if only with a mean
field approximation for the environment, has the advantage We thank P. Mataloni for several discussions and sugges-
of avoiding irreversible evolution as in the usual treatmenttions.

The problem of decoherence of a given initial qubit, in-
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